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Abstract—We consider the influence of a non-dipolar magnetic field on the gamma-ray emission from
the polar regions of a radio pulsar. The pulsar is treated in a Goldreich–Julian model with a free flow of
charge from the surface of the neutron star. When finding the intensity of the gamma-ray radiation of the
pulsar tube, both curvature gamma-ray radiation from the primary electrons and non-resonance inverse
Compton scattering of thermal photons from the polar cap on primary electrons are taken into account.
When finding the height of the upper plate of the pulsar diode, we included only positrons created by the
curvature radiation of primary electrons. We assumed that the polar cap is heated by the return positron
current. The influence on the gamma-ray emission of variations in both the radius of curvature of the
magnetic force lines and in the electric field due to the non-dipolarity of the magnetic field were taken
into account. The presence of even weak non-dipolarity of the magnetic field leads to a sharp decrease in
the intensity of the gamma-ray emission from the pulsar tube at energies 1−100 MeV, while the intensity
of the inverse Compton radiation (at energies 1−100 GeV) varies only relatively weakly.
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1. INTRODUCTION

Possibilities for studying and observing the forma-
tion of small-scale magnetic fields on neutron stars
are being actively discussed in the literature [1–5].
The presence of a small-scale magnetic field could
affect the operation of radio pulsars, including the in-
tensity of gamma-ray emission from the pulsar tube.
The gamma-ray emission of pulsars in the absence
of small-scale magnetic fields, with a purely dipo-
lar magnetic field, has been considered in numerous
studies (see, for example, [6–10]). The influence of a
no-dipolar magnetic field has been considered in [6,
11, 12].

The current work is a continuation of the stud-
ies [13–15]. When considering the influence of a non-
dipolar magnetic field on the operation of a radio
pulsar, we use the model developed in [15–17]. This
model takes into account both the increase in cur-
vature of the force lines and the effect of the non-
dipolar magnetic field on the electrical potential when
determining the characteristics of the pulsar gamma-
ray emission.

The radio pulsar is treated in a Golreich–Julian
model with a free outflow of electrons from the
neutron-star surface. The pulsar diode is located at
the surface of the neutron star (a “polar cap” model).

Only curvature radiation by ultra-relativistic pri-
mary electrons and radiation associated with non-
resonance Compton scattering of thermal photons
from the polar cap on primary electrons are taken
into account when calculating the gamma-ray emis-
sion of a radio pulsar. We neglect non-resonance
Compton radiation of photons from the remainder of
the neutron-star surface, which is fully justified for
neutron stars that have already had time to cool to
fairly low temperatures. We likewise do not include
processes associated with resonance inverse Comp-
ton scattering, and we neglect radiation by secondary
electrons and positrons.

Only the absorption of photons in the magnetic
field associated with the creation of electron–positron
pairs in an unbound state are taken into account;
we neglect the contribution to the cross section of
corrections associated with the polarization of the
vacuum in the magnetic field, as well as radiative cor-
rections. The calculations of the creation of electron–
positron pairs take into account only their creation in
the magnetic field from photons generated via curva-
ture radiation by the primary electrons. We neglect all
general-relativistic effects except the inertial frame-
dragging effect, which makes a substantial contribu-
tion to the electrostatic potential.
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2. ELECTRIC FIELD

We will describe the non-dipolarity of the mag-
netic field and calculate the accelerating electrical
potential using the same model that was used in [13]
(see also [15, 17]).

Let a neutron star with radius a have a magnetic
dipole moment m, with the angle between m and
the axis of rotation of the pulsar Ω being χ. Another
magnetic dipole with moment m1 is located at a depth
aΔ from the surface in the region of the magnetic pole
of the neutron star. The dipole moment m1 is perpen-
dicular to m; we denote the angle between m1 and the
(Ω,m) plane α (α = π corresponds to the case when
m1 lies in the (Ω,m) plane and is directed toward the
rotational axis of the pulsar). We will henceforth take
the parameter Δ to be equal to 0.1.

