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Abstract

Observed cooling rate of the young neutron star (NS) in the Cassiopeia A supernova remnant (Cas A NS) exceeds theoretical

expectations based on conventional scenarios of NS cooling, controlled mainly by modified Urca (mUrca) neutrino emission.

Several hypotheses have been suggested to explain these observations. The most popular one assumes the cooling enhancement by

neutrino emission due to the Cooper pair breaking and formation (PBF) just after the onset of neutron superfluidity in the NS core.

This explanation requires strict constraints on critical temperatures of proton and neutron superfluidities in the NS core and on the

efficiency of the PBF cooling mechanism. These constraints are in tension with the modern theory. To relax them, Lev Leinson

(2022) suggested a hybrid cooling scenario, where the direct Urca (dUrca) process of neutrino emission from a small NS central

kernel contributes to the cooling enhancement in addition to the PBF process. We show that Cas A NS cooling needs not to be

hybrid, as the joint effect of Urca (dUrca+mUrca) processes can explain the observations equally well with or without superfluidity

and the PBF mechanism. We explore the Urca scenario with different assumptions about NS equation of state, baryon superfluidity,

and composition of the outer heat-blanketing envelope. We show that the observed cooling rate can be reproduced with many

combinations of these assumptions by tuning the NS mass, which should slightly exceed the threshold mass for opening the dUrca

process in the kernel. Then the core stays non-isothermal for centuries, delaying the onset of enhanced dUrca cooling to satisfy the

Cas A NS observations. In addition, we present an analytic toy model which elucidates many features of the Urca scenario.
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1. Introduction

Thermal radiation of neutron stars (NSs) provides insight

into their superdense interiors. NS cooling depends on NS

mass, equation of state (EoS), composition and microphysics

of its core and outer layers. Therefore a comparison of NS

cooling theory with observations can help one to determine

some parameters of NSs and to choose among theoretical mod-

els of superdense matter. A particularly challenging object for

such studies is the central compact object in the Cassiopeia

A supernova remnant (SNR Cas A, G111.7−02.1) – CXOU

J232327.8+584842, aka Cas A NS. It is the youngest known

NS in our Galaxy. Ashworth (1980) attributed the SNR Cas A

to the supernova observed by Flamsteed on August 16, 1680;

this attribution was corroborated by an independent evaluation

of the SNR age by Fesen et al. (2006). The distance to the SNR

Cas A is d = 3.4+0.3
−0.1

kpc (Reed et al., 1995).

The Cas A NS belongs to a small class of X-ray thermal iso-

lated NSs (XTINSs), which show neither radio nor gamma-ray

emission, nor other signs of magnetospheric activity, but emit

purely thermal soft X-ray radiation. A tight upper limit on its

pulsations (Pavlov and Luna, 2009) disfavors substantial large-

scale temperature variations over its surface.

The Cas A NS was the first NS whose spectrum was success-

fully fitted by the carbon atmosphere model (Ho and Heinke,
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2009). Since then, several other NS spectra have been fitted by

carbon atmosphere models (see Alford and Halpern 2023 for

references and discussion). The Cas A NS is most intriguing

among these objects because of a measured decrease of its ef-

fective surface temperature Ts, derived from observations by

the Chandra X-ray observatory since 2000. This apparent real-

time cooling, first noticed by Heinke and Ho (2010), turns out

to be more rapid than that predicted by conventional cooling

models for NSs of its age. Page et al. (2011) and Shternin et al.

(2011) suggested that this cooling enhancement could be due to

Cooper pair breaking and formation (PBF) in the triplet chan-

nel of neutron superfluidity, which had appeared in the NS core.

Other hypothetical explanations include: thermal recovery after

an episode of stellar oscillations (Yang et al., 2011), sudden on-

set of rapid direct Urca (dUrca) cooling caused by particle re-

population due to NS spin-down (Negreiros et al., 2013), sup-

pression of thermal conductivities by medium effects in the NS

core (Blaschke et al., 2012, 2013; Taranto et al., 2016), mag-

netic field decay (Bonanno et al., 2014), diffusive nuclear burn-

ing in a heat-blanketing envelope (Wijngaarden et al., 2019),

cooling enhancement due to emission of axions (Leinson,

2014, 2021; Sedrakian, 2016a, 2019; Hamaguchi et al., 2018),

phase transitions in a hypothetical quark core of a massive NS

(Noda et al., 2013; Sedrakian, 2013, 2016b), or a cooling af-

ter a fall-back accretion with roto-chemical heating of the star

containing quark matter (Wei et al., 2020). In some papers, hy-

brid scenarios have been proposed, such as the PBF mechanism

supplemented either by emission of axions (Leinson, 2021) or
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by dUrca emission of neutrinos (Leinson, 2022, as discussed

below).

The PBF neutrino emission in NSs was first considered

by Flowers et al. (1976) and by Voskresensky and Senatorov

(1987). If internal NS temperature T is below a critical tem-

perature for superfluidity onset, Tcrit, the baryon fluid has two

components: a superfluid condensate and quasiparticle excita-

tions – broken Cooper pairs. Their quasi-equilibrium amount

is mainly maintained by thermal spin and density fluctuations.

However, recombination of broken pairs can also occur through

an additional, much slower channel. It is mediated by weak

neutral currents and results in the emission of neutrino pairs.

The neutrino escape violates the energy balance between the en-

dothermic pair breaking and exothermic pair formation events

and cools the star. The PBF cooling is most powerful at T

slightly below Tcrit. Practical formulae for the PBF neutrino

emissivities have been presented by Yakovlev et al. (2001).

Leinson and Pérez (2006) noticed that the vector-current

channel in the above-cited works lacks a critical suppression

factor of (vF/c)4, where vF is the Fermi velocity and c is the

speed of light. This suppression renders the singlet-pairing PBF

contribution negligible in practice. The theory of vector-current

neutrino emission from S-wave superfluid condensates has

been further significantly advanced by Sedrakian et al. (2007);

Kolomeitsev, Voskresensky (2008, 2010); Steiner and Reddy

(2009); Leinson (2009); Sedrakian (2012).

The PBF mechanism remains viable for triplet pairing, which

occurs through both vector and axial channels. A complete

suppression of the vector channel with unchanged axial-vector

channel implies that the neutrino emissivity due to triplet pair-

ing of neutrons, given by Yakovlev et al. (2001), has to be mul-

tiplied by a factor qPBF ≈ 0.76 (Leinson and Pérez, 2006).

Leinson (2010) has reanalysed the axial-vector channel of

triplet pairing of neutrons by a consistent resummation of the

leading-order diagrams, some of which had been missed in the

earlier studies. This resummation ensures the conservation of

vector current. As a result, the axial channel is suppressed by a

factor of 1/4, so that qPBF ≈ 0.19 instead of 0.76.

The PBF channel was first included in NS cooling simula-

tions by Schaab et al. (1997). The cooling of the Cas A NS

enhanced by this mechanism (Page et al., 2011; Shternin et al.,

2011) has been widely used to constrain properties of nu-

cleon superfluidity in the Cas A NS core (e.g., Ho et al., 2015;

Taranto et al., 2016; Shternin et al., 2021, 2023). This expla-

nation is appealing because it does not require any exotic as-

sumptions about evolutionary path or core composition of the

star. It can be successful if (1) neutron superfluidity develops

in the core at such a temperature Tcore which can be reconciled

with observed surface temperatures Ts(t), (2) proton superflu-

idity is sufficiently strong to suppress modified Urca (mUrca)

processes early enough for delaying the cooling to the required

Tcore at the present NS age (> 300 yr), and (3) the PBF mecha-

nism is sufficiently strong to ensure the observed real-time cool-

ing (Shternin et al., 2011, 2021, 2023; Ho et al., 2015). How-

ever, the second and third conditions are in tension with modern

theory.

The second condition is problematic, because the most ad-

vanced theoretical results suggest that protons are nonsuperfluid

in a large part of the NS core, as will be shown in Section 3.2.

The third condition is in conflict with the above-mentioned re-

duction of the PBF reaction rate to a factor of qPBF ≈ 0.19.

Page et al. (2011) and Ho et al. (2015) studied the PBF

cooling scenario adopting the factor qPBF = 0.76 from

Leinson and Pérez (2006), whereas Shternin et al. (2011, 2021,

2023) treated qPBF as a free parameter. The latter authors found

that the theory requires qPBF > 0.4–0.5 to be reconciled with

the Cas A NS data, which is incompatible with qPBF = 0.19

derived by Leinson (2010).

To resolve this tension, Leinson (2022) suggested a hybrid

cooling scenario, where PBF cooling was supplemented by

dUrca cooling in a small central kernel of the NS core (here-

inafter, the dUrca kernel). Recently, the same scenario has been

studied by Tu and Li (2025), although they have added free hy-

perons to make dUrca processes possible in their EoS model.

Other recent scenarios of the Cas A cooling involving a dUrca

kernel include NSs described by a specific class of EoSs (EoS

with induced surface tension, Tsiopelas and Sagun 2020, 2021)

and NSs with admixture of dark matter (Avila et al., 2024).

According to the hybrid scenario of Cas A NS cooling, the

dUrca kernel becomes cold very soon after the NS birth and it

stays colder than the surrounding outer core for centuries. The

enhanced dUrca cooling is inefficient for the global cooling till

the temperature of the outer core equilibrates with the kernel

temperature. This delay helps explaining the observed cool-

ing rate, but only partly: an additional enhancement is required

(e.g. superfluidity and PBF process). All these results have

been obtained in numerical simulations, without explaining the

prolonged existence of a cold kernel.

A comprehensive numerical study of such kernels have been

conducted by Sales et al. (2020), who properly interpreted the

phenomenon by the appearance of quasi-stationary thermal

states in which the heat is thermally conducted into the kernel

from the outside core and then radiated away by dUrca neutri-

nos, at slow rates because the kernel stays cold. To the best

of our knowledge, the results of that publication have not been

applied to the Cas A NS.

We propose that the presence of the dUrca kernel can recon-

cile theory with observations of the Cas A NS without any con-

straints on nucleon superfluidity or PBF processes and without

involving exotic particles, special EoS models etc., although

such effects can be easily incorporated. Nevertheless, the Urca

scenario requires an adjustment of the size of the dUrca ker-

nel, which can be achieved by NS mass tuning. However, every

Cas A NS cooling scenario requires serious tuning of some NS

model parameters anyway,

We also present an approximate analytical description of the

considered Urca cooling scenario, which elucidates the role of

heat flows in a non-isothermal NS core and reveals dependence

of enhanced cooling on NS parameters.

The paper is organized as follows. In Section 2 we overview

current status of the Cas A NS observations and compare their

possible interpretations in terms of surface temperature or pho-

ton luminosity. In Section 3 we outline basic properties of su-

perfluidity in NSs. In Section 4 we present numerical simula-
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tions of Cas A NS cooling in frames of the PBF, hybrid, and

Urca scenarios, confront them with observations and discuss

corresponding constraints on microphysical theories of NS mat-

ter. In Section 5 and Appendix A we construct a toy model

which allows one to estimate many parameters of Urca cooling

(revealed numerically by Sales et al. 2020). Conclusions are

formulated in Section 6.

