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Why do we study diffusion?

Because many astrophysical objects (in particular, stars) contain mixtures of
different ions.

lon diffusion can be most important

For example, degenerate cores of white dwarfs (WDs):
* Low mass WDs: mixture of “He — 12C

« Intermediate and massive WDs: mixture of 12C — 190 (as well as Ne and
some other elements)

Neutron stars (NSs) — outer envelopes:
« Possible chemical species: 'H, “He, 1°C, *%Fe
 Diffusive nuclear burning of 1H, “He
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Diffusion — most important for thermal evolution of NSs
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Weakly coupled (WC) Strongly coupled (SC)
plasma classical plasma
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SC plasma greatly affects
microphysics of matter,

particularly, diffusion of
ions.

STRONGLY
COURLED
QUANTUM TONS




Introduction 7 (31)

Diffusion process

Expression for diffusive flux | Diffusion coefficients

“Conventional” approach to diffusion in SC plasmas:

« Expressions for the diffusive currents are the same as in WC plasmas
(classical Chapman-Enskog theory).
 Diffusion coefficients are computed using many techniques:

— molecular dynamics (MD) simulations (both Kubo-Green relations and spatial
diffusion formulae)

— classical Chapman-Enskog method with screened Coulomb potential
— Stokes-Einstein relation between diffusion and viscosity

— Kkinetic theory calculations based on Kubo-Green relations

— effective potential method

— other methods and their combinations

Important: proper treatment of Coulomb interactions
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Consider isothermal (T = const) multicomponent plasma, which consist of
several fully ionized ion species (j = 1, 2,...) and neutralizing electron (e)
background. All following calculations assume T = const.

Assume that matter is slightly off thermodynamic equilibrium due to presence
of external forces and density gradients (no deviations from thermal
equilibrium as T = const) Introduce generalized thermodynamic forces

—
~

F :Fa_vlua :eaE-l-mag—V,Ua,a:eaj

a

and characterize deviations from partial hydrostatic equilibrium of particles « by
vector

c;’a :&Znﬂ}:’iﬂ —nal*za, clearly Zc;’a =0
P s a

Phenomenological diffusive current density:

J, =(D2mamﬂDaﬂc7ﬂ, Zja =0
P#a a
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Electrons are assumed to be in a state of mechanical (quasi)equilibrium,
adjusting almost instantly to any changes in the state of the ion subsystem.
This allows us to factor electrons out in the problem of ion transport.

Thus, selecting appropriate normalization function, we derive for a two
component plasma (TCP aka BIM)

"™ pd,d =-d, D, =D, =D

J,=—J, =
pk,T

Writing explicitly expression for d, we obtain:

- A, A \VP
d, = A [muZ1zz( - J +2,V i, _Zlvﬂzj
Z, Z,)p

Chemical potential of ions is separated into two terms

Hy =y
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After simple algebra:

Then the diffusive flux is:

m,m,n
pn,

D A A ; ; "y ;
u, = LZI Z,m, g(—z — —‘J > drift velocity of gravitational separation

pn k,T 5

J,=D

(ZznZan — Z,nVn, ) + m,n, (ﬁa +u, ) .

u, = pnD —— 22,8 —— 0.32" (Z % Z/ ) > drift velocity of Coulomb separation
nk,T ya,P

P. Chang, L. Bildsten, and P. Arras, Astrophys. J. 723, 719 (2010). The authors
considered the impact of strong Coulomb interactions on equilibrium plasma.
We extended their approach to kinetics (diffusion).
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Comparison of Coulomb separation velocity for WC and SC BIMs
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Coulomb separation velocity for NS outer envelope
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“Z00” of diffusion coefficients

- D;— Inter-diffusion coefficient, i, j = 1, 2,... —ion species

« D;— self-diffusion coefficient of the i™" component in a multicomponent
plasma

» D, - self-diffusion coefficient in one component plasma (OCP)
« Ambipolar diffusion coefficients, diffusion in magnetic field coefficients, etc.
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Consider BIM with rigid electron background.

BIM is characterized by ion mass (A;) and charge (Z;) numbers and two
dimensionless parameters:

2
e

n ( 3 j%
—, Iy = , where n=n,+n,,a=| —
H ak,T 4rn

In the following: length is measured in units of ion-sphere radius a and
potentials in units of k;T/e.

Introduce averaging of arbitrary quantity f; in BIM:

f=xh+x/

Define mean plasma coupling as:

= FO%Z%
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Let gj;(r), h;(r), c;(r) be radial distribution functions (RDFs), total and direct
correlation functions, respectively.

