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Neutron contribution to the force on a proton vortex in superconducting neutron-star matter
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We investigate the forces acting on a proton vortex in superconducting neutron-star matter composed of
neutrons, protons, and electrons, accounting for Fermi-liquid interactions in the neutron-proton subsystem. While
the force arising from electron scattering by the vortex magnetic field is well known, we demonstrate that normal
neutrons also exert a force on proton vortices due to Fermi-liquid coupling with superconducting protons. Using
a kinetic approach based on Landau Fermi-liquid theory, we show that neutron quasiparticles scatter off a proton
vortex through the spatially varying condensate momentum, giving rise to a longitudinal force proportional to the
relative neutron-vortex velocity. In contrast with the electron contribution, this force has no transverse component
and vanishes in the absence of neutron-proton Fermi-liquid interaction. Within a simple model, we analyze the
main properties of this force and provide physically motivated estimates of its magnitude.
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I. INTRODUCTION

Studying neutron stars (NSs), the densest and most
strongly magnetized objects known, requires a careful treat-
ment of a wide range of physical phenomena, including
nuclear interactions, superfluidity, superconductivity, and pro-
cesses occurring in strong electromagnetic fields. Although
the value of the proton pairing gap remains a topic of active
theoretical research (see, e.g., Ref. [1]), it is widely believed
that a substantial fraction of the NS core becomes supercon-
ducting once its temperature drops below a few times 109 K.
While the properties of the deeper core regions remain more
uncertain, the outer layers are expected to enter the type-
II superconducting state [2]. In type-II superconductors, the
magnetic field is confined within proton vortices (flux tubes).
Therefore, understanding the forces acting on these vortices
is required for accurate modeling of the NS magnetic-field
evolution, as well as for calculating the damping rates of
various stellar oscillation modes.

The forces acting on proton vortices (or similar objects)
due to their motion relative to the surrounding matter have
been the subject of numerous studies [2–12]. However, the
analyses in most of these works were carried out under the
assumption of vanishing temperature, with protons (neutrons)
treated as entirely superconducting (superfluid). Under such
conditions, the normal (nonsuperfluid) component consists
solely of leptons, which scatter off the vortex magnetic field.
Therefore, the force acting on the vortex arises as a reaction to
the Lorentz force exerted on the leptons. In fact, in the zero-
temperature limit, the lepton contribution may be regarded
as the only velocity-dependent force acting on the proton
vortex [10,12].

What would change if we allowed for the nucleonic ther-
mal excitations? It is natural to expect that, if there exists
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a mechanism by which the thermal excitations can sense
the presence of a vortex, an additional contribution to the
total force may arise. To the best of our knowledge, Jones
(2009) [6] is one of the very few works that attempt to account
for nucleonic thermal excitations in NS proton-vortex dy-
namics, considering interactions with quasiparticle excitations
bound to the vortex core. Thus, the role of the normal nucleon
component remains underexplored.

It is well known from the theory of conventional supercon-
ductors that the energy of a Bogoliubov excitation depends
explicitly on the condensate momentum Q [13]. To linear
order in Q, it takes the form

εp = pQ
m

+
√

(εp − EF )2 + �2, (1)

where m is the (quasi)particle mass, εp is the (quasi)particle
energy in the normal state, EF is the Fermi energy, and � is
the superfluid energy gap. The spatially varying condensate
momentum can be treated as a vector field that can scatter
the Bogoliubov excitations. This scattering gives rise to a
force whose transverse component is often referred to as the
Iordanskii force [14].

In nucleonic matter, the dependence of the excitation en-
ergy on the condensate momentum is more involved. The
neutron-proton subsystem forms a mixture in which Fermi-
liquid effects play a significant role. These effects imply that
the energy of a quasiparticle of a given species α, say α = n,
depends on the distribution functions of quasiparticles of both
species, α′ = n, p. In particular, one can expect that, in such
a mixture, quasiparticles of both species interact with the
condensate momentum associated with a proton vortex. In the
present paper, we show that this interaction gives rise to a
force exerted on a proton vortex by the neutron component,
proportional to the incident flux of normal neutrons.