2. Cas A NS cooling inferred from observations

Cooling of the Cas A NS has been the topic of contin-

ued interest and X-ray monitoring after Heinke and Ho (2010)

reported an unexpectedly rapid decline of its effective sur-

face temperature Ts. Those results were based on spec-

tral fits using a model of a non-magnetic carbon atmosphere,

which covered the whole NS surface with a uniform effec-

tive temperature. The data were obtained from observations

with the Advanced CCD Imaging Spectrometer (ACIS) on-

board Chandra observatory. Later they have been supple-

mented and improved on the base of continued observations

and refined calibration (Elshamouty et al., 2013; Posselt et al.,

2013; Ho et al., 2015, 2021; Posselt and Pavlov, 2018, 2022;

Wijngaarden et al., 2019; Shternin et al., 2023). In particu-

lar, Posselt et al. (2013) and Posselt and Pavlov (2018, 2022)

pointed out that observations were mostly performed in the

ACIS-S Graded telemetry mode, aimed primarily at studying

the SNR, and argued that this mode suffered from several in-

strumental effects. They suggested that the Faint subarray mode

would be preferable, because it minimizes some spectrum-

distorting effects such as pileup. The authors found a signif-

icant difference in absolute values and a marginally different

decline of the effective temperature, obtained using the two

modes separately. To take the former difference into account,

Shternin et al. (2023) introduced a calibration factor A ≈ 1.08

into a spectral model for the Graded mode data, which allowed

them to perform a joint analysis of all ACIS observations.

Fig. 1a shows some recent results of the analysis of Cas A

NS observations (Wijngaarden et al., 2019; Posselt and Pavlov,

2022; Shternin et al., 2023). Specifically, Wijngaarden et al.

(2019) analyzed the Chandra ACIS-S Graded mode obser-

vations from 2000 to 2018. They estimated the NS mass

M = 1.65 ± 0.16 M⊙ and radius R = 12.94 ± 0.34 km. Then

they analyzed variation of Ts with M and R fixed to the best-

fit values using the hydrogen column density NH either as-

sumed to be constant for all observations or freely varied be-

tween them. Also, they performed an analysis without allow-

ing NH to vary between observations and with the best-fit val-

ues M = 1.65 M⊙ and R = 10.3 from the previous analy-

sis (Elshamouty et al., 2013). Ho et al. (2021) reanalyzed the

data including a more recent Chandra observation (2019) in

the Graded mode and using improvements in ACIS calibra-

tion. The results appeared consistent with the previous ones.

Posselt and Pavlov (2022) included the observations of 2020 in

the Faint mode and reanalyzed the observations in the Faint

and Graded modes separately, with NH either freely varied or

fixed across observations. They confirmed their previous find-

ing (Posselt and Pavlov, 2018) that ACIS Faint mode data sug-

gested a systematically higher Ts and somewhat smaller de-

crease of Ts than those obtained in Graded mode. Shternin et al.

(2023) performed a joint analysis of all ACIS observations in

the Graded and Faint modes. They showed that the results of

the spectral analysis of the Faint mode data were consistent with

those for the Graded mode (up to the calibration factor A = 1.08

mentioned above).

The estimates of Ts in Fig. 1a exhibit systematic differences

within ∼ 20% between different NS models employed. Within

each model, one sees a significant gradual decrease of Ts with

time. It can be described by

log Ts(t) = log Ts(t0) − s log(t/t0), (1)

where t0 = 330 yr is chosen as the representative Cas A NS age

t in the current epoch, and the slope s is a fit parameter. Open

and filled circles in the figure represent the data of Tables 1 and

2 of Shternin et al. (2023) for spectral fitting with fixed NS pa-

rameters (specified in the caption of Fig. 1), with constant or

varying NH, respectively. In addition to this ‘simplified’ analy-

sis, Shternin et al. (2023) have performed a complex Bayesian

analysis of Faint and Graded mode observations, jointly and

separately, assuming either constant or varying NH. The wide

vertical black errorbar in Fig. 1a embraces their estimates of

Ts(t0) at 68% credibility level (that will also be called 1σ in-

terval, for brevity) for both hypotheses on NH variability, but

only for the joint analysis of all the data. The results of separate

analyses have a much larger scatter. Shternin et al. (2023) have

concluded that the surface temperature decline is 2.12±0.3% or

1.6±0.2% in 10 yr for variable or fixed NH model, respectively.

The authors have estimated the Cas A NS mass and radius as

M = 1.55± 0.25 M⊙ and R = 13.5± 1.5 km. The shaded region

in Fig. 1a shows the range of Ts(t) according to Eq. (1) with the

slope s varying within any of these estimates (i.e., from 0.466

to 0.801) while keeping Ts(t0) fixed at the center of the errorbar.

For NSs with well determined distance, the photon luminos-

ity Lγ can be a better choice than the surface temperature Ts for

comparing with cooling theory (see Potekhin et al. 2020, for a

discussion). Fig. 1b confirms this statement for the Cas A NS.

Here, the data points with errorbars show bolometric photon

luminosities calculated using the data presented in Fig. 1a,

Lγ = 4πσSBT 4
s R2, (2)

where σSB is the Stefan-Boltzmann constant. We see that dif-

ferent data sets differ by less than 30%, despite strong Ts-

dependence in Eq. (2). According to this dependence, the

shaded area covers a slope range sL = 4s. The black error-

bar at t = t0 embraces estimates of Lγ(t0) at the 68% credibil-

ity level for both hypotheses on the NH variability. They are

derived according to Eq. (2) from the estimates of Ts(t0) and R

and their uncertainties, taking into account Ts–R anticorrelation

(Shternin et al., 2023). This anticorrelation reduces the joint 1σ

luminosity interval to Lγ(t0) ∈ [1.06×1034, 1.22×1034] erg s−1.

The quantities Ts and Lγ in Eq. (2) refer to a local reference

frame at the NS surface. The quantities detected by a distant

observer are redshifted (e.g., Thorne 1977), as labeled by tilde
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Figure 1: Estimates of Cas A NS thermal radiation versus observation year, according to Chandra observations analyzed using carbon NS atmosphere models by
three groups, labeled W, P, and S. Group W: Wijngaarden et al. (2019), ACIS-S Graded mode observations from 2000 to 2018. Group P: Posselt and Pavlov (2022),
Faint mode observations from 2006 to 2020. Group S: Shternin et al. (2023), all observations (2000–2020). Symbols with errorbars mark employed theoretical
models. Panel (a): Effective surface temperature in 106 K. W1, filled diamonds: M = 1.65 M⊙, R = 10.3 km, fixed NH. W2, filled triangles: M = 1.65 M⊙ ,
R = 12.9 km, fixed NH. W2, empty triangles: M = 1.65 M⊙ , R = 12.9 km, variable NH. In these three cases the distance d is fixed at 3.4 kpc. P, filled squares:
M = 1.647 M⊙ , R = 10.33 km, d = 3.4 kpc, fixed NH. P∗, empty squares: same as P but variable NH. S, heavy dark-green dots: M = 1.60 M⊙, R = 13.7 km,
d = 3.33 kpc, fixed NH. S ∗, empty red circles: M = 1.53 M⊙ , R = 13.5 km, d = 3.33 kpc, variable NH. The shaded area illustrates the regression model (1)
with the range s of Ts decline that embraces 68% credible intervals obtained by the joint ACIS data analysis (Shternin et al., 2023). Wide black vertical errorbar
embraces 68% uncertainties for Ts at the age t0 = 330 yr (August 2010) according to the same analysis (see text). Panel (b): Thermal luminosities Lγ in 1034 erg
s−1, calculated from the data shown in panel (a). The shaded area and errorbar illustrate 68% credible intervals of Lγ decline sL = 4s and Lγ(t0). Panels (c) and

(d): Same as in panels (a) and (b) but for redshifted surface temperature T̃s and luminosity L̃γ.

below:

L̃γ = Lγ(1 − rg/R) = 4πσSBT̃ 4
s R̃2, (3)

T̃s = Ts

√
1 − rg/R, R̃ = R/

√
1 − rg/R, (4)

where rg = 2GM/c2 is the Schwarzschild radius and G is

the Newtonian gravitational constant. As noted previously

(Potekhin et al., 2020), estimates of redshifted quantities T̃s and

L̃γ can be more robust than of their non-redshifted counterparts

Ts and Lγ. The estimates of T̃s and L̃γ are shown in panels (c)

and (d) of Fig. 1, analogous to panels (a) and (b) for Ts and Lγ.

Errorbars for T̃s(t0) and L̃γ(t0) take into account the estimates

of M with their uncertainties from Shternin et al. (2023), in ad-

dition to the uncertainties in R and Ts. The reported M and R

estimates with their uncertainties give the gravitational redshifts

zg = (1 − rg/R)−1/2 − 1 (5)

in the interval zg ∈ [0.18, 0.34] (at 68% credibility). We see

that using the redshifted quantities allows us to reduce the dif-

ferences between model results (compare vertical scales in the

left and right halves of Fig. 1).

The regression model for L̃γ(t) in Fig. 1d reads

log L̃γ(t) = log L̃γ(t0) − sL log(t/t0), (6)

where log L̃γ(t0) [erg s−1] = 33.86±0.06 and sL = 2.5±0.7. The

indicated log L̃γ(t0) interval is twice larger than that of log Lγ(t0)

in Fig. 1c due to the NS mass uncertainty. It not only em-

braces the underlying results of Shternin et al. (2023), based on

all ACIS data, but also covers all estimates obtained from sepa-

rate Graded and Faint mode analyses (Wijngaarden et al., 2019;

Posselt and Pavlov, 2022). Therefore we choose L̃γ and Eq. (6)

for comparison with cooling simulations.

3. Nucleon superfluidity

Superfluidity of neutrons and/or protons in NS interiors can

strongly affect cooling of NSs. Each superfluidity is character-

ized by its own density-dependent critical temperature Tcrit. It

can change the neutrino emissivity Qν, heat capacity cV , and

thermal conductivity κ of dense matter. In particular, it initi-

ates the PBF process outlined in Section 1 but suppresses the

rates of other neutrino emission processes. It can increase the

heat capacity of nucleons at T slightly below Tcrit, but strongly

suppress it at T ≪ Tcrit. Superfluidity affects the thermal con-

ductivity of nucleons by modifying nucleon-nucleon collision

rates. It also affects the thermal conductivities of electrons and

muons, because it changes screening of Coulomb interactions
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in neutron-star matter as detailed in a comprehensive review by

Schmitt and Shternin (2018).

Superfluidity is accompanied by the appearance of energy

gaps ∆ in distribution functions of strongly degenerate nucle-

ons (neutrons and protons) in momentum (wavevector k) space

near respective Fermi surfaces (k = kFn and k = kFp). Such gaps

are calculated from integral equations which describe Cooper

pairing of nucleons under attractive components of nuclear in-

teractions in dense NS matter. Any gap ∆ depends on a chosen

EoS (on underlying model of nuclear interactions), on pairing

channel, density ρ (usually parameterized by the values of kFn

and kFp), temperature T , and also on the direction of k on the

Fermi surface. The zero-temperature gap ∆0(kF) = ∆(kF, T ) is

basic. Superfluidity occurs at those densities at which the gap

equation gives ∆(kF, T ) > 0. At such densities the gap typically

decreases with growing T and vanishes at T = Tcrit(ρ). Some

models predict the appearance of other particles (e.g. hyperons

or quarks) in NS cores, which can also be in superfluid states,

but we do not discuss them here, for simplicity.

