
Chapter 18
High Energy Emission from Pulsars and Pulsar
Wind Nebulae

Kwong Sang Cheng

18.1 Introduction

Pulsars are accidentally discovered by the Cambridge scientists [48]. Shortly there-
after, Gold [39] and Pacini [72] proposed that pulsars are rotating neutron stars with
surface magnetic fields of around 1012 G. Gold [39] pointed out that such objects
could account for many of the observed features of pulsars, such as the remarkable
stability of the pulsar period, and predicted a small increase in the period as the pul-
sar slowly lost rotational energy. With the discovery of the Vela pulsar with a period
of 88 ms [65], the identification of the Crab pulsar with a period of 33 ms [86] and
the discovery of slowdown of Crab pulsar [77], it was essentially confirmed that
pulsars are rapidly rotating neutron stars. So far, over 1,500 radio pulsars have been
found (see the most updated list of pulsars in www.atnf.csiro.au/research/pulsar/).
The radio luminosities of these pulsars are small compared with the energy loss rate
due to the pulsar spin down (∼10−6–10−5). Strong high-frequency radiation in the
X-ray band has been observed from about two dozens pulsars (for recent review
cf. [6, 7]), but only eight pulsars have been confirmed to emit high energy γ-rays
(cf. [94] for a recent review). The observed radiated power for the γ-ray pulsars is
concentrated mainly in the γ-ray range and the γ-ray luminosities are a substantial
fraction (10−3–10−1) of the spin-down power. This makes studies of high energy
radiation from a pulsar a promising way to better understand the physical processes
which result in their non-thermal radiation.

Theoretically, a common idea is that emissions ranging from radio to γ-rays are
produced in different regions of the pulsar magnetosphere. To an excellent approxi-
mation, the pulsar may be considered as a non-aligned rotating magnet with a very
strong surface magnetic field. Just outside the surface of the neutron star, the Lorentz
force on a charged particle is very strong and far exceeds the force of gravitational
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attraction, i.e., e((v/c)×B)/(GMm/r2) � 1. As a result, the structure of the mag-
netosphere of the neutron star is completely dominated by electromagnetic forces.
Because the induced electric fields at the surface of a neutron star are so strong
that the force on the charged particle in the surface exceeds the work function of
the surface material, there must be a plasma surrounding the neutron star. In this
way, there is a fully conducting plasma surrounding the neutron star, and electric
currents can flow in the magnetosphere (e.g., [69]). If the component of the electric
field E‖ = E ·B/B along the magnetic field direction (B) is non-zero in the pul-
sar magnetosphere, and this component of the electric field can accelerate particles
to ultra-relativistic energies. The accelerated particles emit γ-rays due to curvature
emission and other processes, e.g., inverse Compton scattering. Some of these γ-rays
are absorbed giving rise to secondary electron-positron pairs. The created electron-
positron pairs screen the electric field E‖ in the pulsar magnetosphere everywhere
except for certain compact regions. The regions where E‖ is not screened are called
accelerators or gaps. These gaps serve as an engine which is responsible for the pul-
sar non thermal radiation. There are two kinds of magnetosphere gaps: polar gaps
and outer gaps , their location and potential drop being determined by the dipolar
magnetic field, the rotation speed Ω and the angle between them called the inclina-
tion angle (α). The polar gaps place the source of the emission immediately above
a magnetic pole. The evidence for the polar gaps came from radio observations of
beam width and polarization. The outer gap place the source of emission far out
in the magnetosphere, close to the velocity of light cylinder. The evidence for the
origin of the outer gaps came from the high energy radiation observed from young
pulsars such as the Crab, Vela and Geminga. It has been proved that all radiation
from young pulsars cannot come from a single location.

We will organize this review paper as follows. In Sect. 18.2, we introduce
the standard pulsar magnetosphere. In Sect. 18.3, we summarize some interesting
observed X-ray and gamma-ray data. Some of these data look contradictory to each
other. In Sect. 18.4, we review the high energy radiation produced by polar gaps and
slot gaps. In Sect. 18.5, we introduce various outer magnetospheric gap models. In
Sect. 18.6, we apply the three-dimensional outer gap to explain the observed phase-
resolved spectrum and the polarization properties of the Crab pulsar. In Sect. 18.7,
we introduce a simple pulsar wind nebula model, which can be used to explain high
energy emission from region beyond the light cylinder. In Sect. 18.8, we use the
simple pulsar wind model to explain the relation between the X-ray luminosity and
the spin-down power. We also explain why millisecond pulsars in globular cluster
behave so much different from those millisecond pulsars in the field. Finally we
present a brief discussion in Sect. 18.9.

18.2 Standard Pulsar Magnetospheric Models

The standard emission theory for pulsars is based on the concept that pulsars are
rapidly rotating, strongly magnetized, neutron stars. Detailed discussions of the
structure of pulsar magnetospheres can be found, for example, in [69] and [9].
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Here, we introduce some basic features of the magnetosphere of an aligned pul-
sar. It should be pointed out that these features do not differ drastically from those
given by the more sophisticated treatments of oblique, self-consistent charged mag-
netospheres.

In an aligned pulsar, its magnetic dipole moment μ is aligned with its rotation
axisΩ. The magnetic field far from the surface of the star is dominated by the dipole
contribution of the star’s intrinsic magnetic field. If the neutron star can provide the
necessary negative charges (electrons) and positive charges (ions and/or positrons),
and the currents in the magnetosphere are negligible, the electric field in steady state
in the corotation frame, E′ = 0, which implies

E+
1
c
(Ω× r)×B = 0. (18.1)

where E and B are the electric and magnetic fields measured in a non-rotating frame,
and Ω× r is the co-rotating velocity. Equation (18.1) implies a local charge density

ρc = −Ω ·B
2πc

1
1−|Ω× r/c|2 , (18.2)

which is co-rotating with the local magnetic field. Such a charge density is a called
corotation charge density, or Goldreich–Julian charge density [40]. There are sur-
faces defined by Ω ·B = 0 on which this charge density is zero, called null charge
surfaces. The charge density on both sides of the null charge surface are of different
sign. This property plays an essential role in the formation of acceleration regions
in the vicinity of null surfaces [15, 57]. Equation (18.2) corresponds to a charge
number density nc = 7×10−2BzP−1(q/e)−1 cm−3, where Bz is z-component of the
magnetic field in gauss, P is the pulsar period in seconds and q/e is the charge of
the particle in the charge unit of proton. The corotation region of the magnetosphere
is limited to within a surface on which the magnetic field lines will be swept along
at the speed of light. This cylindrical surface is called the light cylinder; it has a
radius given by

RL = c/Ω ≈ 5×109P cm. (18.3)

Field lines which cross the light cylinder do not return to the surface of the neutron
star, and are referred to as open field lines. Otherwise, they are referred as closed
field lines. The edge of the polar cap is defined by the locus of the last closed mag-
netic field lines (i.e., the field lines which just touch the light cylinder). In spherical
polar coordinates, the radius of the polar cap region which contains the open field
lines is given by rpc = Rsinθpc, where θpc is the angular radius of the polar cap.
For an aligned pulsar with radius R (i.e., one with its rotation axis parallel to its
magnetic axis), one can get

sinθpc =
(

R
RL

)1/2

, (18.4)
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since for dipole field lines sin2 θ/r =constant and the last closed field lines will
touch the light cylinder at 90◦. The polar cap radius is then given by

rpc = Rθpc ≈ 1.4×104R6P−1/2 cm, (18.5)

where R6 is the stellar radius in units of 106cm. Charged particles streaming out of
the polar caps, which can escape to infinity along the open field lines, generate a
toroidal magnetic field component. This toroidal component is largest near the crit-
ical field lines that separate the open from the closed regions. Because the potential
at the base of the open field lines near the axis is negative with respect to the exte-
rior, negative charges stream out. But, overall, a net charge cannot flow out from the
star, so the potential of the magnetic field lines near the edge of the polar cap must
be positive with respect to the exterior, and positive charges stream out from the star
along these lines which form an annulus on the outer part of the polar cap. There is
an intermediate set of critical field lines separating the regions of negative and posi-
tive outflow, and there the potential on the surface of the star equals the potential of
the exterior interstellar medium. The magnetosphere of an aligned pulsar is shown
in Fig. 18.1.

If, in addition, a strong potential is available to accelerate charge away from the
stellar surface, a current of primary particles flows out from a single polar cap which
is approximately given by
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Fig. 18.1 Magnetosphere of an aligned pulsar. The open-field lines are swept back to form a
toroidal component after crossing the light cylinder. The closed-field lines encompass the co-
rotating portion of the magnetosphere. The critical field line divides regions of positive and neg-
ative current flow, while the diagonal dashed line gives the locus of Bz = 0 where the sign of the
Goldreich–Julian space charge changes [40]
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ṄGJ ≈ πr2
pc

(ρc

e

)
c ≈ Ω 2R3Bs

2ec
= 2.7×1030B12P−2R3

6 s−1, (18.6)

where Bs is the surface magnetic field. From (18.1) and (18.4), the potential differ-
ence between the center and the edge of the polar cap is

ΔΦ =
∫

E ·ds ≈ Ω 2R3Bs

2c2 = 6.6×1012B12P−2R3
6 V. (18.7)

The quantities given by (18.4), (18.6) and (18.7) define the characteristic polar cap
values for the standard pulsar model.

Theoretically, it is suggested that high energy γ-rays from a pulsar are produced
by the radiation of charged particles that are accelerated in the pulsar magneto-
sphere. Nowadays, two general types of γ-ray pulsar models are popular in the
literature: polar cap models and outer gap models. Both models predict that elec-
trons and positrons are accelerated in a charge depletion region, called a gap, by
an electric field along the magnetic field lines and assume that charged particles
loose their energies via some radiation mechanisms (say curvature radiation) in
both polar and outer gaps. We introduce these models briefly in Sects. 18.4 and 18.5
respectively.

18.3 Summary of Some Interesting Observed Results in X-Rays
and Gamma-Rays

In past two decades, there are tremendous progresses of X-ray and gamma-ray
observations to rotation-power pulsars by ROSAT, ASCA, RXTE, BeppoSAX,
CGRO, Chandra, XMM-Newton, INTEGRAL, etc. These satellites provide very
important information for us to understand the properties of their emission regions
including local energy distribution of charged particles, local electric field and mag-
netic field, geometry, etc. The observed information also constrains for theoretical
models.

There are eight pulsars have been detected in gamma-ray energy range (cf. [94]
for a recent review) with period ranging from 0.033 to 0.237 s and age younger than
million years old. Most of these gamma-ray pulsars also emit X-rays (e.g., [6, 7]).
However, there are over 50 pulsars detected with X-ray emission but most of them
are old pulsars including more than 30 millisecond pulsars, which have age older
than billion years.

Theoretically, it is suggested that high-energy photons are produced by the radi-
ation of charged particles that are accelerated in the pulsar magnetosphere. There
are two kinds of theoretical models: one is the polar gap model (e.g., [32, 43], for
more detail review of polar cap model cf. [44]), and another is the outer gap model
(e.g., [18, 19, 29, 33]). Both models predict that electrons and positrons are acceler-
ated in a charge depletion region called a gap by the electric field along the mag-
netic field lines and assume that charged particles lose their energies via curvature
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radiation in both polar and outer gaps. The key differences are: polar gaps are located
near stellar surface and the outer gaps are located near the null charge surface, where
are at least several tens stellar radii away the star.