The paper is organized as follows: In Sec. II, we formulate
the problem and discuss the main assumptions. Section III
describes the interaction of the different constituents of the
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mixture with a proton vortex. This section is divided into three
sections devoted, respectively, to protons (together with the
electromagnetic field), electrons, and neutrons. In Sec. IV, we
calculate the contributions of the different constituents to the
total force. In Sec. V, we discuss the obtained results and
present our conclusions. For clarity of presentation, most of
the technical derivations are relegated to Appendixes A–D.

II. PROBLEM FORMULATION

We consider a mixture consisting of neutrons, protons,
and electrons. The neutrons and protons are assumed to form
a Fermi-liquid mixture. In the present paper, we consider
a mixture at temperatures T well below the proton critical
temperature Tcp, which allows us to neglect proton thermal
excitations. At the same time, we assume that T > Tcn, where
Tcn is the neutron critical temperature. Therefore, the neutron
component remains nonsuperfluid.

We assume the following hierarchy of length scales:

h̄/pFα � ξ � λ � dv � �α, (2)

where pFα are the Fermi momenta of particle species α, ξ

is the proton coherence length, λ is the London penetration
depth, dv is the intervortex distance, and, finally, �α are the
characteristic mean-free paths of particle species α in the ab-
sence of vortices. These inequalities allow us to substantially
simplify the problem. Owing to the large mean-free paths
�α compared with all other characteristic length scales, we
can neglect collisions between (quasi)particles. More rigorous
conditions on �α that justify the ballistic regime for the prob-
lem considered are discussed in Secs. III B and III C. The large
intervortex distance dv compared with the London penetration
depth λ justifies neglecting the influence of neighboring vor-
tices, allowing us to consider an isolated proton vortex.

Among the conditions (2), the least well-justified is that
relating ξ and λ. These two quantities are typically of com-
parable magnitude in NS interiors [2]. In the present paper,
however, we adopt the simplifying assumption that the vortex
core is treated as infinitely thin, while the London penetra-
tion depth remains finite. Although this assumption is not
entirely realistic for NS interiors, it substantially simplifies
the analysis and allows us to isolate the physical mechanisms
underlying the forces under consideration. The limitations of
this model are discussed in Sec. V.

The vortex is assumed to be straight, enabling us to
introduce cylindrical coordinates (ρ, φ, z) with the z axis
coinciding with the vortex axis and directed such that the
integral (9) is positive, see below. Various particle species are
allowed to flow through the vortex. The incident fluxes are
taken to be uniform and stationary. We further assume that the
electric field vanishes far from the vortex. Consequently, the
quasineutrality condition

np0 = ne0 (3)

is satisfied for the unperturbed proton and electron densities
np0 and ne0, respectively.

The main goal of the present paper is to analyze the
forces acting on the proton vortex induced by the incident-
particle fluxes. To define these forces, we utilize a momentum

conservation equation, which, for our system, has the follow-
ing form (see Appendix C and Refs. [10,12]):

∂Pi

∂t
+ ∂�ik

∂rk
= δ(2)(ρρρ) F i

ext, (4)

where the total momentum density Pi and the total stress
tensor �ik consist of contributions from superconducting npe
matter as well as from the electromagnetic field. The ex-
act expressions for these quantities are given by Eqs. (C24)
and (C25), respectively. The right-hand side of Eq. (4) con-
tains a term that we refer to as “external force.” This term
is added to ensure momentum conservation in the general
case (as discussed shortly below). The two-dimensional delta
function is explicitly written to emphasize that the external
force is applied to the infinitely thin vortex core.