As a rule, one considers three main channels of Cooper pair-

ing of nucleons in NS interiors: neutron singlet (ns), proton

singlet (ps), and neutron triplet (nt) ones. The first channel is

effective for free neutrons in the inner crust, while the others

operate mainly in the NS core.

In the case of singlet pairing the gap is isotropic, so that

∆(kF, T ) is actually independent of the direction of k. How-

ever, for triplet pairing the gap varies over the neutron Fermi

surface. To be specific, let us focus on the 3P2 pairing or more

complicated but similar 3P2–3F2 pairing; they are most used in

cooling calculations. Then the superfluid gap along the poles

of Fermi surface appears to be about twice larger than along

the equator, and it is customary (e.g., Takatsuka and Tamagaki

2004; Krotschek et al. 2024) to use the effective triplet gap

∆eff,nt(kFn, T ) as the rms value of ∆(kFn, T ) (over the Fermi

surface). Its temperature dependence possesses the properties

quite similar to those for the singlet pairing gap ∆ns(kFn, T ). We

will refer to ∆eff,nt(kFn, T ) as to ∆nt(kFn, T ) for brevity.

Note some ambiguity to label ∆nt by different authors associ-

ated with presenting the k-dependent gap by introducing specif-

ically normalized gaps and angular functions (e.g., compare

the notations in Amundsen and Østgaard 1985; Elgarøy et al.

1996a; Yakovlev et al. 1999, Takatsuka and Tamagaki 2004). A

comment will be given further.

In the ideal case, for cooling simulations one needs the gaps

∆(kF, T ) and respective modifications of microphysics (Qν, cV ,

and κ) in superfluid matter, based on the same microscopic

models. Such detailed and self-consistent data are not available

yet.

Cooling simulations are usually performed for those EoSs,

for which the gaps have not been studied. Then the gaps are

taken from different EoSs. The majority of theorists calcu-

late only zero-temperature gaps, ∆0(kF). Possible extensions to

higher T have been discussed in the literature, but the results are

sparse (e.g., Takatsuka and Tamagaki 2004; Ding et al. 2016;

Krotschek et al. 2024). Nevertheless, it has been noted (e.g.,

Takatsuka and Tamagaki 2004; Krotschek et al. 2024) that a re-

lation between Tcrit and ∆0 for quite different nuclear mod-

els stays close to the BCS relation (7) below. Also, the tem-

perature dependence ∆(T/Tcrit)/∆0 appears to be close to uni-

versal, although the universality can be violated at T ≈ Tcrit

(Krotschek et al., 2024).

So far the majority of cooling simulations have been per-

formed using sufficiently compact description of singlet and/or

triplet proton-neutron superfluids based on Bardeen-Cooper-

Schrieffer (BCS) models. As input parameters, one needs to

know either the zero-temperature gap ∆0 or the critical temper-

ature Tcrit for superfluidity of nucleons in a matter element. Ac-

cording to BCS, for singlet-state pairing, Tcrit and ∆0 are related

as

kBTcrit ≈ 0.57∆0, (7)

where kB is the Boltzmann constant. This relation

(Bardeen et al., 1957) is universal and presented in many text-

books (e.g., Lifshitz and Pitaevskiı̆ 1980). For triplet-state pair-

ing the numerical coefficient is slightly different, but the differ-

ence seems to be not very important for cooling calculations.

The effects of superfluidity on Qν, cV , and κ in the

frame of the BCS theory have been calculated and described

by analytic expressions as reviewed, e.g., by Yakovlev et al.

(1999), Yakovlev et al. (2001), Potekhin et al. (2015), and

Schmitt and Shternin (2018). In the NS cooling simulations

presented below we calculate Qν, cV , and κ following the re-

view article by Potekhin et al. (2015) and the references therein.

We will parametrize the values of ∆0 calculated for some

EoSs as functions of Fermi wavenumbers of neutrons kFn and

protons kFp in the form suggested by Kaminker et al. (2001),

∆0(kFx) = A0
(kFx − k0)2

(kFx − k0)2 + k1

(k2 − kFx)2

(kFx − k2)2 + k3

, (8)

if k0 < kFx < k2, and ∆0(kFx) = 0 otherwise; A0 and ki are

fit parameters. A collection of these parameters was presented

by Ho et al. (2015). In Table 1 we have reproduced some of

them and added some new results. From now to the end of

this section we outline the calculations of ∆0 available in the

literature and drop the subscript ‘0’ for simplicity.

3.1. Neutron singlet pairing

Gandolfi et al. (2009) performed ab initio simulations of ∆ns

in the range of kFn from 0.4 fm−1 to 1 fm−1. As compared

with the results of Margueron et al. (2008) (MSH), the cor-

responding parametrization GIPSF as a function of kFn has

maximum by ≈ 20% higher at kFn that is ≈ 10% smaller.

It has been checked that the difference between the MSH

and GIPSF parametrizations is unimportant for thermal evo-

lution of isolated NSs (Potekhin and Chabrier, 2018) and ac-

creting NSs in soft X-ray transients (Potekhin et al., 2019;

Potekhin and Chabrier, 2021). Ding et al. (2016) studied short-

and long-range correlation effects on neutron pairing gaps, us-

ing effective nucleon interactions Av18, CDBonn, and Idaho.

In all three cases, which we denote D16a, D16b, and D16c, re-

spectively, they obtained ∆ns(kFn) close to one another and to

MSH (Fig. 2a). They, however, noticeably differ from an older

model SFB (Schwenk et al., 2003) shown in Fig. 2a by the long-

dashed lines.
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Figure 2: Superfluid gaps as functions of nucleon Fermi wavenumbers for superfluidity types ns (a), ps (b), and nt (c). Lines show analytical fits (8) according to
the legend with the parameters listed in Table 1, except for the dotted lines in panel (b), which show the analytical fits of Lim and Holt (2021) (LH21) with the
parameters listed in their Table II. Black dots with errorbars are numerical results of Gandolfi et al. (2022) (GPCGS in panel a) and black triangles refer to Guo et al.
(2019) (Guo+19 in panel b).

Recently, Gandolfi et al. (2022) have published results of ab

initio quantum Monte Carlo calculations of ∆ns(kFn) using re-

alistic nuclear Hamiltonians that included two- and three-body

interactions in an extended kFn range. In Fig. 2a these results are

reproduced by dots with errorbars. Our best fit to them accord-

ing to Eq. (8) is shown in the same figure by the short-dashed

line; its parameters are listed in Table 1 (labeled as GPCGS).

These results are consistent with the MSH and D16(a,b,c)

parametrizations within . 2 errorbars, so that the difference

between the latter parametrizations and GPCGS is not very sig-

nificant. Below we mainly use the D16a parametrization of the

ns pairing gap ∆ns as a representative example.

3.2. Proton singlet pairing

Early models of the ps pairing gap ∆ps predicted that it

has a maximum ∼ 1 MeV and remains non-zero to rather

large Fermi wavenumbers kFp & 1 fm−1. Examples are pre-

sented in Fig. 2b by the CCDK (Chen et al., 1993) and EEHOr

(Elgarøy et al., 1996b) models. However, Baldo and Schulze

(2007) have found that the allowance for three-body effec-

tive nuclear forces and in-medium effects (such as modified

effective nucleon masses and polarization) reduces ∆ps sub-

stantially. The red solid line in Fig. 2b shows the Baldo and

Schulze’s (hereinafter BS) model for ∆ps as a function of Fermi

wavenumber kFp, as parametrized by Ho et al. (2015). More-

over, Guo et al. (2019) argue that a proper account for density

dependence of proton-proton induced interactions in NS mat-

ter leads to even stronger suppression of proton superfluidity.

Their results are displayed by the triangles in Fig. 2b.

Lim and Holt (2021) studied proton pairing using chiral ef-

fective field theory and obtained a broad variety of gaps as func-

tions of kFp. These gaps depend on details of theoretical mod-

els (choice of effective potentials, proton fraction in or out of

β-equilibrium, order in chiral expansion, high-momentum cut-

off). In any case they are either similar to or smaller than the

BS gap, which confirms that the proton superfluidity is strongly

suppressed. A representative set of the latter gap functions is

displayed in Fig. 2b by dotted lines.

3.3. Neutron triplet pairing

The parametrizations TToa and TTav for the neutron 3P2–
3F2 pairing state are illustrated in Fig. 2c. They are con-

structed for reproducing critical temperatures Tnt, calculated

by Takatsuka and Tamagaki (2004) using either their effective

nucleon interaction potential OPEG-A or the potential Av18

(Wiringa et al., 1995), and supplemented by three-body effec-

tive potentials. Notice that the parameter A0 in our Table 1 for

superfluidity models TToa and TTav is approximately five times

smaller than the analogous parameter in Ho et al. (2015). This

is a result of the unfortunate ambiguity of labeling triplet gaps

mentioned above. Ho et al. (2015) actually approximated not

the gap but an artificially introduced gap amplitude. Neverthe-

less, they included the proper rescaling in the expression of Tcrit.

Their resulting values of Tnt are true and agree with figure 5 of

Takatsuka and Tamagaki (2004). We present the values of A0

obtained in the same way as for other models.

Ding et al. (2016) have also studied the effects of correla-

tions for this type of pairing. The rising segments of ∆nt(kFn)

curves are similar for all three models at the Fermi wave num-

bers kFn . 1.8 fm−1, which correspond to ρ . 3.5 × 1014 g

cm−3 for the BSk24 EoS (see Fig. 3). At larger kFn (larger ρ),

the TTav curve ∆nt(kFn) bends downwards more rapidly than

TToa, and the D16a curve decreases still faster than the TTav

curve.
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Table 1: Fit parameters in Eq. (8) for the pairing gap models shown in Fig. 2.
Some listed parameters were obtained by Ho et al. (2015) by fitting the numer-
ical results of Schwenk et al. (2003) (SFB), Margueron et al. (2008) (MSH),
Chen et al. (1993) (CCDK), Elgarøy et al. (1996b) with relativistic corrections
(EEHOr), Baldo and Schulze (2007) (BS), Takatsuka and Tamagaki (2004) for
the OPEG-A or Av18 effective potentials (TToa and TTav, respectively; the
corresponding values of A0 are smaller than in Ho et al. 2015 because of dif-
ferent definitions of ∆nt, see the text). For the ns and nt superfluidities, we also
add the fit parameters obtained by Ding et al. (2016) by fitting their numerical
results based on nucleon-nucleon potentials Av18 (D16a), CDBonn (D16b),
and Idaho (D16c). The model GPCGS is our fit to the ns gap calculations by
Gandolfi et al. (2022).