The study of the emission characteristics from rotation powered pulsars has been
a subject of long standing interest. Our knowledge of the fundamental properties
(e.g., mass, spin, and magnetic field) of the underlying neutron star stems from
detailed spectral and timing investigations. To facilitate an understanding of the
mechanism by which the loss of rotational energy is converted into high energy
radiation, many observational and theoretical studies have sought to determine the
relationship between the X-ray luminosity, Lx, and the rate of rotational energy loss
or spin down power, Lsd . Indeed, a correlation of the form Lx ∝ L1.39

sd was found in
Einstein data by [85]. Subsequent, [7,8] used 27 rotation powered pulsars including
9 millisecond pulsars in the field and led to a relation of the form, Lx ∝ Lsd based
on ROSAT data. However [84] used 16 rotation-power pulsars observed by ASCA
and obtained a different relation, Lx ∝ L1.5

sd . Recently, a reanalysis of 39 pulsars
based on data obtained from several X-ray satellites by [74] led to an intermedi-
ate relation Lx ∝ L1.34

sd , similar to that of [85]. However, the situation became more
complicated when [42] reported that the MSPs in 47 Tuc obeyed a much shallower
relation Lx ∝ L0.5

sd .
Qualitatively we believe that although the deduced existence of a correlation

between Lx and Lsd suggests that the observed X-rays are produced by a process
which taps the rotational energy of the neutron star, a detailed description of the
mechanism remains elusive. This is, in part, a result of the fact that the data from dif-
ferent satellites are obtained in different energy ranges. The results can be affected,
for example, by interstellar absorption especially for those pulsars studied in the
soft X-ray regime of ROSAT (0.1–2.4 keV). In addition, the total X-ray luminosity
is composed of contributions from both the pulsed and non pulsed components, and
these components are likely to reflect physical conditions in diverse spatial envi-
ronments. In general the pulsed thermal emission likely originates in regions within
the light cylinder, where the magnetic field is so strong that radiation emission must
be beamed. For examples, the pulsed non-thermal emission may be produced in
the vicinity of the polar cap as a result of inverse Compton scattering of higher
order generation pairs of particles on soft photons emitted by the neutron star [103]
or in the outer magnetosphere as a result of synchrotron radiation of downward
cascades from the outer gap electron/positron particles [26]. On the other hand,
the non-thermal non pulsed X-ray radiation likely is produced in the surrounding
wind nebula [27]. Since the pulsed and non pulsed emission have different ori-
gins, the relationship between the total X-ray luminosity and spin down power is
not expected, in general, to be represented by a single power law. In fact, the non-
thermal pulsed and non pulsed emission components are distinguished by different
spectral signatures and conversion efficiencies.

The continuous observations of powerful young pulsars, including the Crab, the
Vela and the Geminga, have collected large number of high energy photons, which
allow us to carry out much more detailed analysis. Fierro et al. [36] divided the
whole phase into eight phase intervals, i.e., leading wing, peak 1, trailing 1, bridge,
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leading wing 2, peak 2, trailing 2 and off-pulse. They showed that the data in each
of these phases can be roughly fitted with a simple power law. However, the pho-
ton indices of these phases are very different, they range from 1.6 to 2.6. Massaro
et al. [68] have shown that X-ray pulse profile is energy dependent and the X-ray
spectral index also depends on the phase of the rotation.

Recently [64] have combined the X-ray and gamma-ray data of the Crab pulsar,
they showed that the phase-dependent spectra exhibit a double-peak structure, i.e.,
one very broad peak in soft gamma-rays and another broad peak in higher energy
gamma-rays. The position of these peaks depend on the phase. Although the double-
peak structure is a signature of synchrotron self-Compton mechanism, it is impos-
sible to fit the phase dependent spectrum by a simple particle energy spectrum.

Actually it is not surprised that the spectrum is phase dependent because pho-
tons are emitted from different regions of the magnetosphere. The local properties,
e.g., electric field, magnetic field, particles density and energy distribution are very
much different for different regions. Therefore these phase dependent data provide
very important information for emission region.

18.4 Polar Cap and Slot Gap Models

Sturrock [89] first proposed the polar cap model, and later many authors (e.g., [2,
4, 31, 43, 83]) developed it. Sturrock [89] studied the consequences of the particle
outflow from the star along the open field lines. Assuming that the electric field
is primarily radial for heights h < rpc and transverse at heights h > rpc, primary
charged particles (e.g., e± pairs) are accelerated in a small zone with typical height
h above the polar cap surface, and the primary emission region is confined to the
dipole open field lines. Using the approximation ρc = (1/4π)∇2Φ ∼ (1/4π)Φ/h2

and (18.2), the accelerating potential responsible for the charged particle flow given
by (18.6) is Φ ∼ (2ΩBs/c)h2. The potential difference between the center and the
edge of the polar cap is

ΔΦ ∼ (ΩBs/2c)h2. (18.8)

Sturrock assumed that h ∼ rpc, so ΔΦ ∼ (Ω 2R3Bs/2c2), which is essentially equiv-
alent to (18.7), and amounts to a potential drop of ΔV ∼ 6×1012B12P−2R3

6 V. Stur-
rock further assumed that this potential would be sufficient to rip charged particles
(say electrons) from the stellar surface and accelerate them up to relativistic veloc-
ities along the strong magnetic field lines. The perpendicular energies of the accel-
erated electrons would be rapidly radiated away through synchrotron radiation, but
their longitudinal energies would be radiated away in form of high energy γ-rays
due to curvature radiation mechanism, which is the dominant energy lost process
for charged particles moving with relativistic velocity along the curved magnetic
field lines. The typical curvature photon energy is

Eγ ≈ (3/2)h̄γ3
e /s ∼ 109γ3

7 s−1
8 eV , (18.9)
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where γ7 is the electron Lorentz factor in units of 107, and s8 ∼ (rRL)1/2/108 is the
typical curvature radius in units of 108 cm. When these extremely energetic pho-
tons move transverse to the strong magnetic field, they will produce e± pairs via
γ+B −→ e+e−. Sturrock therefore envisaged that, for a sufficiently strong electric
field, these secondary pairs would also be accelerated and create γ-rays leading to
further pairs, resulting in a pair cascade. This cascade produces the coherent low
frequency emission necessary to explain the brightness temperature implied from
radio observations. From (18.7), as the pulsar slows down, the potential drop will
decrease, and would eventually reach the critical value below which pair production
will not be possible and pulsed emission will cease. However, (18.8) means that the
acceleration of charged particles is caused by the full vacuum potential across the
polar cap, which is now recognized to be incorrect. In fact, the charged particles will
only be accelerated in the vacuum gap where E ·B �= 0 (see below).

Ruderman and Sutherland [83] carried out a major development of this model,
and addressed some of the concerns associated with the standard pulsar model, such
as trying to maintain a force-free E ·B = 0 condition while the charge density moves
everywhere at the speed of light along divergent field lines. In their modelΩ ·B < 0,
therefore the polar cap electric field can only pull out ions. Since electrons will not
be stripped from the stellar surface while the ions will be retained due to their higher
surface binding energy, the stellar surface does not supply the positive charges to
replace the positive charges in the magnetosphere which are accelerated outward,
as a result a vacuum gap will form above the polar cap. This gap will continue to
expand at a speed ∼ c until it reaches a maximum height h, which corresponds to a
gap potential large enough to ignite an e± cascade. In the vacuum gap, E ·B �= 0, it
means that the magnetic field lines in this region are not forced to co-rotate. Above
the vacuum gap, the magnetosphere co-rotates with the pulsar. The gap potential
and h can be determined by the condition of pair production which is

Eγ
2mec2

Bh/s
Bq

≥ 1
15

(18.10)

[35, 83]. Since the electrons/positrons are accelerated in the gap, γe = eΔΦ/mec2.
Combining (18.8)–(18.10), we obtain

hRS = 5×103 s2/7
6 P3/7B−4/7

12 cm (18.11)

and
ΔΦ ≡ ΔVRS = 1.6×1012s4/7

6 P−1/7B−1/7
12 V . (18.12)

Here s6 is the radius of curvature in units of 106 cm instead of 108 cm, it is because
non-dipolar field with a characteristic curvature radius ∼106 cm is assumed to exist
on the neutron star surface. Ruderman and Sutherland suggested that, when the gap
potential drop reaches ΔVRS, a spark discharge occurs inside the gap, triggering an
avalanche of e± pairs, which in turn will result in the pair production cascade envis-
aged by Sturrock. The difference from Sturrock’s model is that here the acceleration
occurs only in the vacuum gap ( E ·B �= 0) with height h = hRS < rpc. Outside the gap
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(E ·B = 0), the pairs are no longer accelerated and stream outward with a Lorentz
factor ∼3. Ruderman and Sutherland showed that the density of the streaming pairs
is much higher than the Goldreich–Julian density, so the plasma will be essentially
charge neutral. Furthermore, they suggested that radio emission occurs above the
spark regions in the filled, streaming region where bunching by plasma instabilities
would lead to coherent radio emission.

When Ω · μ > 0, the polar cap charge density is negative. Electrons with much
weaker binding energy can be pulled out from the stellar surface and form a steady
outflow current. Because of the finite inertia of the electron, the potential of the
polar gap cannot be zero. Arons and Scharlemann [4] presented solutions for steady,
space charge limited flow (which is shorted out by pair creation) of an electron beam
above the polar cap of a pulsar in this case. Because of curvature of the magnetic
field, the space charge limited particle beam from the stellar surface is accelerated
to an energy high enough to emit curvature γ-rays. The particles accelerate along
the magnetic field through a potential drop [4]

ΔVs ≈
Ω 2μ

c2
R
s
∼ 1011μ30P−5/2 V , (18.13)

which is called the space-charge-limited potential (also see [3] for a review). How-
ever, [71] have shown that the actual potential drop for the space-charge-limited flow
is much larger than that in (18.13) if the inertial frame dragging effect is included.
The corrected space-charge-limited potential should be

ΔVs ≈
10R

s
Ω 2μ

c2 [1− (R/r)3] ∼ 1014μ30P−5/2[1− (R/r)3] V , (18.14)

which is even larger than ΔVRS, where μ30 is the pulsar’s magnetic moment in units
of 1030 cgs and s is the radius of curvature of the magnetic field lines. It is further
suggested that a large potential drop may explain γ-ray emission from young pul-
sars (e.g., [70]). However, (18.14) has ignored the pair production inside the gap
which is possible if the surface magnetic field is pure dipolar, otherwise the pair
cascade should restrict the potential of the cap as shown in (18.12). Harding and
Muslimov [45] have investigated a self-consistent particle acceleration mechanism
by the electrostatic field due to the effect of inertial dragging near the polar cap. They
computed the potential self-consistently, including pair formation in the polar gap.

In explaining the high energy emission from pulsars, [32] have used the tradi-
tional polar cap model to calculate the light curve and gamma-ray spectrum. They
provided a very successful model fitting for the observed phase average spectrum
of the Vela pulsar. However, they have to artificially put the acceleration region at
three stellar radii and assume the polar cap rim enhancement. The viewing angle is
assumed to be 10◦. All these assumptions are not easy to be justified.

In order to seeking the possibility of a wide hollow cone emission due to flaring
B-field lines, [2] first examined a gap formation in higher altitudes along the last
open field line. This type of accelerator is called slot gap. The more recent review of
slot gap can be found in [44]. Based on the slot gap properties, some light curve and



490 K.S. Cheng

polarization properties of the Crab pulsar can be explained very well (cf. [33, 34]).
Another successful application of slot gap is in millisecond pulsars, [46] have used
the slot gap geometry and assumed that secondary particles can maintain their pitch
angles due to the interaction with the radio. The model predictions can explain the
observed high energy radiation spectrum of the millisecond pulsar PSR J0218+4232
very successfully.