We introduce a spherical coordinate system (η =
r/a, θ, φ) with its origin η = 0 at the center of the
neutron star, the Oz axis directed along m, and
the Ox axis directed along m1, so that m = mez

and m1 = m1ex. The magnetic-field strength can be
found using the expression [13]

Bη =
B0

η3
, Bθ =

B0

η3

(
θ

2
+ μ cos φ

)
, (1)

Bφ = −B0

η3
μ sin φ,

where μ = ν

(
Δη

η − 1 + Δ

)3

, ν = B1/B0, and B0 and

B1 are the strengths of the magnetic fields of the
dipoles m and m1 at the magnetic pole of the neutron
star (η = 1, θ = 0, φ = 0). We use formula (2) of [13]
to find the radius of curvature of the magnetic-field
lines.

When obtaining the electric field, we take the
Goldreich–Julian density to be

ρeff =
ΩB0

2πc

1
η3

(2)

×
[(

1 − k

η3

)
cos χ + μ

(
1 +

1
2

k

η3

)
sin χ cos α

]
,

where Ω =
2π
P

, P is the rotational period of the pulsar,

and k is the coefficient associated with the general rel-
ativistic inertial frame-dragging effect [17, 18], which
we will take everywhere to be k = 0.15.

As in [13], we assume E‖|η=1 = 0 and Φ|η=1 =
0 at the surface of the neutron star, with Φ = 0 at
the walls of the pulsar tube. We assume the upper
plate of the diode to be at a height zc ≡ ηc − 1 (where
the amount of created electron–positron plasma is
sufficient to screen the electric field); i.e., E‖|η=ηc = 0.

The electric potential is treated using formula (6)
of [13], which in our case has the form

Φ = 2Φ0K1

∞∑
i=0

1
γ2

i

(
z +

F (z, γi)
γi

)
(3)

× 2
kiJ1(ki)

J0(kiξ),

ρ =
ΩB

2πc
A(ξ), (4)

where

F (z, γ) = −
(1 − e−γz)

(
1 + e−γ(zc−z)

)
1 + e−γzc

,

A(ξ) = −K0 − K1

×
∞∑
i=0

1
γi

(1 − e−γizc)
(1 + e−γizc)

2
kiJ1(ki)

J0(kiξ),

Φ0 =
Ωa

c
Bsura, γi = ki/θsur, ki is the root of the

equation J0(k) = 0, Bsur is the magnetic-field
strength at the surface of the neutron star at the
center of the tube (η = 1, ξ = 0, φ = 0), and θsura
is the radius of the pulsar tube at the neutron-
star surface, which is found from the conservation
of magnetic flux in the tube, θ2

sura
2Bsur = θ2

0a
2B0,

where θ0 =

√
Ωa

c
(see formula (5) in [16]).

The expressions for the coefficients K0 and K1

have the form

K0 =
1√

1 + ν2

[
(1 − k) cos χ +

(
1 +

k

2

)

× ν sin χ cos α

]
,

K1 =
1√

1 + ν2

[
3k +

3ν
Δ

ν

1 + ν2
(1 − Δ)

× (1 − k)
]

cos χ,

−3ν
Δ

1
(1 + ν2)3/2

[
1 − Δ +

k

2
+

k

2
ν2Δ

]
sin χ cos α.

3. GENERATION OF GAMMA-RAY
EMISSION

We treat the generation of gamma-ray emission in
the same way as is done in [13]. We take the energy
of the primary electrons at the point x = (η, ξ, φ) to
be E = mc2Γ = eΦ + mc2, where Φ = Φ(η, ξ, φ) is
the potential (3) at x, m is the electron mass, c is
the speed of light, and e is the absolute value of the
electron charge. In the case of a purely dipolar field
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(ν = 0) with z ≥ zc, the energy of the electrons is
calculated as follows [14]:

Γ(z, ξ, φ) =
Γc[

1 +
9
8

re
a θ2

0ξ
2Γ3

c log
(

η

ηc

)]1/3
, .

where Γc =
eΦ
mc2

(zc, ξ, φ) + 1 and we have introduced

the notation re =
e2

mc2
for the classical radius of the

electron. Radiative damping is taken into account
only for a purely dipolar magnetic field; in other cases,
there is only a small amount of radiative cooling due
to curvature radiation.

The height of the gap zc is determined in the same
way as in [13]; i.e., it is chosen so that the multi-
plicative coefficient Q is equal to 0.1 at the point (z =
zc, ξ = 0.5, φ = 0). When finding Q, we include the
creation of electron–positron pairs in the magnetic
field only by curvature-radiation photons generated
by primary electrons.