Gap A0 k0 k1 k2 k3

model (MeV) (fm−1) (fm−2) (fm−1) (fm−2)

Neutron singlet (ns)

SFB 45 0.10 4.5 1.55 2.5

MSH 2.45 0.18 0.05 1.4 0.1

D16a 14.07 0.04 1.00 1.44 0.78

D16b 18.18 0.05 1.39 1.45 0.81

D16c 5.85 0.00 0.46 1.48 0.42

GPCGS 3.6 0.06 0.16 1.45 0.34

Proton singlet (ps)

CCDK 102 0 9.0 1.3 1.5

EEHOr 61 0 6.0 1.1 0.6

BS 17 0 2.9 0.8 0.08

Neutron triplet (nt)

TToa 0.44 1.1 0.60 3.2 2.4

TTav 0.63 1.1 0.60 2.92 3.0

D16a 0.17 1.1 0.35 2.18 0.05

D16b 0.41 1.03 0.56 2.81 1.00

D16c 0.60 1.11 0.69 2.79 0.53

Let us note that the D16a parametrization was obtained by

Ding et al. (2016) neglecting three-nucleon forces (3NF). Pre-

liminary results including 3NF forces, presented by these au-

thors, show an increase of the triplet gap (unlike in singlet pair-

ing case) and do not demonstrate the gap closure at large densi-

ties, and the D16a gap approaches the TTav gap (obtained with

the same Av18 potential). The authors caution that at so high

densities the applicability of their theory may be questionable.

Starting from the pioneering work by Tamagaki (1970), the
3P2–3F2 pairing mode was deemed to be the dominant mode of

the nt pairing. However, recently Krotschek et al. (2023, 2024)

went beyond conventional mean-field calculations by system-

atically summing large arrays of Feynman diagrams and ob-

tained a radical suppression of the 3P2–3F2 triplet pairing gap

and an enhancement of the 3P0 gap. It is also worth noting

that Baldo et al. (1998) have found that the available nucleon-

nucleon interaction potentials do not allow one to obtain reli-

able predictions for the 3P2–3F2 gap at densities above ∼ 1.7ρ0,

where ρ0 is the saturation density for symmetric nuclear matter.

Thus the theoretical predictions for the nt superfluidity remain

highly uncertain.

3.4. Critical temperatures

Fig. 3 displays Tcrit as a function of mass density ρ in the NS

interior for some of the models listed in Table 1 and illustrated

in Fig. 2. Here, we show only those models that are employed in

Figure 3: Critical temperatures for superfluid phase transition Tcrit versus mass
density for the BSk24 EoS and various superfluidity models. Green, red and
blue curves show Tcrit = Tns, Tps, and Tnt, respectively, for ns, ps, and nt
pairing channels, according to the models listed in Table 1. Triangles display
Tps according to Guo et al. (2019). Vertical dotted lines mark the crust-core
boundary ρcc, nuclear saturation ρ0 ≈ 2.5×1014 g cm−3 (Horowitz et al., 2020),
direct Urca threshold ρDU, and central densities ρcen of NSs with M = 1.4 M⊙
and 2.0 M⊙.

our cooling calculations discussed in Section 4 below. To relate

the Fermi wavenumbers to the mass density, we have adopted

the EoS and composition of the NS matter given by the BSk24

model (Pearson et al., 2018). Note that the employed model

predicts an appearance of free protons in a narrow density in-

terval inside the inner crust, adjacent to the crust-core bound-

ary at density ρcc, which gives rise to the rapid but continuous

increase of the critical temperature Tps in this interval. Conse-

quently, the red curves in Fig. 3 only change their slope, but

are continuous at ρ = ρcc, unlike the more common older mod-

els, which assumed an abrupt disappearance of the free protons

with decreasing density and, therefore, an abrupt vanishing of

the corresponding lines at ρ < ρcc . This figure demonstrates

that the ns pairing is well developed in almost the entire inner

crust of NSs at temperatures T ≪ 1010 K, but there are large un-

certainties concerning the ps and nt superfluidities in the core:

depending on the model, they can either spread over the entire

core down to the NS center at ρ = ρcen or vanish at much lower

densities, leaving a large part of the core nonsuperfluid.

4. Cooling simulations compared with the observations

To simulate NS cooling, we use our numerical code de-

scribed in Potekhin and Chabrier (2018). The physics input is

mainly the same as reviewed in Potekhin et al. (2015), but it in-

corporates also the enhancement of mUrca reaction rates near

dUrca thresholds as suggested by Shternin, Baldo, and Haensel

(2018, hereafter SBH).

4.1. PBF scenario

We start with the combination of NS parameters similar to

the best-fit solution found for the Cas A NS by Ho et al. (2015).

They employed a version of the NS cooling code (Gnedin et al.,

2001) with qPBF = 0.76 and tried different superfluidity and EoS

models, envelope compositions, and NS masses. Their best-fit
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Figure 4: Cooling curves (redshifted luminosity L̃γ versus age t) in logarith-
mic scale for the best-fit case of Ho et al. (2015): M = 1.441 M⊙, BSk21 EoS
with ns, ps, and nt superfluidities SFB, CCDK, and TToa, respectively; the
heat blanketing envelope composed of heavy elements (pure iron or ground
state compositions); the PBF efficiency factor is qPBF = 0.76. The curves dif-
fer by microphysics inputs: either including the SBH enhancement of mUrca
processes (solid and short-dashed lines) or excluding it (one long-dashed and
two dot-dashed lines), using either the EoS-consistent effective nucleon masses
m∗

BSk21
(solid and dot–long-dash lines) or fixed ratios m∗/m with respect to bare

nucleon masses m in the NS core (one dot–short-dash and two dashed lines). In
addition, the dotted curve is obtained with the same microphysics as the solid
one, but at M = 1.5 M⊙. The gray shaded area corresponds to the slopes and
errorbar from Fig. 1d.

solution is characterized by M = 1.441M⊙, the BSk21 EoS

(Potekhin et al., 2013), strong proton singlet (ps) superfluidity

CCDK (Chen et al., 1993), moderate neutron triplet (nt) super-

fluidity TToa (Takatsuka and Tamagaki, 2004), relatively weak

neutron singlet (ns) superfluidity SFB (Schwenk et al., 2003),

and a heat blanket made of iron. The latter implied that the

outermost carbon layer is sufficiently thin to be insignificant

for heat transport, but sufficiently thick to validate the use of

the carbon atmosphere model for fitting the observed spectra.

Corresponding NS cooling is illustrated in Fig. 4. The gray

shaded area meets 1σ ranges of the slopes and absolute values

for log L̃γ according to Section 2. Fig. 4 does not reproduce the

results of Ho et al. (2015) exactly (e.g., their Fig. 14), because

we use the updated observational results (Shternin et al., 2023)

and show redshifted luminosity L̃γ (instead of Ts).

We have explored the effects of various physics updates in

our cooling code on matching the Cas A NS observations. The

strongest effects are produced by effective masses of nucleons,

which we adjust to a specific EoS,1 and by the SBH enhance-

ment of mUrca reactions due to in-medium effects. In Fig. 4

we show cooling curves for the best-fit global NS parameters

of Ho et al. (2015), using the PBF efficiency factor qPBF = 0.76

but varying other microphysics details. We consider the mod-

els either with or without the SBH effect and either with EoS-

consistent effective masses or with constant m∗ in the NS core,

1The effective masses enter our calculations through the expressions for
neutrino emission rates, nucleon heat capacities, and neutron thermal conduc-
tivity, but the superfluid gaps described in Section 3 are kept intact (introducing
thus an insignificant inconsistency).

Figure 5: NS cooling curves simulated with qPBF = 0.76, ground-state blanket-
ing envelope, and different EoS and superfluidity models according to Table 2.
The gray shaded area in the main panel is the same as in Fig. 4. The inset shows
segments of the cooling curves in linear scale around the age and luminosity of
the Cas A NS. The vertical bar plots the 1σ confidence interval for L̃γ , while
the central shaded area shows the 1σ slope range sL; it is centered at the best-fit
L̃γ value according to the results of Section 2. The upper and lower shaded
areas show similar regions shifted up and down to the ends of the vertical bar.

like in the cooling code employed by Ho et al. (2015). Other

improvements, realized in our cooling code, have minor effects

on cooling curves at the Cas A NS age. They include updated

neutrino emission due to plasmon decay (Kantor and Gusakov,

2009), more detailed ground state composition of the outer

crust and its accurate time-dependent thermal structure, instead

of employing fits for quasi-stationary pure iron outer crust.

Also, we have improved radiative opacities in atmospheric lay-

ers by including electron-positron pairs at high temperatures

(Potekhin and Chabrier, 2018).

The dotted curve in Fig. 4 is obtained with the same model

as the solid one, but for M = 1.5 M⊙ instead of 1.441 M⊙. It

demonstrates that in some cases the cooling curves can be ad-

justed to the observed L̃γ-range by varying M.

The BSk21 EoS was upgraded to BSk24 by Pearson et al.

(2018). The upgrade consisted in using the parameters of

an effective nucleon-nucleon interaction potential adjusted by

Goriely et al. (2013) for reproducing the most recent experi-

mental nuclear mass data (Wang et al., 2012). The effect of

this update on cooling curves is minor: it is illustrated by the

two curves near label 1 in Fig. 5, where the dotted curve is the

same as in Fig. 4 and the dashed one is obtained by replacing

the BSk21 EoS with BSk24.

The parameters for cooling curves in Fig. 5 are listed in Ta-

ble 2. Simulation No. 2 differs from No. 1 by using another

neutron singlet superfluidity, D16a (Ding et al., 2016), instead

of SFB (Fig. 3). Its zero-temperature gap reaches maximum
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Table 2: NS parameters for cooling curves in Fig. 5: EoS (column 2), NS mass
M in units of M⊙ (column 3), and superfluidity models for neutron singlet (ns),
proton singlet (ps), and neutron triplet (nt) pairing channels (columns 4, 5 and
6, respectively) according to analytical approximations exposed in Section 3:
SFB or D16a for the ns pairing type, CCDK or EEHOr for the ps pairing, and
TToa, TTav, or D16a for the nt pairing.

Superfluidity models

No. EoS M [M⊙] ns ps nt

1 BSk21/24 1.50 SFB CCDK TToa

2 BSk24 1.50 D16a CCDK TToa

3 BSk25 1.50 D16a CCDK TToa

4 BSk25 1.55 D16a CCDK TToa

5 BSk24 1.50 D16a CCDK TTav

6 BSk24 1.50 D16a CCDK D16a

7 BSk24 1.30 D16a EEHOr TTav

8 BSk24 1.55 D16a EEHOr D16a

of ≈ 1.7 ± 0.2 MeV (corresponding to the critical temperature

Tns = (1.12 ± 0.13) × 1010 K) at the Fermi wave number of

neutrons kFn ≈ 0.7 fm−1, and it vanishes at kFn & 1.4 fm−1. For

comparison, the SFB gap has nearly twice lower maximum.

The limiting wave number of the ns superfluidity, kFn ≈ 1.4

fm−1, corresponds to the number density of neutrons nn ≈ 0.09

fm−3, which is close to the nucleon number density at the NS

crust-core interface. Accordingly, this superfluidity is impor-

tant in the crust but not in the core. For that reason, curve 2 in

Fig. 5 is similar to curves 1 at the Cas A NS age t & 300 yr,

when the thermal relaxation of the crust is already over. Never-

theless, there is an appreciable difference between these curves

at t . 100 yr, when the thermal relaxation of the crust is not

finished yet.