Basic idea of the effective potential approach consists in the following relation
between RDF and effective potential (“mean force potential”):

gy (r) = exp(-®, (7))

For calculation of diffusion coefficients this idea was put forward by S. D. Baalrud and
J. Daligault (Phys. Rev. Lett. 110, 235001, 2013)
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Hyper-netted chain method of RDFs calculation

Ornstein-Zernike equations and HNC closure relations for BIM constitute
nonlinear system of 6 coupled equations:

ZZT,

r

2y (r) =2 h,.j (r) +1= exp(hij (r) — (r) — @, (r)), where @, (r) =

We solve this system by generalizing a technique proposed by Ng (J. Chem.
Phys., 61, 2680, 1974) to BIM.
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Chapman-Enskog classical expression for the principal-order approximation to
diffusion coefficient (here in dimensional SGS units)

3k, 1
16 pn O

12

Introduce “hydrodynamic” plasma frequency:

dn/ e
g Am,

and derive the diffusion coefficient in the units of a)pa2 ;

o B a2 1 [A(4+4) 1
P B

Z 44 Q
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Dimensionless collision integrals are:

Q) = [ “exp(-y7) 108 (v) by,
o5 (u) = 2ﬂjow<1 —Ccos® (;(12 (b,u))) b db,

o0

dr

2
min ]/'2 1 _—— @
4b) 2 2

r u

X (bou)=|m—2b

ry" = classical distance of closest approach, u = relative velocity at infinity, b =
impact parameter, y = scattering angle, ¢,, = interaction potential between
particles 1 and 2.




Part |1: Effective potential approach to calculation of inter-diffusion coefficients 22 (31)

In WC plasma we express diffusion coefficients analytically in terms of

Coulomb logarithm:
12 6 F% EzAlAz lezzzA(wc)

AYO) —n 3 ! LAY >
Stz z\ 7

AW has a simple physical meaning:

2
A(WC):ln @ ’pmax :rD: 2 IZBT 2 > pmin :£
Prmin Are’ (Zin +Z;n,) k,T
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Our idea is to retain the same expression as for WC plasma, but suitable for
arbitrary coupling strength. To achieve this, we replace AMWC) with A 4.

= 4 —2 T2 WO
612\ Z 44, Z'ZA

Lo 7] A(A4 +4,) 1
2 N6 5 S VAVAIN
[\ Z A4, 41428«

Effective Coulomb logarithm is defined as:

N 2 1 A(4 +4,)
" N6 przzre\ Z a4
D12 1 ZFO 172
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Analytic fit for A ¢
X+ p,x; +
Ay (Tyox,) = In| 14250 ZPo% TP
F(1)74“‘1 Ps

Mixture P1 P2 P3 Py Ps 5rms, % 5max, % (XlIo)max
LS e A3+ 10r2 RS #0102 M7 = L 867~ 1102 SIS 3.1 10 (0.7,0.4)
HEeC s 3t 802 10,5986, 57 10R % 2o 2ail0 A3 0~ 0= 34 5.6 18 (0.99,0.729)
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A (left) and comparison with results of Hansen et al, Physica A 132,472 (1985)
(right)
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Well-known rule for approximate calculation of inter-diffusion coefficient via
self-diffusion coefficients (Hansen et al, Physica A 132,472,1985):

D,, = x,D,, + x,D,,

We established a similar rule:

=
Dy, (n,T)= D}, (n,T)=x,D,(7,T)+x.D,(7,,T), where ii, = %n

J

Such choice of 7z, ensures that “equivalent” OCPs have the same Debye
screening length as the source BIM.

This rule works not only for WC plasma, but for SC plasma as well.
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IH - 4He 1H - 12C
X1 FO D1*2 Dl*zs D:}_MD X1 Fo D1*2 Dl*zs
0.5 0.397 4.20 3.73 3.00 0.2 5.75 0.0572 0.0322
0.5 3.992 0.268 0.230 0.142 0.5 5.75 0.0635 0.0354
0.5 39.738 0.0290 0.0242 0.0109 0.8 575 0.0688 0.0445
0.75 40.831 0.0279 0.0235 0.0122
0.25 40.610 0.0277 0.0237 0.0076
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Corrections to HNC calculation scheme
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Coulomb separation velocity in NSs’ outer envelopes can reach up to one
meter per year and more.

Full separation of helium from carbon in NS’s outer envelope should occur on
the timescale of several hundred years

Diffusion in NS’s “heating blanket™ greatly affects its chemical composition
and, hence, heat conductivity. Thus, diffusion can greatly change NS cooling
process.

As NS’s outer envelope is not isothermal, precise calculations should take into
account temperature variations. Therefore, one needs thermal diffusion
coefficients in SC plasma.

They will also allow us to study how Coulomb interaction affects diffusive
nuclear burning.
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« For the first time effective potential method was applied to calculation of
inter-diffusion coefficients in binary ionic mixtures.

« Despite some drawbacks (like systematical deviation from MD results)
this method allows to make computations with reasonable accuracy and is
suitable for further use.

 The method is applicable to any BIM in both WC and SC plasmas (in
gaseous or liquid, but not solid state).

* We performed calculations for several ionic mixtures and presented the
results in convenient and easy to use form of analytical fits to effective
Coulomb logarithm.

We are planning to extend these results to non-isothermal systems and
properly take into account thermodiffusion (contribution to the diffusive flux
and thermodiffusion coefficient).
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