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ObjectivesObjectives
1. Use observations of masses and 1. Use observations of masses and 

radii radii (binding energy, moment of inertia, Love (binding energy, moment of inertia, Love 

number, period and etc.)number, period and etc.) of several  of several 
individual NS stars to determine the individual NS stars to determine the 
dense nuclear matter EOS.dense nuclear matter EOS.

2. To provide a benchmark maximally 
model-independent dense matter 
EOS for ongoing microscopic studies.
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Neutron Star in hydrostatic Neutron Star in hydrostatic 
equilibrium Tolman-Oppenheimer-equilibrium Tolman-Oppenheimer-

Volkov (TOV) equationsVolkov (TOV) equations

Pressure P (r)

Gravity ~ M (r)

r

Energy density ρ(r)

R

1) Equations of stellar structure connects the 
matter pressure P(r) and the enclosed 
gravitational mass M(r) at the macrophysical 
level

Center:
ρ(0) = ρc

P(0) = Pc = P(ρc)
Surface: 

M(R) total mass

P(R) = 0

2) Equation of State (EOS): P ≡ P(ρ) 
connects pressure and energy density 
through microphysics of dense matter

TOV

EOS

3) Due to compactness, gravitational force 
is large and General Relativity (GR) must 
be considered

microphys
ics

macrophy
sics

the 
bridge
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Redshift Redshift zz can be  can be 
measured from lines measured from lines 
or peak curvature of or peak curvature of 
spectrum.spectrum.  

Potentially observed Potentially observed 
properties of a NSproperties of a NS

(http://nobelprize.org/nobel_prizes/physics/laureates/1993/p
ress.html)

PhotPhot
on on 
fluxflux

Radiation radius Radiation radius RR

∞∞

  

and effective and effective 
temperature  temperature  TT

∞∞

 is  is 

measured from measured from 
photon flux photon flux 
spectra. spectra. 

And the other ways And the other ways 
and parameters…and parameters…

tidal Love tidal Love 
number number 

period Pperiod P

SN → B.E.SN → B.E.

        moment of moment of 
inertia Iinertia I

accretionaccretion

(X-Ray (X-Ray 
bursts)bursts)

λλ
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Mass and radius of a NSMass and radius of a NS

One to one 
corresponde
nce
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( + other relevant 
eqns. )

Lindblom (ApJ 
1992)

Harada (PRC 
2001)

f(R)f(R)
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Many exotic scenarios for interior composition, but Many exotic scenarios for interior composition, but 
none confirmed!none confirmed!

“The American Pie”

Courtesy Steiner & 
Prakash 
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Direct approach: from EOS to Direct approach: from EOS to 
M vs RM vs R

Lattimer & Prakash 
(`05)Note: Diverse predictions for masses and radii; 

not satisfactory!



Sergey Postnikov, IA-UNAM 9NS-2011, St.-Petersburg, 13 July 2011

-  
polytrop
e

Note: Even at nuclear 
density, predicted 
pressures vary up to a 
factor of 5 - 6 !

Experiment with Experiment with 
NucleiNuclei

Nuclear Symmetry Nuclear Symmetry 
EnergyEnergy
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How several observed individual How several observed individual 
stars determine the EOS.stars determine the EOS.

M

R

Density region 
(ρ<ρ

0

) where EOS 

is “known”  

P

ρ
Observed 
stars with 
error regions

band

ρ

0

(I, B.E., z, R

∞

, λ, 

P

min

)

P

0

  (seed 
EOS)
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Phase transitions with more than one conserved charge Phase transitions with more than one conserved charge 
Glendenning Phys Rev D 46 (1992) 1274Glendenning Phys Rev D 46 (1992) 1274Gibbs’ rulesGibbs’ rules

PP

11

=P=P

22

 (mechanical equilibrium) (mechanical equilibrium)

E.g. , E.g. , μμ

nn

==μμ

uu

++μμ

d d 

(chemical eq.)(chemical eq.)

 System with one conserved chargeSystem with one conserved charge
 Maxwell constructionMaxwell construction
 NS profileNS profile ρ ρ(r)(r)  has discontinuityhas discontinuity
 dP/ddP/dρρ discontinuities are large discontinuities are large

 Charge and baryon number Charge and baryon number 
conservationconservation
 Chemical beta equilibrium: Chemical beta equilibrium: 

E.g. : d(E.g. : d(oror s) ↔ u + e s) ↔ u + e- - + + ννee
 Global charge neutralityGlobal charge neutrality
 ρρ(r)(r)  is continuousis continuous
 dP/ddP/dρρ discontinuities are small discontinuities are small

““Pressure, energy density, and Pressure, energy density, and 
chemical potentials as a chemical potentials as a 
function of weighted baryon function of weighted baryon 
density when there is more density when there is more 
than one conserved charge.” than one conserved charge.” 
(Glendenning(Glendenning 1992))

In NS matter we can start 
with smooth EOS’s and 
later correct for 
discontinuities (phase 
transitions).