Curve 3 in Fig. 5 differs from curve 2 by using a stiffer BSk25

EoS from Pearson et al. (2018), characterized by a smaller as-

sumed nuclear symmetry energy at the nuclear saturation den-

sity (29 MeV instead of 30 MeV). Curve 4 differs from curve 3

by a slightly larger assumed NS mass, M = 1.55 M⊙.

Curves 5 and 6 in Fig. 5 differ from curve 2 by the adopted

models for neutron pairing gap ∆nt in the NS core, TTav and

D16a, instead of TToa. Since the TTav and D16a curves Tnt(ρ)

bend downwards at large ρ more rapidly than TToa (Fig. 3),

the development of the PBF process is delayed for the TTav

superfluidity till the core cools to a lower temperature than for

the TToa, and to a still lower temperature in the D16a case. This

explains the shift of the steep decline of curves 5 and 6 to later

ages t compared to curve 2.

The retardation of cooling curves 5 and 6 can be compen-

sated by reducing proton superfluidity. Replacing strong CCDK

ps superfluidity by EEHOr, which has a quicker decline of

Tps(ρ) with increasing density (see Fig. 3), we obtain even too

fast cooling at early ages for the TTav nt superfluidity. The cor-

responding cooling curve can be further tuned by decreasing

the NS mass to 1.3 M⊙ (curve 7). For weaker D16a neutron su-

perfluidity, the weaker proton superfluidity EEHOr should be

supplemented by a small increase of M to match the allowed

range for the Cas A NS, as illustrated by curve 8. However, the

slope of this curve is too small compared with the observations.

Figure 6: NS cooling curves simulated with the PBF efficiency parameter
qPBF = 0.19, CCDK and TToa parametrizations for ps and nt superfluidities
in the NS core, BSk24 EoS, heavy-element heat-blanketing envelope, and dif-
ferent M/M⊙ marked near the curves. The solid and dot-dashed cooling curves
are simulated with or without the SBH effect, respectively, using the D16a ns
superfluidity in the inner crust. For comparison, the dotted curve shows the
same as the upper solid curve, but with the SFB model for the ns superfluidity
in the crust, and the dashed curve reproduces case 1 from Fig. 5, with larger
qPBF = 0.76 and smaller M/M⊙ = 1.5. The inset shows segments of cooling
curves in linear scale in the current epoch. The vertical bar and shaded areas
are the same as in Fig. 5.

This means that the nt superfluidity D16a is too weak to provide

the required PBF neutrino luminosity.

As argued above, contemporary theory predicts that proton

superfluidity is likely weaker than in the BS model, which is

still weaker than EEHOr and vanishes in a central part of the

NS core. Since a weak proton superfluidity cannot strongly de-

lay early cooling, PBF processes begin to operate much earlier

than the current Cas A NS age and cannot explain the data (see

Section 4.3).

4.2. Hybrid scenario

In Section 4.1 we have tested the PBF efficiency factor

qPBF = 0.76 consistent with Leinson and Pérez (2006). As

mentioned in Section 1, the corrected value qPBF = 0.19 by

Leinson (2010) is too small to match Cas A NS observations

in the PBF cooling scenario. To reconcile the apparent cooling

rate with the theory, Leinson (2022) proposed the hybrid cool-

ing scenario, where the PBF process is supplemented by dUrca,

together providing the desired cooling rate. Following Ho et al.

(2015), he used the SFB and TToa parametrizations for the crit-

ical temperatures Tns and Tnt, the strong proton superfluidity

model CCDK, and the heat blanketing envelope composed of

iron. He performed NS cooling simulations using the BSk24

EoS and found that the simulated cooling agrees with the ob-
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served one for the Cas A NS, if the NS mass (M = 1.6 M⊙)

slightly exceeds the dUrca threshold value MDU = 1.595 M⊙.

Our simulated cooling curve with the same model parame-

ters is displayed in Fig. 6 by dots. Replacing the SFB model

for Tns by D16a has a negligible effect at the Cas A NS age,

which is demonstrated in Fig. 6 by the upper solid curve (in

analogy with the same replacement in Fig. 5). The increase of

M from 1.600 M⊙ to 1.601 M⊙ causes a stronger effect, illus-

trated in Fig. 6 by the lower solid curve. While these curves

have the same slope at t = t0, as the cooling curve in the PBF

scenario with qPBF = 0.76 (the dashed curve), and are com-

patible with the observations at the edge of the 1σ confidence

interval, they still demonstrate a noticeably slower decline and

worse agreement with the observations than it was found by

Leinson (2022). This difference is likely caused by the absence

of the SBH effect (Shternin et al., 2018) in the public cooling

code NScool (Page, 2016) employed by Leinson (2022). By

switching the SBH effect off we are able to perfectly reproduce

the Leinson’s best-fit cooling rate for the Cas A NS, as illus-

trated in Fig. 6 by dot-dashed lines.

Recently, Tu and Li (2025) have considered the same sce-

nario using other EoS models, which allowed dUrca processes

with hyperons. These authors have obtained similar results and

derived constraints on Tnt relevant to the PBF and hybrid sce-

narios from the condition that the enhanced PBF cooling devel-

ops at the Cas A NS age.

4.3. Urca scenario

In the PBF scenario (Section 4.1) and the hybrid scenario

(Section 4.2), in agreement with previous works, a strong pro-

ton superfluidity is required to slow down early cooling to de-

lay the onset of neutron superfluidity (accompanied by the en-

hanced PBF cooling) until nearly the Cas A NS age. However,

such a strong proton superfluidity is disfavored by modern the-

ory (see Section 1). Besides, the heavy-element heat-blanketing

envelope was needed in both scenarios to match the observed

luminosity of the Cas A NS at its age, because the strong proton

superfluidity slows down the cooling. For instance, according

to Ho et al. (2015), the carbon layer, if present, should be ex-

tremely thin (to have the mass MC ≪ 10−11M⊙) to match the

observations.

Now we turn to an alternative Urca cooling scenario, which

can be consistent with low PBF efficiency, weak proton super-

fluidity, and carbon envelope.

Fig. 7 shows cooling curves, simulated using our fiducial

set of pairing gaps: D16a, BS, and TTav for the ns, ps, and

nt superfluidities, respectively. Solid curves are calculated us-

ing the BSk24 EoS, the PBF efficiency factor qPBF = 0.19, the

heat-blanketing envelope composed of carbon up to the largest

densities and temperatures determined by the ignition line (as

fitted in Potekhin and Chabrier, 2012) and composed of heavy

elements beyond it (according to the ground state model of

Pearson et al., 2018). Two NS masses, M = 1.605 M⊙ and

1.608 M⊙, are selected, which fit the upper and lower ends

of 1σ confidence interval for the observed thermal luminos-

ity L̃γ. The star radius for this mass, EoS, and envelope com-

position is R ≈ 12.7 km. Such M and R are consistent with

Figure 7: NS cooling curves simulated with the PBF efficiency factor qPBF =

0.19, superfluidity parametrizations D16a (ns), BS (ps), and TTav (nt), differ-
ent EoSs and heat-blanketing envelopes according to the legend, and different
M/M⊙ marked near the curves. For comparison, as in Fig. 6, the dashed curve
reproduces the PBF cooling curve 1 from Fig. 5. The gray shaded area in the
main panel is the same as in Fig. 4. The inset shows segments of cooling curves
in linear scale around the age and luminosity of the Cas A NS. Here, the vertical
bar and the shaded area at its center are the same as in Fig. 1d. Also, displaced
shaded areas covering the same range of the slope sL in Eq. (6) are shown at
ends of the bar L̃γ(t0) = 1033.86±0.06 ≈ (0.63− 0.83)× 1034 erg s−1 and at lower

central values L̃γ(t0) = 1033.74 ≈ 0.55 × 1044 erg s−1 and 1033.68 ≈ 0.48 × 1044

erg s−1 (as 2σ and 3σ displacements of log L̃γ, respectively).

M = 1.55±0.15 M⊙ and R = 13.5±1.5 km derived from obser-

vations (Shternin et al., 2023). The slope of simulated cooling

curves sL = −d log L̃γ/d log t at t = 330 yr varies from 2.5 for

M = 1.605 M⊙ to 3.7 for M = 1.608 M⊙ (to be compared with

sL = 2.5 ± 0.7, derived from observations, see Section 2).

For comparison, the dashed curve in Fig. 7 reproduces cool-

ing curve 1 from Fig. 5 obtained in the PBF scenario with

qPBF = 0.76. In this case, the observations would require

a stronger proton superconductivity (CCDK) and iron heat-

blanketing envelope.

Dot–long-dash lines in Fig. 7 are analogous to solid ones,

but for the stiffer BSk25 EoS. This yields the NS mass range

(1.620 M⊙, 1.622 M⊙) matching 1σ uncertainties in L̃γ(t0),

which gives R ≈ 13.7 km and sL(t0) ∈ (2.6, 3.9).

Dot-short-dash cooling curves in Fig. 7 are calculated using

a softer APR EoS (denoted as A18+δv+UIX∗ by Akmal et al.

1998). We use its parametrized form (Potekhin and Chabrier,

2018), which includes the NS crust described by the BSk24

EoS on top of the APR core. The best-fit luminosity is pro-

vided at M = 2 M⊙ (with R = 11 km), but the simulated slope

sL(t0) = 0.7 is significantly lower than the one derived from

observations. The mass increase allows us to reproduce the ob-

served slope, but at much lower luminosity. The cooling curve
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Figure 8: Neutrino luminosities in the NS core versus NS age. Thick lines show
total redshifted neutrino luminosity; thin lines are partial luminosities due to
the mUrca (marked MU, shown in the upper panel only), dUrca (DU), and PBF
processes. Upper panel: The PBF and hybrid cooling scenarios. The dashed
and solid lines correspond to the dashed line and the upper solid line in Fig. 6,
respectively. Lower panel: The Urca cooling scenario. The solid, dot-dashed,
and short-dash–long-dash lines correspond to the lines of the same types as in
Fig. 7 for M = 1.605 M⊙ , 2.01 M⊙ , and 2.02 M⊙, respectively.

for M = 2.01 M⊙ has the slope near the lower end of the 1σ

confidence interval and Lγ(t0) below the end of the 2σ interval,

while the curve for M = 2.02 M⊙ has nearly best-fit slope, but

unacceptably low luminosity at the Cas A NS age. One can

partially alleviate the latter discrepancy by applying more heat-

transparent envelope model. This is illustrated in Fig. 7 by the

cooling curve for an NS with M = 2.02 M⊙ and heat-blanketing

envelope composed of helium, but such an envelope is difficult

to reconcile with the carbon atmosphere.

Large slopes of cooling curves in Figs. 6 and 7 occur for NS

masses slightly exceeding the threshold mass MDU for opening

the dUrca process (1.595 M⊙, 1.612 M⊙, and 2.005 M⊙ in cases

of BSk24, BSk25, and APR EoSs, respectively). In these cases,

the dUrca cooling is not too strong, which allows the star to

maintain a rather high luminosity in a few hundred years.