The return positron current is calculated using
Eq. (3) of [15], which, in the case of a purely dipolar
field (ν = 0), takes the form

n+ =
k

2

(
1 − k

η3
c

)
ne;

in the case of a non-dipolar field, we use the expres-
sion

n+ =
K1

2
zcne,

where n+ is the number density of positrons in the
return current and ne is the number density of primary
electrons.

We estimate the temperature of the polar hot spot
using the formula

σT 4 = n+cmc2Γ,

where Γ is the energy of the primary electrons at the
point (z = zc, ξ = 0, φ = 0), and n+ is the number
density of positrons in the return current at the point
(z = 0, ξ = 0, φ = 0).

The absorption of photons in the magnetic field
with the creation of electron–positron pairs is taken
into account in the same way as in [13].

The intensity of the curvature radiation is likewise
calculated as in [13]. We neglect the contribution of
processes associated with resonance inverse Comp-
ton scattering to the gamma-ray emission. The inten-
sity of gamma-rays associated with non-resonance
inverse Compton scattering of thermal photons from
the hot spot at the polar cap is calculated as follows.

At each point x, we introduce a coordinate system
K that is fixed to the neutron star (pulsar tube),

with the Oz axis directed along the magnetic field
B(x), i.e., B(x) = B(x)ez , and a coordinate system
K ′ in which the electrons are at rest (at x), with
the coordinate axes coincident with those for K. We
will denote quantities measured in K ′ with a prime
and those associated with scattered photons with the
subscript s.

We take the distribution function for the primary
electrons in the coordinate system K to have the form

fe(x,p) = ne(x)δ3(p − mcΓβez),

where ne(x) is the number density of primary elec-

trons at x and β =
√

Γ2 − 1
Γ

is their velocity at this

point.
The distribution function for the thermal photons

from the hot spot fγ at x is specified as follows. Let xc

be the center of the polar hot spot (the point where
the central magnetic-field line ξ = 0 intersects the
surface of the neutron star) and dc = θsura be its
radius. We also introduce the vector d = x− xc and
the angle θc such that tan θc = dc/d.

We consider at x a coordinate system Kd that is
at rest in K, with the Ozd axis directed along d; i.e.,
d = dezd

. We will take the distribution function for
photons from the hot spot fγ at x in the coordinate
system Kd to have the form [8]

fγ = nγ
δ(γ − γc)

γ2
c

θ(μd − μc)
1
2π

; (5)

i.e., we adopt δ(γ − γc) in place of a Planck spec-
trum. Here, dN = fγγ2dγdΩγdV is the number of
photons in volume dV with energy γ (in units of mc2)
in the interval dγ with momenta p lying within the
solid angle dΩγ = dμddφd; μd = cos θd, where θd is
the angle between p and the Ozd axis; θ(x) is the

Heavyside function; nγ = 20 cm−3

(
T

1 K

)3

; and the

quantity γc is chosen as in [8], γc = 2.7
kBT

mc2
, where T

is the temperature of the hot spot.
We calculate the intensity of the gamma-ray emis-

sion using the approximation developed in [8, 19]. In
particular, we make the following assumptions:

(a) Γ � 1, and we can neglect all terms of order
1
Γ

� 1;

(b) in K ′, the distribution of photons incident on
the electrons can be taken to have the form f ′

γ ∼
δ(μ′ + 1); in particular, we assume Ψ′ = π − θ′s;

(c) γ � γs < Γβ and γ � 1.
Here, γ is the energy of a photon colliding with an

electron and γs is the energy of the scattered photon
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Height of the upper diode plate zc, energy of primary
electrons Γ at (z = zc, ξ = 0.5, φ = 0) in units of mc2,
and the temperature T of the hot spot used to calculate
the gamma-ray intensity for pulsars with B = 0.02Bcr,
P = 0.2 s, χ = 10◦, Δ = 0.1, k = 0.15

ν zc, 10−2 Γ, 106 T , 106 K

0 29.6 33.9 3.67

α = π

0.1 3.2 2.95 1.64

0.2 2.05 1.81 1.53

0.3 1.61 1.53 1.55

α =
π

2
0.1 4.28 3.22 1.80

0.2 2.53 1.86 1.63

0.3 1.89 1.52 1.61

in the K system (measured in units of mc2). We also
denote p and ps to be the momenta of the incident
and scattered photon in K, and p′ and p′

s to be the
corresponding momenta in K ′. We then denote Ψ′ to
be the angle between p′ and p′

s, θ to be the angle
between p and Oz, θs to be the angle between ps and
Oz, and θ′ and θ′s to be the angles between p′ and Oz′

and between p′
s and Oz′, respectively; μ = cos θ and

μ′ = cos θ′.