18.5 Outer Gap Models

18.5.1 CHR Model

Cheng et al. [18, 19], (hereafter CHRI and CHR II) constructed a semi-analytical
outer-magnetospheric gap model of rapidly spinning neutron stars. They assumed
that a global current flow pattern through the magnetosphere of a rapidly spinning
magnetized neutron star results in large regions of magnetospheric charge deple-
tion (gaps). This would result in a large electric field along the magnetic field lines
(E ·B �= 0) in those regions, which, through various mechanisms, including inverse
Compton scattering and photon-photon pair production, could sustain enough e±

pair production to:

1. Short out E · B̂ except in an almost slab like volume (the “outer gap”)
2. Maintain the huge magnetospheric current flow

According to this model, there are two kinds of pulsars: Crab-type and Vela-type
pulsars. For the Crab-type pulsars, a Crab-type gap produces GeV photons via cur-
vature radiation and subsequently produce e± which radiate synchrotron radiation
and inverse Compton-scattered photons (CHRII; [24, 56]). The detailed pair pro-
duction and radiation mechanisms of the Vela-type outer gap (for the conditions
in pulsars with a Vela-type outer gap refer to CHRII; [16]) are the following. The
members of paired e± are created within the gap (primary pairs) and accelerated
in opposite direction to extreme relativistic energies. These primary e± produce
γ-rays (primary) through inverse Compton scattering on IR photons. Here primary
γ-ray are sufficiently energetic to produce e± pairs (secondary) in collision with the
same IR photon flux; synchrotron radiation of these secondary pairs gives crossed
fan beams of secondary γ-rays and weaker ones of X-rays. Collisions of the sec-
ondary γ-rays and X-rays produce a large flux of lower energy e± pairs (tertiary),
much further from the outer gap, which fill much of the outer-magnetosphere. It
is the (tertiary) IR synchrotron radiation from tertiary pairs through the outer gap
which causes the initial primary inverse Compton scattering in the gap and converts
the scattered γ-rays, thus initiating the entire series of pair production processes. It
should be noted that in Vela-like pulsars the CHR model use the infrared photons to
extract energy from the outer gap via Inverse Compton Scattering with the primary
particles which predicts a large observed TeV flux, which has not yet been observed
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Fig. 18.2 Schematic illustration of the location and geometry of the outer gaps, the current flow
pattern in the magnetosphere and the radiation beaming of secondary radiation from four emission
regions. The outer gaps, where E · B̂ �= 0, starts at ri where the null surface intersect the last closed
field lines and extends to RL

(e.g., [96]). Figure 18.2 schematically shows the location of the outer gap and the
radiation beaming of secondary radiation from the two emission regions.

The pair production and radiation mechanisms of the Vela-type outer gap and
the Crab-type outer gap are quite different. The primary e± of the Crab pulsar lose
most of their energies via curvature radiation instead of synchrotron radiation as in
the case of the Vela pulsar. As a result, the power of the Crab-type and Vela-type
pulsars have different parametric dependence on P and Bs. The radiation power loss
of the Crab-type pulsars is given by

Lγ � 1.5×1037P erg s−1. (18.15)

On the other hand the radiation power loss of the Vela-type is very sensitive to the
spin period P as well as the dipole magnetic field strength B and it is given by
Lγ ∝ P−4B2

s .
In calculating the γ-ray spectrum of the Vela pulsar, Cheng Ho and Ruderman

(CHRI, II) made some simplifying assumptions. They argue that the secondary
e−/e+ production distribution in the Vela-type outer gap would scale like γ−1,
where γ is the e−/e+ Lorentz factor and most of the secondary e± have similar
pitch angles, θ , with respect to the local magnetic field, B. Then the steady state
distribution is roughly given by [12],

Ne(γ) ∼ γ−2 ln
(
γmax

γ

)
, (18.16)
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where γmax is the maximum energy of the primary e−/e+ which is determined by
the fact that the energy of the primary photons must be just enough to make pairs on
collision with the IR photons with a typical energy, EIR, therefore, γmax ∼ mc2/EIR.
The typical energy of the IR photons is estimated to be (CHRII)

EIR ∼ h̄
ω3

B

(
mc3Ω

e2

)2

, (18.17)

where ωB = eB
mc ,B(r) = BsR3/r3 for a dipole field, r ≡ ηRL is the observed emission

distance to the outer gap and R is the stellar radius. Because the maximum energy
of secondary e± is γmaxmc2, the typical energy of the synchrotron photons from the
secondary e± is [16]

Emax = 9×105η−21P17
−1B7

12 sinθ eV, (18.18)

where θ is the mean pitch angle of the secondary pairs with respect to the local
magnetic field and αRL is the mean distance to the outer gap. If the primary photons
are emitted tangential to the local field then sinθ ≈ ( 1

γmax
+ λ

S ) ∼ λ/S where λ is
the mean free path of the primary photons and S is the radius of curvature of the
local magnetic field lines. In general, sinθ should vary from pulsar to pulsar. For
Eγ > Emax, the photon flux will drop exponentially, so this energy is regarded as an
upper spectral cut-off. Because of the weakness of the magnetic field in the outer
magnetosphere of Vela-type pulsars, a relativistic e−/e+ does not radiate away all
of its energy through synchrotron loss before it leaves the light cylinder. Thus, the
distribution of secondary pairs given by (18.16) is valid only for γ > γmin where γmin
is roughly given by

γmin ∼
Ωmc3

e2ω2
B sin2 θ

. (18.19)

Such a γmin corresponds to a lower energy spectral break in the photon spectrum at
an energy given by

Emin = 11α9P7
−1B−3

12 sin−3 θ eV. (18.20)

Therefore, the distribution of the secondary pairs can be approximated by

Ne(γ) ∼
{
γ−2 ln(γmax/γ), γmin ≤ γ ≤ γmax ,

0, γ < γmin .
(18.21)

Here, we have assumed that no e−/e+ is created below γmin.
The pulsed radiation spectrum from a Vela-type outer gap is calculated by using

the e± pair distribution of (18.21) with the single particle synchrotron radiation
spectrum,

d2Nγ
dEγdt

∝
1

Eγ

∫ γmax

γmin

dγNe(γ)F(x) , (18.22)

where F(x) = x
∫ ∞

x K5/3(y)dy with K5/3 the modified Bessel function, whose values
and asymptotic form are given by [38], and x = Eγ/Esyn with Esyn = 3γ2 sinθ h̄ωB/2.



18 High Energy Emission from Pulsars and Pulsar Wind Nebulae 493

18.5.2 A Self-Consistent Outer Gap Model

Pulsars are rapidly rotating, strongly magnetized, neutron stars surrounded by co-
rotating plasma up to the light cylinder (RL, where the co-rotating speed is c).
Detailed discussions of the structure of pulsar magnetospheres can be found, for
example, in [69] and [9]. It is generally believed that pulsed gamma-rays are emit-
ted within the light cylinder. There are two popular classes of charged accelerator
models, i.e., polar cap models (e.g., [32, 47]) and outer gap models. Here we will
focus on the outer gap models.

Cheng et al. [18] proposed a two-dimensional outer gap model to explain the
observed data of the Crab and Vela pulsars. Their model assumed that the radiation
regions are thin in the longitudinal direction. Their double peak γ-ray structure was
from two topologically disconnected outer gaps, each of which is associated with
different magnetic poles. However, Romani and co-workers [29, 79] have shown
that only one outer gap with only outgoing current can already produce a broad,
irregularly-shaped emission beam of which is particularly dense near the edge, so
that two γ-ray peaks would be observed when the line of sight from the Earth crosses
these enhanced γ-ray beam regions; the inner region of the beam provided a signif-
icant amount of emission between the peaks. Cheng et al. [20], (hereafter CRZ)
have re-considered the three-dimensional magnetospheric gap model by introduc-
ing various physical processes (including pair production which depends sensitively
on the local electric field and the local radius of curvature, surface field structure,
reflection of e± pairs because of mirroring and resonant scattering) to determine the
three-dimensional geometry of the outer gap. They have shown that two outer gaps
and both outgoing and incoming currents are in principle allowed, but it turns out
that outgoing currents dominate the emitted radiation intensities. According to CRZ,
the azimuthal extension of the outer gap (ΔΦ ∼ 160◦ for the Crab pulsar) is finite
and is determined by the local pair production condition. According to [104], the
size of the outer gap ( f0) is limited by the pair production between the soft thermal
X-rays from the stellar surface and the curvature photons with energy Eγ( f0) emit-
ted by the primary electrons/positrons accelerated in the outer gap. Furthermore, the
energy of the soft X-ray photons is determined by the back-flow of the primary elec-
trons/positrons, therefore the soft X-ray energy EX ( f0) is also a function of the gap
size. Using EX ( f0)Eγ( f0) ∼ (mc2)2, the size of the outer gap can be expressed as

f0 = 5.5P26/21B−4/7
12 , (18.23)

where, f0 ≤ 1 is the ratio between the outer gap volume ∼R3
L, RL = cP/2π is the

light cylinder radius, P is pulsar period in seconds and B12 is the surface magnetic
field in units of 1012 G. It should be emphasized that f0 ≤ 1 otherwise the outer gap
does not exist. Zhang et al. [105] have considered how the inclination angle (α) can
affect the outer gap size. They find that the size of outer gap will increase for larger
inclination angle. The maximum change can be near 75%.

Furthermore, the return particles emit curvature photons with typical energy
Eγ = (3/2)(c/s)h̄γ(x)3, where x = s/RL, s is the local radius of curvature and
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γ(x) ≈ 2× 107 f 1/2
s B1/4

12 P−1/4x−3/4 [26]. These photons will be converted into the
secondary pairs by the neutron star magnetic field if the pair production condition
in strong magnetic field is satisfied. From this condition and assuming the local
field is dipole field, then the distance to the star of the first generation of e± pairs
can be given by [17] rs/R = (15EγBs/(2mc2Bg))1/3, where Bs is the surface mag-
netic field and Bg = m2

ec3/eh̄ = 4.4×1013 G. These secondary pairs will lose their
energy via synchrotron radiation with the following typical energy Esyn = Eγ/20.
Since these synchrotron photons are emitted toward the star, they will encounter
stronger magnetic field and convert into e± pairs which again radiate their energy
via synchrotron radiation. We can easily show that each new generation of e± pairs
will reduce their energy by a factor of ∼0.05 and comes closer to the star by a fac-
tor of ∼0.37 [17]. The synchrotron spectral index starts with −1.5 and evolves to
become −1.9. We argue that an electromagnetic cascade will take place until the
energy of synchrotron photons is ∼1 MeV and the spectral index ∼−2. Therefore,
the expected X-ray spectrum for EX < MeV, which consists of soft thermal X-rays
and hard non-thermal X-rays, is given by

dṄX

dEX
= Fbb(Ts,EX )+AE−2

X , (18.24)

where Fbb is the blackbody spectrum with a characteristic temperature kTs = Es
X ,

which satisfies
∫

FbbEX dEX = Lso f t
X and A ≈ 1.7×1035 f 1/2P−65/12 B29/12

12 tan4α/
ln(MeV/h̄eB(rs)/mc), where rs is the distance to the star at which the magnetic field
becomes strong enough to convert the curvature photons into pairs. We can see that
the X-rays consist of two components. Therefore when we fit a finite energy range
in X-rays by a simple power law, the photon index could vary for different energy
range. Cheng and Zhang [26] have found that the model predicted photon index in
the energy range from 100 eV to 2.4 keV is ∼1 whereas the photon index in the
energy range from 2–10 keV is ∼1.15, which is only slight steeper than the softer
energy band. In fact, they argue that X-ray emission from rotation-powered pulsars
in general consist of one non-thermal component, two hard thermal components,
and one soft thermal component. The non-thermal X-rays come from synchrotron
radiation of e± pairs created in the strong magnetic field near the neutron star surface
by curvature photons emitted by charged particles on their way from the outer gap
to the neutron star surface. The first hard thermal X-ray component results from
polar-cap heating by the return current in polar gap. The second hard thermal X-ray
component results from polar-cap heating by the return particles from the outer gap.
Because of cyclotron resonance scattering, most of the hard thermal X-rays will
be effectively reflected back to the stellar surface and eventually re-emitted as soft
thermal X-rays. However, some of the hard thermal X-rays can still escape along
the open magnetic field lines, where the e± pair density is low. Furthermore, the
characteristic blackbody temperatures of the two hard X-ray components emitted
from the polar-cap area inside the polar gap and the polar cap area defined by the
footprints of the outer-gap magnetic field lines are strongly affected by the surface
magnetic field, which can be much larger than the dipolar field. In fact, the strong
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surface magnetic field can explain why the effective blackbody radiation area is
nearly two orders of magnitude larger than that deduced from the dipolar field for
young pulsars (two orders of magnitude less for old pulsars). However, how many
components can be observed depend on the magnetic inclination angle and viewing
angle. Their model can explain the observed X-ray spectra from Geminga, PSR
B1055−52, PSR B0656+14, and PSR B1929+10 very well. Unlike those two hard
thermal X-ray components, which can only be observed in a small solid angle, the
non-thermal component and the soft thermal component can cover a much larger
solid angle and they are also the strongest components. Therefore (18.24) should be
the most likely observed X-ray spectrum.