Time dependence of different neutrino cooling mechanisms

is shown in Fig. 8. The figure displays total and par-

tial neutrino luminosities L̃ν integrated over proper volume

of the NS core with account for gravitational redshifts (see

Figure 9: NS cooling curves simulated with qPBF = 0.19, BSk24 EoS and
carbon heat-blanketing envelope at M/M⊙ marked near the curves in the inset.
Different line types correspond to different superfluidity models according to
the legend (see the text). The shaded area in the main window is the same as in
Figs. 4, 5, 6, and 7. The inset shows a zoom to the current ages and luminosities,
with the errorbar and shaded area from Fig. 1d.

Glen and Sutherland, 1980). The upper panel shows the total

and partial mUrca, PBF, and dUrca contributions for the PBF

and hybrid cooling scenarios. Two models from Fig. 6 are se-

lected for illustration. In the PBF scenario with qPBF = 0.76,

the cooling is dominated by the mUrca processes at t . 200 yr

and by the powerful PBF mechanism at later times. In the hy-

brid scenario with qPBF = 0.19, the PBF and dUrca mechanisms

give comparable contributions at t ∼ 200–300 yr.

The lower panel of Fig. 8 shows the PBF and dUrca neutrino

luminosities for three models from Fig. 7 with a weaker pro-

ton superfluidity. In these cases, the PBF cooling rate reaches

maximum at t . 100 yr and vanishes by t ∼ t0. The cooling is

mostly provided by the mUrca and dUrca mechanisms; the for-

mer dominates at t . 100–200 yr and the latter at t & 200–400

yr.

In Fig. 9 we primarily compare cooling curves for different

NS superfluidity models in the Urca cooling scenario. We as-

sume the BSk24 EoS and carbon envelope and adjust the NS

mass for reproducing the Cas A NS redshifted photon lumi-

nosity within 1σ uncertainty. The solid and dashed cooling

curves are obtained assuming the D16a neutron superfluidity

in the crust but different models of nucleon superfluidities in

the core. The solid curve shows NS cooling with the TTav and

BS models for the nt and ps superfluidities, respectively, anal-

ogous to the solid curves in Fig. 7. The long-dashed curve is

obtained for a weaker neutron superfluidity. The short-dashed

curve is calculated without proton superfluidity, to test the effect

of strong suppression of this superfluidity, suggested by some
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modern theoretical results (see Section 1). For comparison, the

dotted curve is calculated for a fully non-superfluid NS.

The slopes of the solid, long-dashed, short-dashed, and

dotted cooling curves in Fig. 9 at t = t0 are, respectively,

sL(t0) = 3.3, 2.9, 2.6, and 2.1, in acceptable agreement with

sL = 2.5 ± 0.7 derived from observations. The best agreement

is provided assuming moderately weak neutron superfluidity

TTav and strongly suppressed proton superfluidity, although the

preference for this combination of superfluidities is not statisti-

cally significant.

Finally, the dot-dashed cooling curve in Fig. 9 is calculated

with the same model as the solid curve, but neglecting the PBF

contribution (qPBF = 0). It has a steeper slope sL(t0) = 3.8. To-

gether with the results discussed above (see Fig. 7), this evinces

an anticorrelation between qPBF and sL(t0) (as long as L̃γ(t0)

stays within the observational limits) and confirms that the PBF

mechanism is not needed for explaining rapid cooling of the

Cas A NS.

It is important to stress the necessity of tuning the Cas A NS

mass M to be consistent with the observations. Such a tuning is

equivalent to tuning the dUrca kernel radius rD. According to

our calculations (e.g., Fig. 10), the radius rD should be ∼ 0.7–

1.5 km, which corresponds to the mass M higher by ∼ 0.0015–

0.015 M⊙ than a critical mass MDU for the onset of dUrca pro-

cess in the stellar center. This delays the cooling in such a way

to reach the observed enhanced cooling of the Cas A NS just

in our epoch. Higher M − MDU (or higher rD) would give even

more enhanced cooling but it will end too early, making the Cas

A NS colder than it is now. Lower M −MDU (or rD) would pro-

long the delay to later epochs, making the Cas A NS too hot at

present times and strongly reducing the enhancement.

Figure 10 reveals three main cooling stages. At the first

stage, which typically lasts for few weeks after the NS birth,

the dUrca kernel cools much faster than the surrounding core.

This cooling is local: thermal coupling between the cold dUrca

kernel and the outer core is still negligible. An efficient thermal

quasi-stationary coupling occurs at the second cooling stage at

which the kernel temperature is maintained nearly constant by a

quasi-stationary balance between the neutrino outflow from the

dUrca kernel and heat flow into it from the outer core. Initially,

the neutrino cooling is mainly determined by mUrca processes

in the outer core but later the heat flow into the cold kernel

becomes dominant. At the third cooling stage the kernel and

outer core thermally equilibrate, and the dUrca neutrino emis-

sion from the kernel controls the entire core cooling.

Fig. 11 illustrates radial distributions of neutrino emissivities

due to mUrca and dUrca processes at different NS ages. We

see that the mUrca emissivity is nearly constant in a wide layer

of the outer core at ages t . 1 kyr. In addition, the dUrca

emissivity varies relatively weakly at 1 yr . t . 300 yr. We

will use these features to construct an analytic toy model of NS

cooling in the next section.

Figure 10: Snapshots of redshifted temperature profiles in the interior of some
of the NS models employed in Fig. 7 at ages (from upper to lower curves of
the same style) t = 10−3 yr, 1 yr, 100 yr, 300 yr, and 1000 yr. The upper
and lower panels refer to the structure of NSs with the EoS models BSk24
and APR, respectively. The solid, dot-dashed, and long-dash–short-dash curves
correspond to the same NS models as the corresponding line styles in Fig. 7,
with M = 1.605 M⊙ for the BSk24 EoS in the upper panel, as well as with
2.01 M⊙ and 2.02 M⊙ in the lower panel. The dotted curves in the upper panel
correspond to the BSk24 EoS with M = 1.608 M⊙ (as the lower solid line
in Fig. 7). The thick parts of the curves trace the core and the thin segments
correspond to the crust. The thin vertical lines mark the boundary of the dUrca
kernels.

5. Analytic model

5.1. Model outline

For clarifying the Urca cooling with a non-isothermal NS

core, let us consider a toy model. We neglect superfluidity and

General Relativity effects, simplify the dependencies of neu-

trino emissivities, heat capacity, and thermal conductivity on

T , neglect their density dependence at constant T , and sepa-

rate the cooling in several stages by retaining only the leading

heat loss mechanism at each stage. Furthermore, we mainly

treat the dUrca kernel and the outside core (the outer core) as

isothermal, with generally different temperatures. The heat flux

between them is meant to be controlled by a thin transition layer

at r = rD.

The neutrino emissivity in the dUrca kernel can be approxi-

mated as QD = QD0T 6, the mUrca emissivity as QM = QM0T 8,
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Figure 11: Neutrino emissivities due to mUrca (blue dot-dashed curves) and
dUrca (red dashed curves) processes at different NS ages (marked near the
curves) for the NS model with M = 1.605 M⊙ , whose T̃ (r) profiles are shown
by solid lines in the upper panel of Fig. 10.

the heat capacity per unit volume as cV = c0T , and the thermal

conductivity as κ = κ0/T (see, e.g., Potekhin et al., 2015). For

quantitative estimates, we write

QD = 1021gDT 6
8 erg cm−3 s−1, (9)

QM = 1014gMT 8
8 erg cm−3 s−1, (10)

cV = 3 × 1019gcT8 erg cm−3 K−1, (11)

κ = 1023gκT−1
8 erg cm−1 s−1 K−1, (12)

where T8 ≡ T/(108 K), while gD, gM, gc and gκ are correction

factors of the order of unity. These factors are helpful for esti-

mating scatter of possible values. For the EoSs and NS masses

used in Fig. 10, we numerically obtain gM ≈ 0.3–5 in the outer

part of the core (where the SBH enhancement is not too large),

gD ≈ 0.5–3, gc ≈ 0.6–1.7, and gκ varying from ∼ 0.1–0.3 near

the core boundary to ∼ 1–5 near the star center. The scatter

in these factors is mainly determined by variations of the ef-

fective masses of the nucleons; for instance, gD ∝ m∗nm∗p and

gM ∝ (m∗n)2. As mentioned above, we neglect the density de-

pendence of QD0, QM0, c0, κ0 and treat them as constants.

In accordance with Section 4.3, we distinguish three main

neutrino cooling stages, which we discuss below in more detail.

The first cooling stage is local, meaning that each volume

element loses heat primarily directly (via neutrino emission),

while conductive heat transport is negligible. This stage is

much shorter than the NS ages we are interested in, but it cre-

ates the initial temperature profile for subsequent stages (Sec-

tion 5.2).

At the second stage, the central temperature Tcen stays nearly

constant due to the balance between the dUrca heat loss and

the heat income through the interface with the hotter outer core.

During this stage, the outer-core temperature Tout decreases due

to the neutrino emission and the leakage of heat into the dUrca

kernel, while the heat flux through the outer boundary of the

core is much smaller than the neutrino luminosity and does not

affect the heat evolution. Here, for simplicity, we retain only

Figure 12: Effective surface temperature Ts as a function of the temperature Tcc

at the crust-core interface in logarithmic scales. The dashed, solid, dot-dashed,
and short-dash–long-dash lines correspond to the NS cooling models plotted by
the same line types in Fig. 7. The dotted lines display the power-law (13) with
βcc = 0.55 and scaling parameters (from lower to upper lines) Ts0 = 1 MK,
1.3 MK, 1.5 MK, and 1.8 MK.

the leading heat loss mechanism in the outer core. Accord-

ingly, this cooling stage is further divided in two substages. As

long as Tout is sufficiently high, the cooling of the outer core

is controlled by the mUrca processes (Section 5.3). As soon

as Tout has decreased so that the mUrca power is smaller than

the flux through the inner boundary, the core thermalization

substage begins, which is controlled by heat transport (Sec-

tion 5.4). This separation into two substages is eliminated in

Appendix A, where both the mUrca and conductive cooling of

the outer core are jointly taken into account.

The third stage begins when Tcen and Tout become nearly

equal. It is the familiar neutrino cooling stage of an isothermal

core (Section 5.5).

Eventually the core temperature falls so low that the neu-

trino luminosity is smaller than heat flux through the outer core

boundary. This manifests the transition to the photon cooling

stage, which is not considered in the present work.

For a qualitative comparing our toy model results with obser-

vations, we need a relation between the effective surface tem-

perature Ts of the star (at r = R) and the temperature Tcc at the

crust-core interface (r = Rcore). We note that for the cooling

models studied in this paper at Tcc . 5 × 108 K, one can use a

simple power-law relation

Ts = Ts0 T
βcc

cc8
, (13)

where βcc ≈ 0.55, Tcc8 = Tcc/108 K, and Ts0 is a normaliza-

tion constant dependent on a specific NS model. The validity

of this relation is demonstrated in Fig. 12, where four thicker

lines of different types and colors are taken from the results of

exact numerical simulations demonstrated in Fig. 7. The four

related dotted lines display our approximation, Eq. (13), with

appropriate values of Ts0. The approximation seems reason-

ably accurate. It allows us to estimate an important observable,
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the slope of Lγ(t) cooling curve,

sL =
d log Lγ

d log t
≈ 4βcc

d log Tcc

d log t
, (14)

introduced in Section 2.