The intensity of gamma-ray emission associated
with inverse Compton scattering of photons from the
hot spot on primary electrons is equal to

dNs

dV dtdγs
=

π

2
r2
ec ·

ne

Γ2
(6)

× nγ

γc

(
2I0 + I2 − 2I1 +

q2

qc(q + qc)
· I0

)
,

where
dNs

dV dtdγs
is the number of photons scattered

in volume dV in a time dt and possessing after scat-

tering energy γs in the interval dγs, re =
e2

mc2
is the

classical radius of the electron,

In =
∫ 1

−1

1
g(μ)n

f(μ)θ
(
g(μ) − 1

2

)
dμ,

g(μ) =
qc

q
Γγc(1 − μ),

q =
γs

Γ − γs
qc, qc =

1
2Γγc(1 − μr)

.

The function f(μ) is determined as follows:

f(μ) = 1 for 0 ≤ θ ≤ θc − χd or

2π − (χd + θc) ≤ θ ≤ π,

f(μ) = 0 for 0 ≤ θ ≤ χd − θc or
χd + θc ≤ θ ≤ π,

f(μ) =
1
π

arccos

(
cos θc − μ cos χd

sin χd

√
1 − μ2

)
with

cos(θc + χd) ≤ μ ≤ cos(θc − χd).

Here, μ = cos θ and χd is the angle between d and
B(x). In the calculations, we use the value μr =
cos(χd − θc).

4. RESULTS

Figures 1–3 present time-averaged spectra of
the gamma-ray emission from the tube of a radio
pulsar with B = 0.02Bcr , P = 0.2 s, χ = 10◦, k =
0.15, and Δ = 0.1. The left-hand plots correspond to
α = π, and the right-hand plots to α = π/2. Shown
are curves corresponding to a purely dipolar field
(ν = 0, solid), ν = 0.1 (long-dashed), ν = 0.2 (short-
dashed) and ν = 0.3 (dotted). Figure 1 presents the
gamma-ray spectra for the case when the angle
between the line of sight and the rotational axis of
the pulsar is 10◦ (i.e., at some moment in time, the
line of sight will be directed parallel to m); Figures 2
and 3 present spectra for the cases when this angle is
5◦ and 15◦, respectively.

The table presents the height of the upper diode
plate zc, primary-electron energy Γ at (z = zc, ξ = 0,
φ = 0), and hot-spot temperature T used to derive the
gamma-ray spectra.

Figures 4–8 present the dependence of the
gamma-ray intensity of the pulsar tube on the pulsar
phase for these same parameters. The angle between
the line of sight and the rotational axis is 15◦, and
phase 0 corresponds to the minimum angle between
the line of sight and m. The parameter α = π and π/2
in the right and left plots, respectively.

We can see from Figs. 1–3 that, with the pa-
rameters considered and photon energies 1 MeV −
1 GeV, a sharp drop in the intensity of the gamma-
ray curvature radiation is observed in the presence of
even a weakly non-dipolar magnetic field (ν = 0.1).
The intensity of the gamma-ray emission associated
with non-resonance inverse Compton scattering of
thermal photons from the polar hot spot on primary
electrons does not change so appreciably. The modest
variations in the intensity of Compton radiation with
increase in the non-dipolarity of the magnetic field
(and with the energy of the primary electrons varying
by a factor of 20) is due to the fact that, in the cases

ASTRONOMY REPORTS Vol. 51 No. 6 2007



GAMMA-RAY EMISSION OF A RADIO PULSAR 473

 

–22

–4 –2 0 2 4 6 8
log

 

ε

 

–20

–18

–16

–14

–12

–10

–8

lo
g

(

 

dN

 

/

 

dt

 

)

–22

–4 –2 0 2 4 6 8
log

 

ε

 