18.5.3 Single Gap Models

After studying the γ-ray production and light curves for various magnetosphere
geometries based on the CHR model, [28] assumed that gap-type regions could
be supported along all field lines which define the boundary between the closed
region and open field line region rather than just on the bundle of field lines lying
in the plane containing the rotation and magnetic dipole axes. In this case, photons
are generated which travel tangential to the local magnetic field lines, and there
are beams in both the outward (away from the neutron star) and inward directions,
because the accelerating gaps are populated by pair production. They considered the
pulse profile of radiation produced in the outer gap and showed that a single pole
will produce a broad, irregularly-shaped, emission which is particularly dense near
the edge. As a result, double γ-ray pulses will be observed when the line of sight
from the Earth crosses these enhanced regions of the γ-ray beam, while the inner
region of the beam provides a significant amount of emission between the pulses.
With a proper choice of the observer viewing angle, a wide range of peak phase
separations can be accommodated. Furthermore, [29] refined the calculation of high
energy emission from the rotation-powered pulsars based on the CHR model. Their
major refinements include (1) the approximate location of the emission at each point
in phase along a given line of sight was inferred by using a pulse phase map, and
(2) because the spectral emissivities at different emission points will differ, so the
outer gap is divided into small sub-zones in the plane containing the rotation and
dipole axes. The photon densities and beaming directions for different zone are also
different, in which case the particle transport needs to be considered. Under their
refinements, they found that the spectral variation of the γ-radiation over the pulsar
period is the result of the different emission processes which play a role through-
out the outer magnetosphere, however, they were not able to obtain a self-consistent
spectrum which resembled the observed high energy spectra, and they attributed this
shortcoming to the inability to model appropriately the extremely complex emission
processes and their interactions.

Romani and Yadigaroglu [79] modeled the emission geometry and calculated the
pulse profile from the single pole outer gap, including the full effects of aberration,
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retarded potential and time-of-flight across the magnetosphere. In their model, the
radio to γ-ray pulse offset of the known pulsars, and the shapes of the high energy
pulse profiles, were determined by using the knowledge of inclination angle α and
viewing angle ζ . They gave a range of α and ζ for γ-rays from a pulsar which
can be detected at the Earth, and showed that the values of α and ζ for the known
γ-ray pulsars can be chosen within observational constraints which not only fall
within the parameter space required for γ-ray observability but can explain the mea-
sured phase profile offsets and phase separations. Their results indicate that the
phase offset is inversely related to the phase separation, and that γ-ray emission
can only be observed from pulsars for which the viewing angle is large (ζ ≥ 45◦),
while nearly aligned pulsars (α ≤ 35◦) with their radio emission pointed toward
the Earth will have their γ-ray emission beamed away from the Earth (for example
PSR B0656+14). Based on this model, Yadigaroglu and Romani [101] calculated
the variation of the beaming fraction as a function of the efficiency of high energy
γ-ray production. They argued that as the pulsar slows down, the gap should widen
and the distance between the last closed field lines and the radiating surface should
increases, so more of the open field lines occupy the gap, which implies that older
pulsars have larger gaps and will be more efficient at producing ∼GeV γ-rays. More-
over, high energy photons from the outer gaps are primarily radiated along the upper
surface of the vacuum gap [29], so a broader outer gap will produce emission closer
to the dipole axis. Therefore, the γ-ray beaming solid angle is smaller for an old pul-
sar. Yadigaroglu and Romani [101] used the fact that the efficiency should increase
with age and the observed values of PSR B1706−44 and PSR B1055−52 to derive
a phenomenological scaling law for all high energy pulsed emission

ηγ = 3.2×10−5τ0.76, (18.25)

with the characteristic age τ in years. The cut-off to this evolution occurs as the
beaming factor drops to zero at ∼106 yr.

Romani [78] described a revised picture of gap closure and an emission model
for γ-ray pulsars based on curvature radiation reaction-limited charges in the outer
magnetosphere. In this model, the following assumptions are made: (1) there is a
gap which start near the intersection of the null charge surface and the surface of
last closed field lines for which particles can rotate with the star, where the accel-
eration electric field E‖ ∼ r−1; (2) charges are created in this gap and a modest
fraction of the local corotation charge density nGJ = 7× 108Bz(r)/P cm−3 expe-
riences this acceleration field, these charges are limited by curvature radiation to
γlim = (eE‖/5.6×10−3mc)1/4/s1/2 and emit curvature photons with a typical energy
Ec ∝ γ3/s, which comprise the main observed EGRET spectrum of the γ-ray pul-
sars; (3) the gap is maintained by photon-photon pair production, in which soft
photons come from the thermal surface emission of the neutron star, with an evolu-
tionary temperature T (t) = 106(t/105)−0.05 exp(−t/106) K, where time t is in units
of years. Because the primaries each radiate nγ ≈ eE‖RL/2Ec photons in transvers-
ing the outer gap and the optical depth for primary photons traveling through the
magnetosphere is small (≤10−3 to 10−2), the bulk of the primary flux escapes to
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produce the observed beams, but a small fraction of the nγ primary photons pro-
duced by each primary charge produces pairs in the gap, and (4) the electron energy
spectrum in the gap is dNe/dEe ∝ E−p

e with p = 4, which causes a curvature spec-
trum with a spectral index ∼−1.7 extending from Ec ∼ 3 GeV down to ∼20 MeV
for parameters similar to Vela’s. Moreover, since photons are aberrated across field
lines, pairs are initially produced with a significant pitch angle ∼0.1 radian and the
pairs near the null charge line will emit synchrotron radiation with a typical energy
Esyn ∼2 MeV for Vela parameters. Obviously, one of the key quantities in this model
is the fractional width of the gap, Romani estimated it by calculating the pair mul-
tiplication nmul = nγn2σγγri, where, n2 is the soft photon density above threshold
and ri is the radius of the gap closure point. He also estimated the efficiency for
GeV photon production and the γ-ray beaming fraction, which are functions of the
fractional width of the gap. This model produces phase-resolved GeV spectra for
Vela-like parameters which are consistent with those observed by EGRET.

18.5.4 CRZ Model

Cheng et al. [20], (hereafter CRZ) re-consider the three-dimensional magneto-
spheric outer gap model, following the important ground-breaking work of Romani
and co-workers. But instead of assuming a single outer gap with only an outgo-
ing current, and no restriction on azimuthal directions, they use various physi-
cal processes (including pair production which depends sensitively on the local
electric field and the local radius of curvature, surface field structure, reflection
of e± pairs because of mirroring and resonant scattering) to determine the three-
dimensional geometry of the outer gap. In their model, two outer gaps and both
outgoing and incoming currents are in principle allowed, but it turns out that out-
going currents dominate the emitted radiation intensities. Furthermore, the three-
dimensional structure of outer gaps is completely determined by pair production
conditions. Since the potential drop of the gap is

ΔV ≈ 6.6×1012 f 2
0 B12P−2 V , (18.26)

where f0 = h(<r>)/RL, h(<r>) is the average width of the gap boundaries in the
(Ω, μ) plane and RL = c/Ω is the light cylinder radius, and <r> is the average
distance to the gap; its value depends on magnetic inclination angle α (<r> ∼
RL/2). The particle current passing through the gap is

Ṅgap = 3×1030 f0ξB12P−2 s−1 , (18.27)

where ξ = Δφ/2π; Δφ is the transverse extension of the gap. Each of the charged
particles inside the gap will radiate high-energy curvature photons with a character-
istic energy

Eγ( f0) = 2×108 f 3/2
0 B3/4

12 P−7/4 eV . (18.28)



498 K.S. Cheng

About half of Ṅgap will move toward the star. Although they continue to radiate
their energies on the way to the star, they still carry 10.5P1/3 erg of energy on to
the stellar surface. The energy will be radiated back out in hard X-rays. However,
resonant scattering with pairs near the star may reflect hard X-rays back to the stellar
surface [17, 98], to be re-emitted as soft X-rays with a temperature

Ts ≈ 3.8×106 f 1/4
0 ξ 1/4B1/2

12 P−5/12 K . (18.29)

The X-ray photon density is very low but each pair produced by an X-ray-
curvature photon collisions in the outer gap will emit almost 105 curvature γ-rays
for further pair creation in that gap. Once the pair production threshold condition
kTsEγ ≥ (mec2)2 is satisfied, the gap is unlikely to grow much larger. This pair pro-
duction condition gives

f0 = 5.5P26/21B−4/7
12 ξ 1/7 . (18.30)

Here, ξ is still an unknown quantity. However, f0 is weakly dependent on ξ which
is likely of order of unity. In first approximation, they assume f0 = 5.5P26/21B−4/7

12
[104]. To determine ξ , they consider local pair production processes. The pair
production per unit length inside the gap is a decreasing function of r. Accord-
ing to [18], E|| ∝ r−1/2 for the thin outer gap (e.g., the Crab pulsar), which gives
Eγ(r) ∝ r−1/8 after using the large r limit s(r) = (rRL)1/2. Since Eγ is only weakly
dependent on r, they assume σγγ ≈ const.

The local pair production per unit length is

Ne±(r) = (1− e−τγγ )Nγ(r) ≈ τγγNγ(r) , (18.31)

where τγγ = nX (r)σγγ l(r) is the local optical depth, nX = R2T 4
s σ/r2kTsc is the

X-ray number density at r, l(r) ≈ (2s(r) f (r)RL)1/2 is the local optical path, f (r) =
h(r)/RL is the local vertical extension of the gap (since B(r)h2(r) is a constant,
which gives f (r) ∝ r3/2 and f0 ∼ f (RL/2)), and Nγ = eE||(r)/Eγ(r) is the number
of curvature photons emitted at r per e+/e− per unit length. Then

Ne±(r) ∝ r−11/8 . (18.32)

Since most pairs are produced near the null surface where r = rin, so the pair pro-
duction take place mainly in the range rin ≤ r ≤ rlim where rlim is estimated as
rlimNe±(rlim)/rinNe±(rin) ∼ (rlim/rin)−3/8 ∼ 1/2, which gives rlim ∼ 6rin. This lim-
its pair production both along the field lines and in transverse directions, and gives

ΔΦ ∼ 160◦ . (18.33)

Within the pair production regions, outgoing and incoming directions for particle
flows are allowed. For r > rlim only outgoing current is possible.