5.2. Local cooling stage: formation of cold kernel

This initial local cooling stage lasts till the onset of a quasi-

stationary thermal equilibrium in the dUrca kernel (as discussed

below). At the local stage, any elementary volume element

loses heat mostly via neutrino emission, while thermal conduc-

tion is inefficient. The cooling equation reduces to

cV

dT

dt
= −Q, (15)

where T = Tcen and Q = QD in the dUrca kernel, while T = Tout

and Q = QM in the outer core. Then we easily obtain the time,

required to cool the dUrca kernel to a temperature Tcen,

t =
c0

4QD0


1

T 4
cen

− 1

T 4
init

 , (16)

where Tinit is the initial temperature. Assuming Tinit ≫ Tcen,

we have

Tcen ≈
(

c0

4QD0 t

)1/4

. (17)

Analogously, the temperature Tout in the outer core decreases

as

Tout ≈
(

c0

6QM0 t

)1/6

. (18)

With our parameter values in Eqs. (9)–(11), we can easily

check that, initially, Tout ≫ Tcen. Then the kernel stays much

colder than the outer core (Fig. 10), and the neutrino luminosity

of the star is mostly determined by mUrca processes in the outer

core (Fig. 8),

LM ≈ QM0T 8
outVout ≈ 0.56 × 1033gMR3

11T 8
o8 erg s−1. (19)

Here To8 = Tout/108 K, Vout = Vcore − VD is the outer core

volume, Vcore = (4π/3)R3
core, VD = (4π/3)r3

D
, Rcore is the core

radius, and R11 ≡ Rcore/(11 km). Taking into account that r3
D
≪

R3
core, this means that early NS cooling is almost unaffected by

the dUrca kernel.

The local cooling stage does not last very long, but similar

conclusions remain true at the first phase of the second cooling

stage for the outer core (see below).

The regime of free neutrino cooling of the dUrca kernel,

described by Eq. (17), is violated once the thermal conduc-

tion time ttr,D through the kernel becomes comparable with

current time t. The conduction time can be evaluated as (cf.

Henyey and L’Ecuyer, 1969)

ttr,D(Tcen) ≈ cV

κ

r2
D

4
=

c0

4κ0
T 2

cenr2
D ≈ 0.024

gc

gκ

r2
D1T 2

c8 yr, (20)

where Tc8 = Tcen/(108 K). By substituting ttr,D into Eq. (16)

we estimate the quasi-stationary temperature established in the

center of the star by the end of the local cooling2

Tqst ≈


κ0

QD0 r2
D


1/6

≈ 108

(
gκ

gD

)1/6

r
−1/3
D1

K, (21)

so that the duration of this stage is

tloc ≈ ttr,D(Tqst) =
c0

4


r4

D

κ
2
0
QD0


1/3

≈ 0.024
gc

g
2/3
κ

g
1/3
D

r
4/3
D1

yr,

(22)

in a qualitative agreement with exact calculations (Fig. 10).

5.3. Stage with cold kernel: cooling via mUrca neutrinos

In the beginning of NS cooling with the cold dUrca kernel,

the temperature in the outer core is mostly regulated by mUrca

processes. The radial temperature profile in the outer core stays

rather smooth (Fig. 10). In contrast, the temperature in the

kernel and nearby outer layers remains a sharp function of r;

the stellar center is the coldest place in the core. Because of

strong thermal coupling of the kernel with the outer core af-

ter the onset of this stage, the radial temperature profile in the

kernel becomes quasi-stationary and varies slowly in time (cf.

Sales et al., 2020). This quasi-stationarity implies thermal bal-

ancing of the kernel,

4πr2
DFD ≈ LD, (23)

where FD = −κ ∂T/∂r|r=rD
is the density of radial heat flux con-

duced from the outer core to the kernel (at r = rD), and

LD =
4π

3

∫ rD

0

QD(r) r2 dr ≈ VD QD0T 6
cen (24)

is the neutrino luminosity of the kernel.

Eq. (19) for the outer core and the last approximate equality

in Eq. (24) are based on our approximation of steplike temper-

ature profile. More accurate quasi-stationary temperature pro-

files within the kernel and around it can be calculated at any

moment of time by solving the stationary heat-balance equa-

tions

−∇ · F = Q, F = −κ∇T, (25)

where F is the heat flux density. In our case, it is sufficient to

solve an ordinary one-dimensional heat diffusion equation with

neutrino energy sinks. This procedure can be easily generalized

to arbitrary dependence of κ and Q on density and temperature.

Also, it allows one to properly include the effects of nucleon

superfluidity and General Relativity, building thus a reasonably

accurate model of quasi-stationary NS cooling. However, it is

out the scope of this paper.

As seen from numerical simulations (Sales et al. 2020 and

our Fig. 10), temperature profiles are flat inside the kernel with

2Comparing our analytical estimates with numerical results, one should re-
member that the redshift factor, which is neglected here, reaches ∼ 0.4–0.6 at
the center of NS models shown in Fig. 10.
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a sharp jump at r = rD at the local cooling stage, but become

smoother at t & tloc, as thermal conduction comes into play.

When cooling goes on, Tcen decreases much slower than Tout.

At the mUrca cooling stage, Eq. (17) becomes invalid and

should be replaced by the condition of quasi-stationary thermal

coupling of the kernel, Eq. (23). Because Tcen decreases with

time very slowly, it would be a reasonable approximation to use

constant Tcen given by Eq. (21). Then

Tcen ≈ Tqst, LD ≈
4π

3
κ0rD ≈ 4 × 1036gκrD1 erg s−1. (26)

As already noted, at this stage the star cools mainly via neutrino

emission from the outer core; the total heat conduction flux and

subsequent neutrino emission from the dUrca kernel are weak.

The heat flux through the outer boundary of the core (r = Rcore)

is meant to be negligibly small. Accordingly, we can describe

the mUrca cooling of the core at r > rD by the equation

cVVout
dTout

dt
= −LM. (27)

Eqs. (19) and (27) yield the same Eq. (18) as at the local cooling

stage.

Strictly speaking, at the beginning of NS cooling with cold

kernel the outer core remains thermally non-coupled by itself.

The characteristic coupling time ttr,M can be estimated in the

same manner as ttr,D:

ttr,M(Tout) ≈
cV

κ

R2
out

4
≈ 2.4

gc

gκ

R2
o10T 2

o8 yr, (28)

where Rout = Rcore − rD is the outer-core thickness and Ro10 ≡
Rout/(10 km). Accordingly, the thermal coupling of the entire

core occurs at the age

tM0 ≈
c0

4


2R6

out

3κ3
0
QM0


1/4

≈ 38
gc

g
3/4
κ

g
1/4
M

R
3/2
o10

yr. (29)

Nevertheless, thermal couplings in the outer core and in

the dUrca kernel are different. The coupling within the outer

core should produce thermal equilibration (isotropic tempera-

ture distribution) due to high thermal conductivity. But the tem-

perature is already isotropic in the outer core, by construction

of the toy model. Further neutrino mUrca cooling (18) does not

violate this isothermality. Thermal coupling in the dUrca ker-

nel is of different nature, being accompanied by a steady heat

sinking into the core in the presence of a large quasi-stationary

temperature drop.

In accurate numerical simulations (Fig. 10), one obtains

slightly non-isothermal outer cores, with persistent quasi-

stationary thermal fluxes sinking into the dUrca kernel from

the entire outer core. This effect is stronger in more massive

NSs: compare the upper and lower panels in Fig. 10. At large

times (Section 5.5) the kernel will fully equilibrate with the

outer core, making the entire core isothermal. The tempera-

ture drops at r > Rcore in Fig. 10 are associated with heat fluxes

directed to the stellar surface and neglected in the toy model.

In the toy model, the temperature at the crust-core interface

Tcc = Tout. Then the cooling curve slope (14) during the mUrca

cooling stage is sL = (2/3) βcc ≈ 0.4. The actual slope is no-

ticeably larger, because Tout is a proper estimate of the mean

temperature of the outer core. The toy-model Tout can differ

from numerically calculated Tcc because of some thermal heat

flux to the NS kernel and some heat outflow from the core to

the surface.

The cooling phase we study in this subsection lasts as long

as LM & LD. The condition LM ≈ LD gives the outer core

temperature at the end of this phase,

TMD ≈


r3
D

QD0T 6
qst

R3
core QM0


1/8

=

(
rDκ0

R3
coreQM0

)1/8

≈ 3 × 108

R
3/8
11

g
1/8
κ

r
1/8
D1

g
1/8
M

K.

(30)

Substitution of Tout = TMD into Eq. (18) gives the correspond-

ing age

tMD ≈
c0 R

9/4
core

6Q
1/4
M0

κ
3/4
0

r
3/4
D

≈ 200
R

9/4
11

gc

g
1/4
M

g
3/4
κ

r
−3/4
D1

yr. (31)

5.4. Stage with cold kernel: thermalization

At t & tMD the outer core starts to cool predominantly via

heat transport into the dUrca kernel and neutrino emission from

it. For some time the dUrca kernel still stays colder than the

mUrca core, as in Section 5.3.

In the toy model, we keep Eq. (19) for LM and Eqs. (23), (24)

for LD. Now the cooling equation reads

cVVout
dTout

dt
≈ −4πr2

DFD ≈ −LD. (32)

Using Eq. (26), we arrive at

dTout

dt
≈ −

QD0T 6
cenδV

c0Tout
, (33)

where δV = VD/Vout = r3
D
/(R3

core − r3
D

) is the volume ratio of the

dUrca kernel and the rest of the core.

The most sensitive problem is to estimate Tcen. In contrast to

the mUrca cooling stage, where Tcen was safely approximated

as constant Tqst, at this stage Tcen is more variable. Neverthe-

less, we will keep Tcen = Tqst, for simplicity.

Then Eq. (33) has the solution

T 2
out ≈ T 2

MD −
2QD0T 6

qstδV

c0
(t − tMD), (34)

which approximately describes cooling and temperature equi-

libration between the kernel and outside core. The duration of

this equilibration ∆teq = teq − tMD can be estimated by equating

Tout = Tqst in Eq. (34), which gives

∆teq ≈
1

2


T 2

MD

T 2
qst

− 1


c0

QD0δVT 4
qst

, (35)

about three centuries for our typical toy model parameters.

Thus teq ≡ tMD + ∆teq ∼ 500 yr.
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5.5. DUrca cooling stage with nearly isothermal core

At t & teq the temperatures Tcen and Tout become nearly

equal. It is the familiar neutrino cooling stage of an isothermal

core, in which case the cooling equation reduces to

cVVcore
dT

dt
= −LD. (36)

Then
dT

dt
= − VD

Vcore

QD

cV

≈ −
(

rD

Rcore

)3
QD0

c0
T 5. (37)

In our toy model, T = Tqst at t = teq = tMD + ∆teq, which gives

the solution

1

T 4
=

1

T 4
qst

+

(
rD

Rcore

)3
4QD0

c0
(t − teq). (38)

At t & teq this equation with the use of Eq. (13) and Eq. (14)

(Tcc = T ) gives us the slope of the cooling curve

sL =

(
rD

Rcore

)3
4QD0

c0
βcc t T 4. (39)

Accordingly, sL changes from its maximum value at t = teq,

sL(teq) ∼ 10 βcc
gD

gc

r3
D1

R3
11

(
Tqst

108 K

)4 teq

300 yr
, (40)

to sL ≈ βcc at t ≫ teq.