Smoothness of the EOS in NS matter

hadron
s

quarks
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Scheme for generating Scheme for generating 
EOS’sEOS’s0.0. Use low density “known” EOSUse low density “known” EOS  to set starting pointto set starting point

1.1. Recast the hypothetical EOS as speed of soundRecast the hypothetical EOS as speed of sound  squared squared 
cc

ss22

(h)=dP/d(h)=dP/dρρ  vsvs  h (h (where where dh=dp/(p+ dh=dp/(p+ ρρ))))  in the unknown regionin the unknown region

1.1. Since Since cc

ss22

(h)(h) is chosen to be smooth and varies slowly, at each next small step in  is chosen to be smooth and varies slowly, at each next small step in hh we can generate a  we can generate a 

linear piece of curve with slight deviation in its slope from the previous step: “tree”linear piece of curve with slight deviation in its slope from the previous step: “tree”
  

αα

next slopenext slope

 =  = αα

previous slopeprevious slope

 (1+ (1+δδ j/N j/N

αα

))

where where 

δδ  – relative deviation– relative deviation
j = - j = - NN

αα

 ,  , NN

αα  

– 1 – 1 ,…, 0 ,…,…, 0 ,…, , NN

αα

  – branch index– branch index

2 N2 N

αα

+1 +1 – branching                  [– branching                  [moviemovie]]

1.1. For every piecewiseFor every piecewise  cc

ss22

(h)(h),,  calculate corresponding calculate corresponding P(P(ρρ))

2.2. Now I am also using faster Monte Carlo schemeNow I am also using faster Monte Carlo scheme

file:///C:/Users/postnik/Desktop/Math/TOV_Inversion/data/movieTree_gen.htm
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Masses are well measured Masses are well measured 
in binary systems but in binary systems but 
radii are not precisely  radii are not precisely  
known.known.  

The other systems, in The other systems, in 
which the radiation radius which the radiation radius 
RR

∞∞

 is measured, do not  is measured, do not 

have reliable masses.have reliable masses.

arXiv:1012.3
208v1
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M & R from X-Ray BurstsM & R from X-Ray Bursts

Jim Lattimer 
(2010)



Sergey Postnikov, IA-UNAM 16NS-2011, St.-Petersburg, 13 July 2011

Generating EOS with “seed” SLY4 (Generating EOS with “seed” SLY4 (n < n < 
nn

0

=0.16 fm=0.16 fm

-3-3

))
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Generating EOS with “seed” SLY4 (Generating EOS with “seed” SLY4 (ρ  
< < ρ

0

=0.16=0.16))
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250 500 750 1000 1250 1500 1750 2000
r , MeV░fm30.5

1
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3

3.5
lgHp, MeV░fm3L AP1c

AP3c

FPSc

MPA1c

ms00c

ms2c

psc

PCLc

GM1c

GM2c

GM3c

GSB1c

GSB2c

WFF4c

WFF1e

WFF2e

WFF3e

ENGc

SLY4e

pal32e

PAL11c

The band is The band is 
greygrey

The band vs model EOSs and The band vs model EOSs and 
Andrew’s work.Andrew’s work.

Steiner et al. Steiner et al. 
(2010)(2010)
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1.1. P(HP(H ii)=1/(total number of curves))=1/(total number of curves)

2.2. Likelihood:Likelihood: P(D|H P(D|Hii) = ) = ??  
1.1.   integral of integral of σσ along the  along the curvecurve

2.2. maximum[maximum[crossed crossed σσ  along the along the curvecurve]]  

3.3. division into smaller boxes and then proper curve countingdivision into smaller boxes and then proper curve counting  

3.3. Normalization:Normalization: P(D)= ∑ P(D|H P(D)= ∑ P(D|H ii) P(H) P(H ii))

4.4. Prior:Prior: P(H P(H

ii

) ← P(H) ← P(H

ii

|D)=P(D|H|D)=P(D|H

ii

) P(H) P(H

ii

)/P(D))/P(D)

5.5. If several (M & R)’s (e.g. data D) available, go to step 2.If several (M & R)’s (e.g. data D) available, go to step 2.