The total gamma-ray luminosity is given by Lγ = f 3
0 Ė, where Ė is the spin-down

power of pulsar or it can be expressed as
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Lγ ≈ 3.6×1031 f 3B2
12P−4 erg s−1. (18.34)

The radiation spectrum produced by the primary particles with power-law distribu-
tion through synchro-curvature radiation [25] in the outer gap has been obtained
by [104]. Therefore, the differential flux at the earth is given by

F(Eγ) =
1

ΔΩd2
d2Nγ
dEγdt

, (18.35)

where ΔΩ is the solid angle of γ-ray beaming and d is the distance to the pulsar.
Inside the light cylinder, high energy photons will be emitted nearly tangent to the

magnetic field lines in the co-rotating frame because of the relativistic 1/γ beam-
ing inherent in high energy processes unless |E×B| ∼ B2. Then the propagation
direction of each emitted photons by relativistic charged particles can be expressed
as (ζ ,Φ), where ζ is the polar angle from the rotation axis and Φ is the phase
of rotation of the star. Effects of the time of flight and aberration are taken into
account. A photon with velocity u = (ux,uy,uz) along a magnetic field line with a
relativistic addition of velocity along the azimuthal angle gives an aberrated emis-
sion direction u′ = (u′x,u

′
y,u

′
z). The time of flight gives a change of the phase of the

rotation of the star. Combining these two effects, and choosing Φ = 0 for radiation
in the (x,z) plane from the center of the star, ζ and Φ are given by cosζ = u′z and
Φ = −φu′ − r · û′, where φu′ is the azimuthal angle of û′ and r is the emitting loca-
tion in units of RL. In numerical calculation we assume that the radiation comes a
layer of magnetic field lines, which can be identified from their footprints on the
polar cap surface. First we determine the coordinate values (x0, y0, z0) of the last
closed field lines at the stellar surface, where should be the lower boundary of the
outer gap. Then the coordinate values (x′0, y′0, z′0) for the actual emission region can
be determined by using x′0 = a1x0, y′0 = a1y0 and z′0 = (1− (x′20 + y′20 ))1/2 for given
value of a1.

In panel A of Fig. 18.3, the emission morphology in the (ζ , Φ) plane is shown.
For a given observer with a fixed viewing angle ζ , a double-pulsed structure is
observed because photons are clustered near two edges of the emission pattern due
to the relativistic effects (cf. panel B of Fig. 18.3).

In Fig. 18.3, we can see that this model can only produce radiation between two
peaks. However, the observed data of the Crab, Vela and Geminga indicate that the
leading wing 1 and the trailing wing 2 are quite strong, and even the intensity in off-
pulse cannot be ignored. Hirotani and his co-workers [51, 55] have pointed out that
the large current in the outer gap can change the boundary of the outer gap. They
solve the set of Maxwell and Boltzmann equations in pulsar magnetospheres and
demonstrate the existence of outer-gap accelerators, whose inner boundary position
depends the detail of the current flow and it is not necessarily located at the null
charge surface. For the gap current lower than 25% of the Goldreich–Julian current,
the inner boundary of the outer gap is very close to the null surface [49]. On the
other hand if the current is close to the Goldreich–Julian current, the inner boundary
can be as close as 10 stellar radii (cf. Fig. 18.4).
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Fig. 18.3 A Emission projection onto the (ζ ,Φ) plane and B pulse profile for the single pole outer
gap [20]. The photons are emitted outwards from the outer gap. The choice of parameters are
a1 = 0.9, α = 65◦ and ζ = 82◦

In Fig. 18.5, we show the light curve by assuming the inner boundary is extended
inward from the null charge surface to 10 stellar radii (cf. panel A of Fig. 18.5).
In panel B of Fig. 18.5, the solid line represents emission trajectory of outgoing
radiation of gap 1 from the null surface to the light cylinder with α = 50◦ and
ζ = 75◦ and the dashed line represents the outgoing radiation from the gap 2 from
the inner boundary to the null surface. In the presence of the extended emission
region from the near the stellar surface to the null charge surface, leading wing 1,
trailing wing 2 and the off-pulse components can be produced. Recently, Takata
et al. [91] have also shown that the extension of the outer gap plays a crucial role in
explaining the polarization data of the Crab pulsar.
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Fig. 18.4 The gap electric field for various intensities of gap current [49]. The solid line, the dashed
line and the dot-dashed line are 25%, 50% and 75% of Goldreich–Julian current. The null charge
surface is located at ∼0.3rL

Fig. 18.5 Upper panel: the simulated pulse profile of the Crab pulsar; lower panel: variation of
radial distance with pulse phase for the Crab pulsar in units of RL, where the bold line represents
those in the outer magnetosphere, and the dashed line represents those in the inner magnetosphere.
The inclination angle is 50◦ and the viewing angle is 75◦ [60]
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18.6 Model Fitting of the Radiation from the Crab Pulsar

In this section, we intend to use the three-dimensional outer gap models introduced
in last section to explain the phase-resolved spectrum and the polarization properties
of the Crab pulsar.

18.6.1 Phase-Resolved Spectrum of the Crab Pulsar

The Crab pulsar has been studied from the radio to the extremely high energy ranges,
and the phase of the double-pulse with separation of 144◦ is found to be consistent
over all wavelengths. Recent observations from COMPTEL and EGRET [64, 95]
made it possible to study the phase-resolved properties of the Crab pulsar in γ-
ray energies, which indicated that the radiations are from different regions inside
the pulsar magnetosphere and phase-resolved spectra are locally dependent. Fierro
et al. [36] divided the whole phase into eight intervals, i.e., two peaks, two leading
and trailing wings, the bridge between the peaks, and the off-pulse, and we will
follow this definition in this paper.

The phase-resolved properties provide more clues and constraints for the theoret-
ical models. So far, the three-dimensional outer gap model seems the most success-
ful model in explaining both the double-peak pulse profile and the phase-resolved
spectra of the Crab pulsar (CRZ). However, the leading-edge and trailing-edge of the
light curve cannot be given out, since the inner boundary of the outer gap is located
at the null charge surface in this model. Recently, the electro-dynamics of the pulsar
magnetosphere has been studied carefully by solving the Poisson equation for elec-
trostatic potential and the Boltzmann equations for electrons/positrons [49, 52–54],
and the inner boundary of the gap is shown to be located at several stellar radii from
the star.

Here, we use the synchrotron self-Compton mechanism (e.g., [24]) to describe
the high energy emission from the Crab pulsar.

The electric field of a thin outer gap (CHR) is

E‖(r) =
ΩB(r)h2(r)

cs(r)
=
ΩB(r) f 2(r)R2

L
cs(r)

, (18.36)

where h(r) is the width of the outer gap at position r, and f (r) = h(r)/RL is the
local fractional size of the outer gap. Assuming that the magnetic flux subtended in
the outer gap is constant in the steady state, we get the local size factor

f (r) ∼ f (RL)(
r

RL
)3/2, (18.37)

where f (RL) is estimated by the pair production condition discussed in the last
chapter. As the equilibrium between the energy loss in radiation and gain from
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accelerating electric field, the local Lorentz factor of the electrons/positrons in the
outer gap is

γe(r) = (
3
2

s2

e2c
eE‖(r)c)

1/4. (18.38)

For a volume element ΔV in the outer gap, the number of primary charged parti-
cles can be roughly written as

dN = nGJΔAΔ l, (18.39)

where nGJ = Ω·B
2πec is the local Goldreich–Julian number density, BΔA is the magnetic

flux through the accelerator and Δ l is the path length along its magnetic field lines.
Thus, the total number of the charged particles in the outer gap is

N ∼ ΩΦ
4πce

RL , (18.40)

where Φ ∼ f (RL)B(RL)R2
LΔφ is the angular range of the outer gap extending along

the azimuthal direction. The primary e± pairs radiate curvature photons with a char-
acteristic energy

Ecur(r) =
3
2

h̄γ3
e (r)

c
s(r)

, (18.41)

and the power into curvature radiation for dN e± pairs in a unit volume is

dLcur

dV
≈ lcurnGJ(r), (18.42)

where lcur = eE‖c is the local power into the curvature radiation from a single elec-
tron/positron. The spectrum of primary photons from a unit volume is

d2Ṅ
dV dEγ

≈ lcurnGJ

Ecur

1
Eγ

, Eγ ≤ Ecur . (18.43)

These primary curvature photons collide with the soft photons produced by syn-
chrotron radiation of the secondary e± pairs, and produce the secondary e± pairs
by photon-photon production. In a steady state, the distribution of secondary elec-
trons/positrons in a unit volume is

d2N
dV dEe

≈ 1
Ėe

∫ d2Ṅ(E ′
γ = 2E ′

e)
dV dEγ

dE ′
e ≈

1
Ėe

lcurnGJ

Ecur
ln(

Ecur

Ee
) , (18.44)

with Ėe the electron energy loss into synchrotron radiation, which is

Ėe = −2
3

e4B2(r)sin2β (r)
m2

ec3 (
Ee

mec2 )2 , (18.45)
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where B(r) is the local magnetic field and β (r) the local pitch angle,

sinβ (r) ∼ sinβ (RL)(
r

RL
)1/2 , (18.46)

sinβ (RL) is the pitch angle at the light cylinder. Therefore, the energy distribution
of the secondary electrons/positrons in volume ΔV (r) can be written as

dN(r)
dEe

≈ d2N
dV dEe

ΔV (r) ∼ 1
Ėe

lcurnGJΔV (r)
Ecur

ln(
Ecur

Ee
) . (18.47)

The corresponding photon spectrum of the synchrotron radiation is

Fsyn(Eγ ,r) =
√

3e3B(r)sinβ
mec2h

1
Eγ

∫ Emax

Emin

dN(r)
dEe

F(x)dEe, (18.48)

where x = Eγ/Esyn, and

Esyn(r) =
3
2
(

Ee

mec2 )2 heB(r)sinβ (r)
mec

(18.49)

is the typical photon energy, and F(x) = x
∫ ∞

x K5/3(y)dy, where K5/3(y) is the mod-
ified Bessel function of order 5/3. Also, the spectrum of the inverse Compton scat-
tered photons in the volume ΔV (r) is

FICS(Eγ ,r) =
∫ Emax

Emin

dN(r)
dEe

d2NICS(r)
dEγdt

dEe, (18.50)

where

d2NICS(r)
dEγdt

=
∫ ε2

ε1

nsyn(ε,r)F(ε,Eγ ,Ee)dε, (18.51)

and

F(ε,Eγ ,Ee) =
3σT c

4(Ee/mc2)2 ×
1
ε
[2q lnq+(1+2q)(1−q)+

(Γ q)2(1−q)
2(1+Γ q)

], (18.52)

where Γ = 4ε(Ee/mec2)/mec2, q = E1/Γ (1 − E1) with E1 = Eγ/Ee and
1/4(Ee/mec2) < q < 1. The number density of the synchrotron photons with
energy ε is

nsyn(ε,r) =
Fsyn(ε)
cr2ΔΩ

, (18.53)

where Fsyn is the calculated synchrotron radiation flux, and ΔΩ is the usual beam
solid angle.
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Figure 18.6 shows the observed data of the phase-resolved spectra from 100 eV to
100 GeV of the Crab pulsar, and the theoretical fitting results calculated by using the
synchrotron self-Compton mechanism. The phase intervals are defined by division
given by [36], and the amplitude of the spectrum in each phase interval is propor-
tional to the number of photons counted in it. In this fitting, both magnetic poles
contribute to the high energy radiation. We allow the properties of the north pole
and south pole can be slightly different. The detailed description of fitting proce-
dure is described in [92]. The fitting parameters are given in the figure caption. It
is interesting to notice that in TW1, Bridge and LW2 there is a strong component
appearing at above GeV. In P2 such component also exists but its intensity is rela-
tively weaker. In fact this component is the survived primary photons emitted from
the gap. In order to escape from the pair creation, the primary photons must be pro-
duced in regions near the light cylinder and also the local soft photon density is low.
Figure 18.5 shows the emission regions of each phase. We can see that TW1, Bridge
and LW2 have a relative weak synchrotron component in X-rays (cf. Fig. 18.6) and
they also have regions close to light cylinder (cf. Fig. 18.5). Therefore they have a

Fig. 18.6 The best model fitting of the phase resolved spectra of the Crab pulsar from 100 eV to
3 GeV in the seven narrow pulse-phase intervals (cf. [92]). Two spectra (for the TW1 and LW2)
are displayed twice. The Phase-resolved spectra of the Crab pulsar fitting with f(RL) = 0.2 and 0.3
for the north and the south pole, respectively. sin(RL) varies from 0.014 to 0.065. The red and blue
colour lines represent the contribution from north and south pole respectively. The black lines in
P1, P2 and TW2 are the sum of the contributions from both poles. The fitting curves are compared
to the observed data obtained from [64]. The curved line is calculated by the theoretical model,
and the observed data are taken from [64]
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Fig. 18.7 Phase-averaged spectrum of the Crab pulsar. The dashed line is the synchrotron radiation
and the dotted line is the inverse Compton scattering. The observed data are taken from [64]

relatively high survived primary photon component. On the other hand, the emis-
sion regions of LW1 and TW2 are always close to star, they do not have much
survived primary photons. Both P1 and P2 have very intense X-rays but P2 has part
of emission regions very near the light cylinder (cf. Fig. 18.5). The phase-averaged
spectrum of the total pulse of the Crab pulsar is shown in Fig. 18.7. In this figure,
we can see that the model has over produced the photons around 10 GeV, which
seems some improvement is necessary. However, it is important to note that some
curvature photons must survive in TW1, Bridge and LW2, which should be robust
results.