Clearly, the toy-model estimates cannot pretend to be very

accurate.

6. Conclusions

We have studied a remarkable phenomenon of rapidly cool-

ing Cas A NS observed in real time. We have summarized cur-

rent status of the Cas A NS observations and compared possi-

ble interpretations of the data in terms of surface temperature

or photon luminosity.

We have presented numerical simulations of Cas A NS cool-

ing in frames of several theoretical scenarios, confronted the re-

sults with observations and analysed respective constraints on

microphysical theories of NS matter. We have focused on the

well known PBF and hybrid scenarios and proposed the new

Urca scenario. The latter is based on the ‘delayed rapid cool-

ing’ phenomenon, previously studied by Sales et al. (2020). It

occurs in NSs with small central dUrca kernels, where the neu-

trino emission is enhanced by dUrca processes. Such kernels

stay at a nearly constant temperature for a long time till their

thermal equilibration with the outer core, which delays the on-

set of rapid cooling via dUrca neutrino emission.

We have demonstrated that this mechanism can naturally ex-

plain the observed rapid cooling of the Cas A NS, regardless

of superfluidity and the PBF cooling mechanism. It shares

some features with the hybrid cooling scenario (Leinson, 2022;

Tu and Li, 2025), in which the dUrca cooling assists the PBF

mechanism. Unlike the PBF and hybrid scenarios, the Urca

scenario does not require the NS core temperature to be slightly

lower than the critical temperature Tnt in the present epoch.

We have shown that the observed cooling rate can be ex-

plained without special assumptions about baryon superfluid-

ity or efficiency of the PBF energy losses. This reconciles

the observed rate with modern theoretical results which pre-

dict weak efficiency of the PBF mechanism (Leinson, 2010)

and a narrow density range allowed for proton superfluidity

(e.g., Baldo and Schulze, 2007; Guo et al., 2019; Lim and Holt,

2021). The suppression of proton superfluidity shifts the onset

of PBF processes to earlier times, incompatible with the Cas

A NS age, making such processes irrelevant for explaining the

observed Cas A NS cooling, regardless of their efficiency.

The main problem of the proposed Urca scenario for the Cas

A NS cooling consists in the inevitable NS mass tuning, which

is required to get the dUrca kernel radius rD ∼ 0.7–1.5 km.

On the other hand, as we show in Section 4.1, the popular PBF

cooling scenario also requires a serious tuning of model input

parameters in order to simultaneously match the absolute value

and decline rate of the photon luminosity L̃γ at the current Cas

A NS age. All other attempts to explain the Cas A NS phenom-

ena (Section 1) suffer from the problem of fine tuning of model

parameters as well.

For any NS with M > MDU, the enhanced cooling stage ex-

ists, regardless of superfluidity model, for any NS with a dUrca

kernel; the value of rD affects only the age at which this en-

hanced cooling starts to operate. This is additionally clari-

fied by our analytic toy model (Section 5 and Appendix A).

It demonstrates self-similarity and parametric dependencies of

cooling curves in the Urca scenario. Our analytical scaling re-

lations agree with the numerical results presented in Section 4,

as well as with those obtained by Sales et al. (2020).

Another notice is that the hybrid and Urca scenarios require

the cooling stage with cold dUrca kernel, while the PBF sce-

nario not (e.g., Shternin and Yakovlev 2015).
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Appendix A. Cooling of the outer core

In equations for cooling of the outer core via mUrca neutri-

nos in Section 5.3 we neglected the heat flux 4πr2
DFD ≈ LD

from the outer core into the dUrca kernel. Vice versa, in

Eq. (32) we included the heat flux but neglected LM. Now we

include both processes together. Then the cooling equation for

the outer core (rD < r < Rcore) over the entire stage of cold

kernel reads

cVVout
dTout

dt
= −LM − 4πr2

DFD. (A.1)

The first term on the right-hand-side is the neutrino luminosity

of the outer core, and the second term is the rate of thermal en-

ergy losses due to heat conduction into the dUrca kernel. Since

the heat inflow into the kernel is nearly balanced by the neu-

trino emission from there, we replace 4πr2
DFD by LD according

to Eq. (23). Dividing both sides of Eq. (A.1) by the outer-core

volume Vout, we obtain

c0Tout
dTout

dt
= −QM0T 8

out − δV Q̄D, (A.2)

where Q̄D = 3FD/rD ≈ LD/VD ≈ QD0T 6
cen. We will treat Tcen

as constant, because it decreases much slower than Tout as long

as the outer core stays hotter than the kernel (see Sections 4.3

and 5).

Substitutions

z =

(
QM0

δV Q̄D

)1/4

T 2
out, x =

2δV Q̄D

c0

(
QM0

δV Q̄D

)1/4

t (A.3)

reduce Eq. (A.2) to

dz

dx
= −(z4 + 1). (A.4)

The latter equation has analytic solution (e.g.,

Gradshteyn and Ryzhik 2015)

x =
1

2
√

2
arctan

z
√

2

z2 − 1
− 1

4
√

2
ln

1 + z
√

2 + z2

1 − z
√

2 + z2
+ x0, (A.5)

where x0 is a constant. At z > 1 we take x0 = 0. With this

choice we satisfy the initial condition z → ∞ at x → 0 and

reproduce the law of purely mUrca cooling, Eq. (18), at early

ages. At z < 1 we take x0 = π/2
3/2 which ensures the continuity

of the solution across the point z = 1, provided that the principal

value of arctangent is assumed.

Such a solution allows us to avoid splitting the cooling stage

with quasi-stationary NS kernel in two parts, where the cooling

is regulated either by mUrca (Section 5.3) or by dUrca (Sec-

tion 5.4) neutrinos. The solution does not contain the charac-

teristic age tMD at which the mUrca and dUrca neutrino lumi-

nosities become comparable, but contains a single characteris-

tic age teq of thermal equilibration of the dUrca kernel with the

Figure A.1: Analytical approximations for the Urca cooling curves compared
with simulations. The blue solid curve is the same as in Fig. 9. The blue
long-dashed curve is the same but neglecting gravitational redshift correction.
Other three lines are analytical approximations with the NS parameters consis-
tent with those for the blue curves: R = 12.7 km, Rcore = 11.7 km, rD = 1.2 km;
Eq. (13) is applied with Ts0 = 1.3 MK that is suitable for carbon heat-blanketing
envelope. The black dotted line is plotted according to simplified analytical for-
mulas of Section 5. The green short-dashed curve is the approximation given in
Appendix A. The red dot-dashed curve is the same as the red dot-dashed one
but assuming a correction factor gD = 1.6 in Eq. (9). Heavy dots mark match-
ing points between different segments of analytic solutions.

outer core. We can find teq from Eqs. (A.3) and (A.5) by sub-

stituting Tout = Tqst. Then Eqs. (A.3) and (A.5) describe the

cooling at t < teq (skipping the short local cooling stage, Sec-

tion 5.2). As previously, the late dUrca cooling stage at t > teq

(Section 5.5) is described by Eq. (38). The value of teq obtained

in this way provides a correction to the estimate of teq, obtained

in Section 5.4 for a cruder model. Of course, in reality the core

equilibration proceeds smoothly together with the subsequent

cooling, so that ‘exact definition’ of teq is not so important.

The resulting approximation is illustrated by the short-

dashed line in Fig. A.1. For comparison, the dotted line shows

more simplified approximation from Section 5, and the solid

line reproduces numerical simulations from Fig. 9. In Fig. A.1,

we use analytic approximations with the parameters Rcore =

11.7 km and rD = 1.2 km, which are the same as in Figs. 9

and 10. The temperature in the outer core is converted into

Lγ using Eq. (2) at R = 12.7 km with Ts0 = 1.3 MK, also in

agreement with the numerical model. All correction factors are

assumed to be gM = gD = gc = gκ = 1. To demonstrate

typical effects of General Relativity corrections, neglected in

our analytic approximations, the long-dashed curve in Fig. A.1

displays the photon luminosity simulated neglecting redshift

corrections. Heavy dots separate different cooling regimes

(Section 5) on analytic curves. Since the curves are smooth,

this gives another confirmation that separating different cool-

17



Figure A.2: Comparison of numerical solutions and analytical approximations
of neutrino luminosities in the Urca cooling scenario. Thick solid and dotted
lines show numerically calculated total redshifted neutrino luminosities for the
NS models with and without nucleon superfluidity, whose cooling curves are
presented in Fig. 9. The dot-dashed red line is the total neutrino luminosity in
the analytical model; it corresponds to the cooling curve of the same type in
Fig. A.1. Thin lines of the same types are partial luminosities due to mUrca
(marked MU) and dUrca (DU) processes. The thin dashed line is the heat flux
from the outer core to the dUrca kernel, numerically calculated for the super-
fluid NS model.

ing regimes by specific points is, indeed, very conditional. As

mentioned above, our approximation of a constant temperature

T = Tcen in the dUrca kernel is rather crude. The real tem-

perature smoothly increases from the center to the boundary of

the dUrca kernel. Therefore, the mean value of QD is higher

than QD0T 6
cen. In addition, as we noted in Section 5.1, the em-

ployed values of model parameters are only approximations up

to factors of a few. To show the importance of these effects, the

red dot-dashed curve in Fig. 9 is obtained with the value of QD

increased by setting gD = 1.6 in Eq. (9).

Fig. A.2 shows the total and partial (mUrca and dUrca) nu-

merical neutrino luminosities in superfluid and non-superfluid

NS models and the same luminosities in the analytic approx-

imation developed in this appendix, as functions of time. An

additional line shows the heat flux through the surface of the

dUrca kernel in a superfluid NS. Its proximity to the dUrca lu-

minosity at all times confirms the validity of Eq. (23). Com-

paring Fig. A.2 with Fig. A.1, we are convinced once more that

observable surface photon luminosities are rather insensitive to

details of respective neutrino luminosities.

The presented approach can be further improved, first of all

by calculating exact temperature profiles in the dUrca kernel

and nearby outside layers using the quasi-stationary approxi-

mation, as discussed in Sec. 5.4. This would allow one to find

more reliable values of Tqst and follow their evolution along

cooling tracks, instead of relying on a simplified estimate of

constant Tqst, Eq. (21). Also, it may help modeling realistic

temperature gradients in the outer core in the presence of cold

dUrca kernel. Another weak point of the approach presented in

this appendix is that (by construction) it guarantees continuity

of T (t), Lν(t), and dT/dt at the matching point t = teq, but does

not guarantee continuity of dLν/dt. As a result, we obtain an

unrealistic kink of Lν(t) at t = teq on the dot-dashed curve in

Fig. A.2. Such kinks can also be eliminated in frames of ac-

curate quasi-stationary calculations. However, such a refined

model would hardly allow a simple analytical solution, like the

one presented here.
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