6.6. Every curve acquires a weight P(HEvery curve acquires a weight P(H

ii

))

Sequential Bayesian Sequential Bayesian 
analysisanalysis

M

R

σσ
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The TOOLThe TOOL

1.1.Causality:  cCausality:  c

ss22

/c/c

2 2 

< < 
11

1.1.Stability: dM/dStability: dM/dρρc c 
> 0> 0

1.1.Smoothness: Smoothness: but but 
possibilities of phase possibilities of phase 
transitions are transitions are 
generatedgenerated

EOS space discretizationEOS space discretization  [speed vs [speed vs 
resolution]resolution]
            (step size, branching, slope (step size, branching, slope 
variance) variance) □ Data with 

errors

       (contours)
□ Nuclear 
physics
       (low ρ 
EOS)

□ Other 
observational 
constrains 

   (Pmin, Mmax, 
…)

•  Seed ‘low’ density EOS (Seed ‘low’ density EOS (ρρ < < ρρ00))
•  Phase transitions, ‘jumps’ (Phase transitions, ‘jumps’ (ρρjj  
and and ΔΔccsjsj22))

model dependencemodel dependence
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Dependence on seed EOSDependence on seed EOS
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Generated tree with Generated tree with 
boxes (AP3)boxes (AP3)
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Bayesian analysis with Bayesian analysis with 
contours (AP3)contours (AP3)
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Resulting EOS bandResulting EOS band
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Many  seed EOSsMany  seed EOSs
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Recent 2 solar mass starRecent 2 solar mass star
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Next steps being takenNext steps being taken
 Generation of complementary EOSs from TOV Generation of complementary EOSs from TOV 

inversion schemes (M-R plane). Schemes are inversion schemes (M-R plane). Schemes are 
developed and ready for use.developed and ready for use.

 Inclusion of more constraints.Inclusion of more constraints.
 Rotational period, redshift, B.E., Love number…Rotational period, redshift, B.E., Love number…
 Data from nuclear experimentsData from nuclear experiments
 Cooling and bursting dataCooling and bursting data

 Sequential data analysis as more individual stars Sequential data analysis as more individual stars 
available.available.

 Strange quark matter stars, very deferent seed Strange quark matter stars, very deferent seed 
EOS.EOS.
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Courtesy M. PrakashCourtesy M. Prakash

Current experim
ental 

boundaries  

X=0X=-1

densit
y

ρ

L.W. Chen, C.M. Ko and B.A. Li, Phys. Rev. C72, 064309 (2005).

arXiv:1102.2728 
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SummarySummary  
 The way to use available observations of several stars to The way to use available observations of several stars to 

determine a maximally model-independent EOS is being determine a maximally model-independent EOS is being 
developed.developed.

 Scheme to generate EOS with incorporation of observational Scheme to generate EOS with incorporation of observational 
errors is constructed on the basis of sequential Bayesian errors is constructed on the basis of sequential Bayesian 
analysis and ‘smoothness’ assumption. It uses EOS expressed analysis and ‘smoothness’ assumption. It uses EOS expressed 
as the speed of sound as the speed of sound cc

ss

(h)(h) and the variable  and the variable hh  and   and 

complementary inversion scheme from M-R into EOS.complementary inversion scheme from M-R into EOS.
 Scheme is tested on 4 stars from X-ray burst data and Scheme is tested on 4 stars from X-ray burst data and 

produced reasonable and consistent band of EOSs.produced reasonable and consistent band of EOSs.
 Additional theoretical constrains and phase transitions can be Additional theoretical constrains and phase transitions can be 

easily implemented.easily implemented.
 New measurements of several individual stars is expected to New measurements of several individual stars is expected to 

get us closer and closer to pinpointing benchmark EOS.get us closer and closer to pinpointing benchmark EOS.
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The endThe end

Thank you!Thank you!

Questions?Questions?
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Examples of generated “phase Examples of generated “phase 
transition”transition”

0.2 0.4 0.6 0.8 1 1.2 1.4
h

0.2

0.4

0.6

0.8

1

cs
2░c2 2654

0.2 0.4 0.6 0.8 1 1.2 1.4
h

0.2

0.4

0.6

0.8

1

cs
2░c2 1904

0.2 0.4 0.6 0.8 1 1.2 1.4
h

0.2

0.4

0.6

0.8

1

cs
2░c2 1865

0.2 0.4 0.6 0.8 1 1.2 1.4
h

0.2

0.4

0.6

0.8

1

cs
2░c2 1825



Sergey Postnikov, IA-UNAM 33NS-2011, St.-Petersburg, 13 July 2011

Upper Limit from LIGOIIUpper Limit from LIGOII

(150000 
km5)
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RemarksRemarks

 χχ22 histogram to analyze array of  histogram to analyze array of 
generated EOSgenerated EOS