18.6.2 Polarization of the Crab Pulsar

Takata et al. [91] investigate the polarization of the high-energy emission from the
Crab pulsar based on the framework of the three-dimensional outer gap model pro-
posed by [20], they are able to simultaneously reproduce the light curve, the spec-
trum, and the polarization characteristics by taking into account the gyration of the
particles. In order to explain the polarization degree and angle, they conclude that
the inner boundary of the outer gap cannot be located at the null charge surface.
Instead the inner boundary should be located about 10 stellar radii away from the
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neutron star, which is consistent with the previous studies (e.g., [50, 90]). The main
reason is that when the pair creation occurs inside the outer gap, the electric field on
the null surface can no longer be zero. A new inner boundary can be re-established
in a region near the neutron star. The exact location of the inner boundary depends
on the exact current flow in the outer gap. Takata et al. [91] has approximated the
electric field inside the region from the null surface to the inner boundary by a
quadratical form,

E‖ = En
(r/ri)2 −1
(rn/ri)2 −1

, (18.54)

where En is the electric field strength at the null charge surface, and rn and ri are the
radial distances to the null charge surface and the inner boundary respectively.

Then the charged particles are accelerated inside the outer gap and they lose their
energy to curvature radiation. However, the curvature photons cannot escape from
the light cylinder and they will be converted into secondary electron and positrons.
Synchrotron radiation of the secondary pairs produce the optical to soft gamma-
rays. Some of gamma-rays will be further converted into tertiary pairs, which are
important to contribute the net polarization between two peaks. They calculate the
Stokes parameters to obtain the polarization position angle curve and the degree
of polarization, which are compared with the Crab optical data (cf. Fig. 18.8). They
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demonstrate that the radiation from inside the null charge surface produces the outer
wing and off-pulse portions of the light curve and that the tertiary pairs contribute
to the bridge emission. The emission from the secondary pairs explains the main
features of the observed light curve and spectrum. On the other hand, the emissions
both from inside the null charge surface and from the tertiary pairs are required in
order to explain the optical polarization behavior of the Crab pulsar. The energy
dependence of the polarization features is predicted by the model. From the polar-
ization position angle curve indicates that our viewing angle as measured from the
pulsar’s rotational axis is greater than 90◦.

18.7 A Simple Pulsar Wind Model

The non-thermal radiation can be contributed by the shock wave produced between
the pulsar wind and the outflow matter of the companion star (e.g., [88, 93]) or the
surrounding nebula (e.g., [27]). In pulsar binaries, the nebula non-thermal emission
may be released from the shock front between the pulsar wind and the stellar wind
of the companion and interstellar medium (ISM). In this section we introduce simple
models to calculate the high energy spectral properties produced from pulsar wind.

Within the theoretical framework, the energy of the electrons is converted to
X-ray radiation solely at the shock termination radius. For pulsar motion which is
subsonic, the determination of this radius is obtained via the balance between the
wind ram pressure and total magnetic and particle pressure within the nebula [76].
In this case, the wind bubble will be nearly centered about the position of the pulsar.
Rees and Gunn [76] estimated Rs ∼ 3× 1017 cm, which is consistent with the size
of the inner X-ray ring of the Crab nebula (∼0.1 pc, see [63, 99]). The termination
shock picture is not necessarily restricted to slowly moving pulsars since even for
pulsars moving at several hundred kilometers per second the motion can be subsonic
in, for example, regions where the gas has been heated to temperatures of ∼108 K
by a supernova shock. The radius of the termination shock can be estimated as

Rs � (
Lsd

B2c
)1/2 ∼ 6×1014L1/2

sd,34B−1
mG cm , (18.55)

where Lsd,34 is the pulsar spin-down power in units of 1034 erg s−1 and BmG is the
magnetic field strength in the nebula in milli-gauss. With the observed values of
the Crab pulsar and its nebula (Lsd,34 = 5×104 and BmG = 0.5), consistency of the
shock radius is easily achieved.

For supersonic motion, the nebula will form a bow shock morphology. In this
case, the termination shock radius is given by the balance of the ram pressure
between the wind particles and the medium at the head of the bow shock:

Lsd

4πcR2
s

=
1
2
ρISMv2

p , (18.56)
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where ρISM is the density of the interstellar medium and vp is the pulsar’s proper
motion velocity. The termination shock radius is given as

Rs � (
Lsd

2πρISMv2
pc

)1/2 ∼ 3×1016L1/2
sd,34n−1/2

1 v−1
p,100 cm , (18.57)

where n1, and vp,100 are the number density in the interstellar medium in units of 1
particle cm−3 and the pulsar space velocity in units of 100 km s−1. For example, [14]
recently discovered a bow shock structure coincident with the Geminga pulsar based
on observations obtained with XMM-Newton. An estimate of the termination radius
for Geminga follows from its spin down power, Lsd � 3.2× 1034 erg s−1, distance
of ∼160 pc, and proper motion velocity of vp ∼ 120 km s−1 [11], leading to a radius
of 4× 1016 cm which is consistent with the observational constraint on Geminga’s
compact X-ray nebula.

Generally, assuming the equipartition between the electron energy and magnetic
field, i.e., εe ∼ εB ∼ 0.5, the magnetic field in the emitting region of the shock can
be estimated as B = (6εBĖ/R2

s c)1/2. For the strong relativistic shock, the postshock
electron energy distribution is N(γ) ∝ γ−p for γm < γ < γmax, where γm = p−2

p−1εeγw,
γw is the Lorentz factor of the relativistic pulsar wind. γmax can be estimated by
the equivalence between the electron acceleration time-scale and the synchrotron
cooling time-scale. The electron synchrotron cooling time is tsyn = 6πmec/σT γB2,
the acceleration time is given by tacc = γmec/eB, then γmax = (6πe/σT B)1/2, where
σT is the Thompson cross section. So the maximum photon energy emitted by the
relativistic electrons is about Emax ∼ 3h̄eB

2mecγ
2
max ∼ 250 MeV.

The number of radiating particles at γ , N(γ), is determined by a balance between
the rate at which particles are injected at the shock front Ṅ(γ) and synchrotron
losses. The synchrotron power of an electron with γ is P(γ) = 4

3σT cγ2 B2

8π and
Ṅ(γ) = (p − 1)γ p−1

m (γwmec2)−1Ėsdγ−p. The balance between injection and syn-
chrotron losses can be expressed as 1

mec2
∂N(γ)P(γ)

∂γ = Ṅ(γ). The solution is N(γ) =

γ p−1
m (γwP(γ))−1Ėγ−(p−1). The luminosity of radiating particle in the range from γ

to γ+dγ is P(γ)N(γ), leading to the luminosity per unit frequency

Lν = k(p)γ p−2
w R−(p−2)/2

s Ė(p+2)/4ν−p/2 , (18.58)

when νX > νc is called the fast cooling regime. Here k(p) = 1
2 ( p−2

p−1 )p−1

( 6e2

4π2mec3 )(p−2)/4ε p−1
e ε(p−2)/4

B , νX is the observed X-ray frequency and νc is called
the cooling frequency. The determination of the cooling frequency is given as
νc = e

2πmecB3 ( 6πmec
σT t )2, where t is a characteristic timescale of the nebula estimated

as the flow timescale in a characteristic radiation region, i.e., t ∼ Rs/vp. For the slow
cooling case νX < νc, Lν ∼ ν−(p−1)/2. The luminosity at a particular frequency ν
can be estimated as νLν . Since p = 2 ∼ 3, we expect that the photon spectral index
of high energy spectrum produced by pulsar wind should be 1.5 ∼ 2.5.

Non-thermal radiation can also arise from a shock wave resulting from the inter-
action between the pulsar wind and the outflowing matter from the companion
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star [5, 88, 93]. In this context, the neutron star is at a distance, D, from the surface
of its binary companion given by D = R + Rs, where Rs is the shock wave termi-
nation radius as measured from the neutron star surface and R is the distance of
the shock from the surface of the companion star. For millisecond pulsars in binary
systems with low mass companions, we adopt an orbital separation ∼2× 1011 cm.
If we assume that mass is lost isotropically from the companion star, the loss rate
is given as Ṁ = 4πρ(R∗ + R)2vw, where vw is its outflow velocity, ρ is the density
at distance R from the stellar surface and R∗ is the radius of the companion. The
dynamic outflow pressure given by Pw(R) = ρ(R)vw(R)2 can be expressed as

Pw(R) =
Ṁvw

4π(R∗ +R)2 . (18.59)

The termination radius of the pulsar wind is given by the pressure balance between
the pulsar and companion outflow and can be expressed as

(
Rs

R∗ +R

)2

=
Ė

Ṁvwc
. (18.60)

In order to estimate the shock radius, Ṁ and vw must be determined. Unlike
the case of the progenitor of millisecond pulsars, i.e., the low mass X-ray binaries,
where Ṁ can be estimated from the X-ray accretion luminosity, the mass loss rate
from the neutron star companion likely results from the evaporation by a pulsar
wind [82]. If the stellar wind is a consequence of evaporation by the pulsar wind,
the balance between the stellar wind pressure and the pulsar wind pressure lies near
the position of the companion, implying Rs ∼ D. In taking PSR B1957+20 as an
example, we find that Rs > 0.6(R∗+D) under the assumption that the wind velocity
is comparable to the escape speed from the companion and the mass loss rate is
<1017 g s−1 (see [87]).