–20

–18

–16

–14

–12

–10

–8

Fig. 1. Time-averaged spectrum of gamma-ray emission from the pulsar tube for B = 0.02Bcr , P = 0.2 s, χ = 10◦, k = 0.15,
Δ = 0.1. Shown are curves corresponding to a purely dipolar field (ν = 0, solid), ν = 0.1 (long-dashed), ν = 0.2 (short-
dashed) and ν = 0.3 (dotted); the angle between the line of sight and the rotational axis of the pulsar is 10◦. The left plot

corresponds to α = π and the right plot to α = π/2. The intensity of gamma-ray emission
dN

dt
is measured via the flux from

the source received at a distance of 1 kpc in photons cm−2 s−1 MeV−1. The photon energy ε is measured in MeV.
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Fig. 2. Same as Fig. 1 for the case when the angle between the line of sight and the rotational axis of the pulsar is 5◦.
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Fig. 3. Same as Fig. 1 for the case when the angle between the line of sight and the rotational axis of the pulsar is 15◦.
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Fig. 4. Shape of a pulse of gamma-ray emission from a pulsar tube with B = 0.02Bcr , P = 0.2 s, χ = 10◦, k = 0.15, and
Δ = 0.1. Shown are curves corresponding to a purely dipolar field (ν = 0, solid), ν = 0.1 (long-dashed), ν = 0.2 (short-
dashed) and ν = 0.3 (dotted); the angle between the line of sight and the rotational axis of the pulsar is 15◦. The left plot

corresponds to α = π and the right plot to α = π/2. The intensity of gamma-ray emission
dN

dt
is measured via the flux from

the source received at a distance of 1 kpc in units of photons cm−2 s−1 MeV−1. The photon energy is 10 keV.
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Fig. 5. Same as Fig. 4 for a photon energy of 500 keV.
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Fig. 6. Same as Fig. 4 for a photon energy of 100 MeV.
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Fig. 7. Same as Fig. 4 for a photon energy of 10 GeV.
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Fig. 8. Same as Fig. 4 for a photon energy of 500 GeV.

considered and with a specified photon energy γs,
the main contribution to non-resonance Compton
radiation is made by regions where q ∼ 0.1−1. Note
that, since photons with energies γs ∼ 103−105 be-
gin to freely leave the pulsar magnetosphere only from
heights of the order of η ∼ 20−100, the structure of
the magnetic field near the surface of the neutron star
influences them only weakly.

We especially wish to make note of the case pre-
sented in Fig. 1, when we can observe photons trav-
eling along the axis of the main dipole m. In the
case ν = 0, the main contribution to non-resonance
Compton radiation is made by regions with η ∼ 1−2,
and a sharp peak with a width of less than 10−3

in phase is formed near phase 0. It is precisely this
peak that makes the main contribution to the average
intensity of the Compton radiation. Unfortunately, the
calculated intensity of the radiation at the peak has
large uncertainty, but this peak provides an increase
in the intensity of the Compton radiation by at least an
order of magnitude (compared with the non-dipolar
case). In the case of a non-dipolar magnetic field (ν =

0.1, 0.2, 0.3) and at energies γs ∼ 102−103, the main
contribution to the radiation is made by regions at the
edges of the pulsar tube, where the electron energy
Γ is comparable to the photon energy γs, and q ∼
0.1−1, forming two narrow peaks in the phase profile.
At photon energies γs ∼ 103−105, the contributions
of these peaks to the average intensity of the Compton
radiation decrease, while the contribution of photons
emerging along the main dipole axis increases. At
photon energies γs comparable to the maximum en-
ergies of primary electrons in the tube, it becomes
difficult to produce a similar photon during scattering
on an electron of a thermal photon traveling at a small
angle to the electron momentum. Because of this, the
contribution to the mean radiation intensity made by
regions lying closer to the edges of the pulsar tube
begins to grow.

The slight asymmetry of the spectra about phase 0
for α = π/2 in Figs. 7 and 8 is due to the fact that, as
the phase varies, the angle at which the polar hot spot
is viewed (in regions making the largest contribution
at a given phase) also varies slightly.
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We note that including scattering of hard Comp-
ton photons on thermal photons from the hot spot
could lead to a decrease in the intensity of the central
peak, which could, in principle, strongly decrease the
intensity of Compton radiation for a purely dipolar
field (ν = 0) for the case shown in Fig. 1.
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