The cooling frequency νc is given as νc = e
2πmecB3 ( 6πmec

σT t f
)2, where t f ∼

√
3Rs/c is

the dynamical flow time and the magnetic field strength at the termination radius is
estimated by B = (6εBĖ/R2

s c)1/2. Taking Ė ∼ 1035, εB ∼ 0.003, and Rs ∼ 1011cm,
we obtain νc ∼ 3× 1021Hz. Since the cooling frequency is much larger than the
frequency νx ∼ 1018 Hz, the observed luminosity per frequency Lν ∝ ν−(p−1)/2.
Based on the work by [27], the total X-ray luminosity radiated in the intra-binary
shock wave for a solid angle of Ω toward the pulsar is estimated as

νLν =
Ω
4π

σT 6(p−3)/4(p−2)p−1

2πmec(p+5)/4(p−1)p−2
(

e
2πmec

)(p−3)/2ε p−1
e ε(p+1)/4

B

×R−(p+1)/2
s γ p−2

w t f Ė(p+5)/4ν−(p−3)/2 , (18.61)

in the X-ray energy band (2–10 keV). It is interesting to note that if we approximate
t f ∼

√
3Rs/c and Rs = D, the above equation can be rewritten as

νLν = 5×1030α(p) f0.1D−(p−1)/2
11 Ė(p+5)/4

35 ergs−1 , (18.62)
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for ν = 1018 Hz, γw = 106, εe = 0.5, εB = 0.003 and α(p) is a function of p, which
only varies from 1 to 2.6 as p increases from 2.2 to 2.6. For simplicity, we may
assume it is a constant of order of unity. Here, f = Ω/4π , D11 = D/1011 cm and
Ė35 = Ė/1035 erg s−1. We note that [93] have estimated that εB ∼ 0.02 in the intra-
binary shock region in order to explain the X-ray emission from PSR 1259−63. For
this value, the coefficient in equation (12) will change to 3×1031.

18.8 Applications to X-Ray Emission

18.8.1 Lx–Lsd Relations from ASCA Data

Over 50 rotation powered pulsars have been detected in the X-ray band [6], but only
a fraction of them have been resolved with pulsed non-thermal components. Here,
we have selected 23 X-ray pulsars with both pulsed and non pulsed emission mea-
surements obtained from the ASCA mission (listed in Table 18.1). Our pulsar sam-
ple includes 19 normal pulsars and 4 millisecond Pulsars (cf. [22] for the description
of data selection). Since the ASCA satellite does not have high spatial resolution,

Table 18.1 Characteristics of spin powered pulsars and their X-ray luminosities observed by
ASCA [22]

PSR P (s) Ṗ (s s−1) d Lsd LX,tot LX,pul LX,npul

J0631+1036 0.288 1.0×10−13 1.0 5.4×1034 4.2×1031 2.0×1031 2.2×1031

J1811−1926 0.065 4.4×10−14 5.0 7.0×1036 1.6×1034 1.9×1033 1.4×1034

B0531+21 0.033 4.2×10−13 2.0 4.5×1038 1.1×1037 6.8×1035 1.0×1037

B0833−45 0.089 1.25×10−13 0.3 6.9×1036 1.9×1033 1.5×1032 1.8×1033

B0633+17 0.237 1.1×10−14 0.16 3.2×1034 8.2×1029 4.6×1029 3.6×1029

B1706−44 0.1025 9.3×10−14 1.82 3.4×1036 6.8×1032 4.1×1032 2.7×1032

B1509−58 0.150 1.54×10−12 4.3 1.8×1037 4.0×1034 1.3×1034 2.7×1034

B1951+32 0.0395 5.8×10−15 2.5 3.7×1036 6.2×1033 6.2×1032 5.6×1033

B1046−58 0.124 9.6×10−14 2.98 2.0×1036 9.5×1032 5.5×1032 4.5×1032

B1929+10 0.227 1.16×10−15 0.17 3.9×1033 1.54×1030 5.6×1029 9.8×1029

B0656+14 0.385 5.5×10−14 0.76 3.8×1034 1.7×1031 1.0×1031 7.0×1030

B0540−69 0.05 4.8×10−13 49.4 1.5×1038 8.3×1036 1.3×1036 7.0×1036

B0950+08 0.253 2.3×10−16 0.12 5.6×1032 4.6×1029 1.6×1029 3.0×1029

B1610−50 0.232 4.93×10−13 7.26 1.6×1036 9.6×1033 3.0×1033 6.6×1033

B1055−52 0.197 5.83×10−15 1.53 3.0×1034 2.7×1030 2.0×1030 7.0×1029

B1853+01 0.267 5.4×10−13 2.02 8.0×1035 1.4×1033 1.4×1032 1.3×1033

J2229+6114 0.0516 7.8×10−14 3.0 2.2×1037 1.7×1033 4.0×1032 1.3×1033

B0537−69 0.016 5.13×10−14 47 4.8×1038 2×1036 1.7×1035 1.8×1036

J1846−0258 0.32 7.1×10−12 19 1×1037 1×1036 4×1034 1×1036

B1937+21 0.00156 1.05×10−20 3.6 1.1×1036 5.7×1032 2.5×1032 3.2×1032

J2124−3358 0.005 1.08×10−20 0.25 3.5×1033 4.8×1029 1.6×1029 3.2×1029

B1821−24 0.003 1.6×10−18 5.1 2.2×1036 6.5×1033 9.4×1032 5.5×1033

J0437−47 0.0058 2.0×10−20 0.18 4.2×1033 1.3×1030 4.0×1029 9.0×1029
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Fig. 18.9 The total X-ray luminosity (2–10 keV) from ASCA observations vs. spin-down power
of 23 X-ray pulsars. The solid line is LX = 10−21L3/2

sd [84], and the dashed line represents LX =
10−3Lsd [7]. The best fitting function is LX ∝ L1.35

sd

the X-ray luminosity of the pulsars in the ASCA field is composed of emission from
the pulsar’s magnetosphere and compact pulsar wind nebula. For reference, the total
pulsed plus non pulsed X-ray luminosity in the ASCA energy range (2–10 keV) is
plotted vs. spin down power in Fig. 18.9. A correlation is found which is consistent
with the form Lx ∝ L1.5

sd found by [84], but the best fit form of this correlation is
found to be Lx ∝ L1.35±0.2

sd . Here, the error in the power law exponent represents
±1σ corresponding to the scatter in the observed data points, which may reflect
variations in εe, εB, γw, and uncertainties in distance from pulsar to pulsar. Our best
fit power law relation is consistent with the conclusion of [74], who used a sample of
39 pulsars observed mainly by ROSAT and data from ASCA, RXTE, BeppoSAX,
Chandra and XMM-Newton. Although [74] considered their result (Lx ∝ L1.34

sd ) sta-
tistically unacceptable, our result is not subject to the uncertainties associated with
the normalization of different satellite data to obtain the X-ray luminosity between 2
and 10 keV (cf. Table 18.1 of [74]), for which the extrapolation relied on the uncer-
tain photon index in the ROSAT energy band.

The X-ray luminosity associated with the pulsed emission component is illus-
trated vs. spin down power in Fig. 18.10. A correlation separate from the total lumi-
nosity is found which is inconsistent with either the form Lx ∝ Lsd or Lx ∝ L3/2

sd . The
best fitting function to the data is found to be LX,pul � (1.0±0.6)×10−11L1.2±0.08

sd ,
which significantly deviates from the 3/2 power law relation proposed by [84]. Such
a relation is consistent with the relation Lx ∝ L1.15

sd derived from the theoretical X-ray
magnetospheric emission model. However, this latter result is not without uncertain-
ties since the inclination angle of the magnetic field with respect to the rotation axis
and the viewing angle is not well determined. The observed conversion efficiencies
are found to range from ∼10−5 to 9× 10−3, which is not in conflict with model
predictions [17, 26].
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Fig. 18.10 The pulsed X-ray luminosity (2–10 keV) from ASCA observations vs. spin-down
power of 23 X-ray pulsars. The solid line is LX = 10−21L3/2

sd , and the dashed line represents LX =
10−3Lsd. The relation between the pulsed component and spin-down power cannot be described
by both the two formulae. The best fitting function is shown as the dotted line, LX,pul = 10−11L1.2

sd

A correlation is also found to exist between the non pulsed X-ray luminosity and
the spin down power as shown in Fig. 18.3 of [22]. The data points are consistent
with the previous ASCA relation of the type Lx ∝ L3/2

sd , but the correlation is also
consistent with Lx,npul ∝ L1.4±0.1

sd . Upon comparison to the results from Fig. 18.9, this
power law relation is a consequence of the fact that the pulsar emission in the ASCA
sample is dominated by the non pulsed radiation component. The conversion effi-
ciency for the non pulsed component overlaps with that for the pulsed component,
but extends to efficiencies as high as 0.1.

Generally, the X-ray luminosity of pulsar wind nebulae [27] is a nonlinear func-
tion of the spin down power. As can be seen in last section, the nebula’s X-ray
luminosity follows from

Lx ∝ ε p−1
e ε(p−2)/4

B γ p−2
w R−(p−2)/2

s L(p+2)/4
sd . (18.63)

Here, εe and εB are assumed to be constant, but Rs ∝ L1/2
sd from (55) and (57).

Although the above equation corresponds to the fast cooling regime, the depen-
dence of LX on Lsd for the slow cooling regime is unchanged because the ratio of
the X-ray luminosities in these two regimes depends only on the cooling frequency
νc, which is independent of Lsd . We note that γw also depends on the spin down
power so the explicit dependence of Lx on Lsd remains to be theoretically deter-
mined. To estimate this dependence we make use of the results of [80] and [2], who
argued that large fluxes of protons (ions) could also be extracted from the neutron
star and accelerated in the parallel electric field in the magnetosphere. The initial
Poynting flux can be converted into particle thermal and kinetic energy well within
the termination radius. Since both electrons and protons are basically accelerated
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by the low frequency electromagnetic wave generated by the pulsar, they will be
accelerated to the same relativistic speed as they are bound by the strong electro-
static force. Hence, the Lorentz factor of the electrons and protons are the same,
leading to the result that the protons may have carried away most of the spin down
power [30]. Thus, we can obtain a form for the spin down power from

Lsd ∼ Ṅγwmpc2, (18.64)

where Ṅ is the outflow current from the surface. This current should be of the order
of the Goldreich–Julian current [40] given as Ṅ � 1.35 × 1030B12P−2s−1. Since
Lsd � 1031B2

12P−4 erg s−1, we find Ṅ ∝ L1/2
sd , leading to γw ∝ L1/2

sd . Therefore, we

obtain the relation Lx ∝ Lp/2
sd , where p generally varies between 2 and 3. The relation

deduced from the non pulsed X-ray luminosity and spin down power of observed
pulsars may result from a relatively high electron energy index in the nebula.

18.8.2 Why Do MSPs in the Field and Those in 47 Tuc Obey
Different Lx–Lsd Relation?

The discovery of millisecond pulsars (MSPs) as a class of rapidly rotating (P < 10
ms), weakly magnetized (B ∼< 1010 G) neutron stars has stimulated considerable
interest in the fundamental properties of these objects. The detailed observational
study of these sources over periods of time have provided insights into their ori-
gin and evolution in close binary systems (see for example, [73]). The hypothe-
sis that MSPs are neutron stars recycled in a spin up phase during which angular
momentum and mass are accreted from a companion star [1, 75] has been dramat-
ically confirmed with the observational detection of the four millisecond accret-
ing X-ray pulsars J1808.4−3658 [100], J1751−305 [67], J0929−314 [37], and
J1807−294 [66]. Their combination of short spin period and low dipole magnetic
field strengths have, furthermore, provided important clues on the temporal evolu-
tion of magnetic fields in neutron stars in low mass X-ray binary systems ([97]; see
also [10] for a recent review).

Insights into the nature of the emission mechanisms have been facilitated by
observational investigations over broad spectral regions. As an example, the early
X-ray studies of MSPs using the ROSAT satellite revealed that the MSPs in the
Galactic field appear to have a non thermal character (see [7, 8]) with a power law
photon index ranging from ∼−2 to −2.4. On the other hand, the recent X-ray stud-
ies with the Chandra satellite by [42] indicate that the MSPs in 47 Tuc appear to
be consistent with a thermal blackbody spectrum characterized by a temperature
corresponding to an energy of 0.2–0.3 keV.

Additional evidence supporting the apparent difference between the MSPs in the
Galactic field and in 47 Tuc and, hence difference in their fundamental properties,
can be gleaned from the relation between the X-ray luminosity, Lx, and the spin
down power, Lsd , expressed in the form Lx ∝ Lβsd . Using ROSAT data [7,8] found that
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β ∼ 1 for MSPs in the Galactic field, whereas there are hints that the dependence is
shallower (β ∼ 0.5) for the MSPs in 47 Tuc (see [42]). An existence of a correlation
between these two quantities provides strong evidence for relating the energy source
of the X-ray emission to the rotational energy of the underlying neutron star. We
shall, for convenience, group the MSPs with properties similar to the Galactic field
as Type I and those similar to the MSPs in 47 Tuc as Type II, even though the nearest
MSP J0437−4715 has an X-ray spectrum consisting of two thermal components and
one non thermal component [102].

Despite the fact that these two types of MSPs have similar values in rotation
period, orbital period and dipole magnetic field. They have the following differ-
ences. X-rays from MSPs in the field is dominated by the non-thermal whereas
X-rays from MSPs in 47 Tuc is dominated by thermal component (cf. [41]). Fur-
thermore, there are observation evidence that MSPs in the field with parameters
similar to the Crab and the Vela could be gamma-ray sources (cf. [21]). On the other
hand, the entire 47 Tuc may contains over hundreds of MSPs but it is not a EGRET
source, which implies MSPs in the globular cluster are poor gamma-ray emitters
even they have similar parameters as those in the field, why? Form the evolution
point of view, even both types of MSPs may be recycle pulsars. Whereas the stellar
density in 47 Tuc is much higher. Consequently MSPs in the globular cluster may
change their companions a few time during their life time. If accretion can affect
the surface magnetic field structure, which is likely the case, MSPs in the globular
cluster may have much more complicated field morphology than those in the field.
Finally although the spin-down age for both type of MSPs is similar, the true age of
MSPs in globular cluster is most likely older than those in the field.

Cheng and Taam [21] have argued that the observed spectra and X-ray luminosi-
ties of millisecond pulsars in 47 Tuc can be interpreted in the context of theoretical
models based on strong, small scale multipole fields on the neutron star surface. For
multipole fields that are relatively strong as compared to the large scale dipole field,
the emitted X-rays are thermal and likely result from polar cap heating associated
with the return current from the polar gap. On the other hand, for weak multipole
fields, the emission is non-thermal and results from synchrotron radiation of e± pairs
created by curvature radiation as described by [104]. The X-ray luminosity, Lx, is
related to the spin down power, Lsd , expressed in the form Lx ∝ Lβsd with β ∼ 0.5
and ∼1 for strong and weak multipole fields respectively. If the polar cap size is of
the order of the length scale of the multipole field, s, the polar cap temperature is
given by

Ts ∼ 3×106K
(

Lsd

1034ergs−1

)1/8( s
3×104cm

)−1/2

. (18.65)

The main reason why such relation occurs is as follow. The polar cap potential
with strong multipole is likely insensitive to pulsar parameters (e.g., [26, 61, 83]).
The current flow in the polar cap is limited by the Goldreich and Julian current [40],
which is proportional to L1/2

sd . Therefore the thermal X-ray luminosity Lx resulting

from the polar cap heating is simple proportional to L1/2
sd . The existence of multipole

also explains why MSPs in 47 Tuc are poor gamma-ray emitters. According to [81],
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Table 18.2 Three types of millisecond pulsars and their X-ray properties

D n B vp δθ Robs Rs Spectrum
(kpc) (cm−3) G (km s−1) (cm) (cm)

GCa 8.5 102 10−4 100 1′′ 6×1016 3×1015 Non-thermal
1957+20 1.5 1 10−5 220 5′′ 6×1016 4×1016 Non-thermal
47 Tuc 5 0.1 10−5–10−6 60 1′′ 3.5×1016 2×1017 Thermal
aMillisecond pulsars in the Galactic Center and PSR B1957+20. D is the distance, n is the number
density in the medium surrounding the pulsar, B is the magnetic field in the interstellar medium,
vp is the pulsar proper motion velocity, δθ is the detection angular limit in the different observa-
tions, Robs ∼ Dδθ/2 is the radius of the aperture, and Rs is the predicted shock radius. For the
Galactic center, we take a spin down power of 2×1034 erg s−1 and an average velocity of pulsars
of 130 km s−1, which is lower than the escape speed from this region

they argue that complicated surface magnetic field can emit high curvature photons,
which subsequently become pairs in those field leading to outer gap. These pairs can
quench the outer gap, therefore non-thermal emission originated from this accelera-
tor is missing. But PWNe should contribute to the non-thermal emission. However,
in Table 18.2 we show that the typical shock radius in 47 Tuc is smaller than the
observed radius by Chandra in order to identify each MSP in 47 Tuc. Therefore
the observation will exclude the non-thermal emission from PWNe [23]. We con-
clude that the X-ray emission from most MSPs in 47 Tuc can described by thermal
X-ray emission with temperature given by above estimation and their β ∼ 0.5.

However, there are some exceptions. For examples the more recent work by [13]
on the spectral and long-timescale variability analyses of Chandra observations of
18 millisecond pulsars in 47 Tuc has led to the discovery that the three sources,
47 Tuc J, O and W, exhibit a significant non-thermal component. The photon index
of these three sources are in the range 1±0.56, 1.33±0.79, and 1.36±0.24 respec-
tively. Of these, only 47 W exhibits dramatic X-ray variability as a function of orbital
phase. We note that since 47 Tuc O lies near the center of the cluster where the
number density of X-ray sources is large its non-thermal spectrum may be con-
taminated by background sources in the field. Of the remaining two millisecond
pulsars, it is possible that the non-thermal spectral components are produced in
an intra-binary shock formed by the interaction between the relativistic wind and
matter from the stellar companion [13]. Thus, these observations do not suggest
a magnetospheric origin for the non thermal emission at such levels. The much
higher non-thermal X-ray luminosity from W (∼2.7× 1031 erg s−1), in compari-
son to J (∼9.3× 1030 erg s−1), may reflect the differing nature of the companion
star. A main sequence companion star nearly filling its Roche lobe and of mass
>0.13 M� is associated with W whereas a brown dwarf under-filling its Roche
lobe and of mass <0.03 M� is associated with J. The X-ray luminosity of the non-
thermal components from these MSPs can be estimated following the discussion
given in §3.3. Taking an average spin-down power of the millisecond pulsars in
47 Tuc, Ė ∼ 2× 1034erg s−1, p = 2.3,εB ∼ 0.003,εe ∼ 0.5,γw ∼ 106, and Ω = 1,
we find an non-thermal X-ray luminosity in the band 0.1–10 keV of 4×1029 erg s−1

for an assumed Rs ∼ 1011cm. If we choose εB ∼ 0.1,γw ∼ 2× 105, a larger X-ray
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luminosity ∼4× 1030 erg s−1 results, which is closer to the observed values. This
may suggest that εB in PWN of MSPs is indeed larger. The remaining deviation
by a factor of 3 may suggest an underestimate of the spin down power of these
millisecond pulsars by a factor of ∼2.

18.8.3 X-Ray Tails Associated with Pulsars

The X-ray emitting region with a characteristic frequency (νX = 3γ2eB
2mec ) may exhibit

a tail-like spatial structure provided that the pulsar velocity exceeds that of the ter-
mination shock front and the nebula magnetic field is sufficiently low. In this case,
the distance traversed by the pulsar within the synchrotron cooling timescale can be
taken as a lower limit of the elongation length. Specifically, the synchrotron cooling
time in the X-ray band is τc = 6πmec/γσT B2 ∼ 108B−3/2

mG (hνX/keV)−1/2 s where
BmG is the magnetic field in the emission region in milli-gauss. Thus, the typical
cooling time is ∼1011 s for BmG = 0.01, and the length of the X-ray elongated fea-
ture is about l ∼ vpτc ∼ 1018 cm for a pulsar moving at a velocity of 100 km s−1

with respect to the interstellar medium.
The X-ray images of some pulsar wind nebulae, indeed, reveal extensive X-ray

tails. Seven cases are thought to be the consequence of a bow shock formed by
the high velocity pulsar (e.g., Geminga, PSR B1823−13, B1757−24, B1957−20,
J1747−2958, J1124−5916 and B1853+01). The two pulsars J1930+1852 and
B0453−685 exhibit elongated structures and may also be bow shock structures. On
the other hand, the Crab and Vela nebulae exhibit an outflow structure (X-ray jet).
For more detail discussion of X-ray tails of pulsars (cf. [22, 23]).

18.9 Conclusion

In general, high energy radiations from pulsars can come from either polar gaps or
outer gaps. However, from the light curve, optical emission and the energy depen-
dent spectra of the Crab pulsar it is quite clear that they are emitted from the outer-
magetopsheric regions rather than from regions near the surface. Slot gaps, which
can extend to high altitudes, can also be possible alternative accelerators. However,
the potential drop of the slot gap (e.g., [2]) is limited because it is connected at the
polar cap. Therefore it is geometrically thin and the emission cone is quite small. It
is not clear if such thin gap can provide enough power to explain the observed data
in the Crab pulsar.

In order to explain the light curves and the phase-resolved spectrum of pulsars
correctly, it is inevitably that three-dimensional models must be used. We have given
a detailed model fitting for the phase-resolved data of the Crab pulsar. The general
features of the data can be produced by the simple outer gap model. In particular,
the detail optical polarization properties can be explained and the spectral break in
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ultra-violet can also be obtained in the model (cf. [91]). The model also predicts
that the polarization angle swing can only obtain if the viewing angle is larger than
90◦. In model fitting it is important to note that the inner boundary of the outer gap
cannot begin at the null charge surface otherwise the leading wing, trail wing and
the off pulse can not be obtained.

We have suggested that the non-thermal non pulsed X-rays from the direction of
pulsars may come from the pulsar wind nebulae. We estimate that the X-ray spin-
down power and the non-thermal non pulsed X-ray luminosity should be related as
Lx ∝ Lp/2sd, where p is the index of the electron distribution and it is between 2 and
3 [22]. The pulsed non-thermal component of X-rays should follow Lx ∝ L1.15sd
[26]. Despite the orbital period, dipole magnetic field, rotation period and compan-
ion star for millisecond pulsars in the field and millisecond pulsar in the globular
clusters are so similar, the structure of their surface may be very much different.
Consequently most millisecond pulsars in globular cluster, e.g., 47 Tuc, are poor
gamma-ray emitters and their X-rays are dominated by thermal X-rays [21, 81].
Since the shock radii of the pulsar wind nebulae for millisecond pulsars in the glob-
ular clusters are so large than the non-thermal emission from the nebulae will be
excluded from observations. On the other hand it is interested in checking how much
non-thermal X-rays from the pulsar wind nebulae of millisecond pulsars can con-
tribute to the non-thermal X-ray emission from the entire cluster. Taking the charac-
teristic conversion efficiency η ∼ 1%(0.1%)Lsd for the fast(slow) cooling process,
the X-ray luminosity from the entire cluster contributed by the millisecond pulsars
could be 1034(η/10−2)(N/100) erg s−1, where N is the number of millisecond in
the globular cluster. It is interesting to notice that the tail length of the pulsar wind
nebulae can be a nice data to estimate the local magnetic field [58, 59].

Although the general features of the Crab data can be produced by the simple
outer gap model. However, a lot of fine details in data are still unable to be explained.
Obviously, the detail electrodynamic structure of the accelerator in the outer mag-
netosphere must be studied more carefully. The successful missions of Chandra and
XMM-Newton have already imposed great challenge for the existing theoretical
models. After the launch of GLAST, we anticipate more challenging data will be
observed. New theoretical models are anticipated to be produced to confront with
all these new challenges.
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