If all the incident fluxes are independent of time, the prob-
lem is stationary. In this case, the time derivative in Eq. (4)
is zero. Let us choose a cylinder of unit length and radius R,
whose axis coincides with the vortex axis. Integrating Eq. (4)
over the volume of this cylinder, we obtain a force balance
equation of the following form:

Fm→v + Fext = 0. (5)

In this equation, the first term is defined as

F i
m→v = −R

∫ 2π

0
�iρdφ. (6)

In deriving Fm→v, the volume integral was converted into
the surface integral using Gauss’s theorem. Accordingly, the
integration over a cylindrical surface reduces to the integration
over the azimuthal angle, multiplied by the radius R and the
unit length of the cylinder. The quantity Fm→v describes the
momentum flux entering the cylinder. It can be interpreted as
the total force (per unit length) acting on the vortex from the
surrounding matter. Therefore, the force given by Eq. (6) is
the subject of our analysis.

The second term in the force balance equation (5) rep-
resents the external force applied to the vortex core, as
previously stated. This external force counteracts the force
Fm→v. But why does such an external force appear in the
force balance equation? Recall that the vortex is immersed in
stationary incident fluxes and is prescribed to remain at rest.
However, in the general case, the total force Fm→v, which
includes the contributions from the various particle species,
does not vanish unless the particle fluxes are fine-tuned.
Consequently, to maintain the stationarity, it must be counter-
balanced by some force, which, in our model, is represented
by the formally introduced term Fext. In real NSs, such a
force can be provided by buoyancy or tension effects [10,15],
as well as by pinning to neutron vortices. A more detailed
discussion of Eq. (5) can be found in Ref. [12].

III. INTERACTION OF npe MIXTURE WITH
A PROTON VORTEX

The stress tensor appearing in Eqs. (4) and (6) in-
cludes contributions from protons, neutrons, electrons, and
the electromagnetic field [see Eq. (C25)]. Therefore, before
evaluating the force, we must first determine the behavior
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of each constituent in the vicinity of the vortex. The present
section is devoted to this task.

A. Protons and the electromagnetic field

To describe the superconducting protons, we introduce the
condensate momentum [16]

Qp = h̄

2
∇χp − e

c
A, (7)

and the nonequilibrium proton chemical potential [16–18]

μ̆p = EF p − h̄

2

∂χp

∂t
− eϕ, (8)

where χp is the order parameter phase, ϕ and A are the electro-
static and vector potentials, e = |e| is the elementary charge,
and EF p is the proton Fermi energy calculated in the absence
of the vortex as well as any currents. The vortex manifests
itself through a nonzero circulation of the phase gradient:

h̄

2

∮
∇χpdl = mpκ, (9)

where the integral is taken along an arbitrary contour encir-
cling the z axis once in the counterclockwise direction as seen
from +z and

κ = 2π h̄

2mp
(10)

is the circulation quantum.
The vector potential can be represented as A = Av + δA,

where Av is the vector potential generated by the vortex while
δA is a small correction to Av arising due to the nonzero
particle flows streaming through the vortex. The vortex vector
potential can be represented as

Av = c

e

mpκ

2πρ
P (ρ)eφ, (11)

where P (ρ) is a function that will be specified below. The
magnetic field, in turn, equals B = curlA = Bv + δB, where

Bv = curlAv = c

e

mpκ

2πρ
P ′(ρ)ez, (12)

P ′(ρ) denotes the derivative of the function P (ρ), and δB =
curlδA. In Eqs. (11) and (12), eφ and ez denote the unit vectors
in the φ and z directions. One can also calculate the magnetic
flux enclosed within a circle of radius ρ:

�B(ρ) =
∫

ρ

d2ρρρ1 ezBv (ρ1) = �0P (ρ), (13)

where �0 = cmpκ/e is the total vortex magnetic flux. Hence,
the function P (ρ) can be interpreted as the dimensionless
magnetic flux enclosed by the circle of radius ρ. It varies
from 0 at the vortex axis to 1 at distances much larger than
λ. To determine the exact form of the function P (ρ), one
must solve the microscopic quantum problem in conjunction
with Maxwell’s equations. However, for the case of extreme
type-II superconductivity (ξ � λ), it can be easily obtained
and equals [10,13]

P (ρ) = 1 − ρ

λ
K1

(ρ

λ

)
. (14)

Consequently,

P ′(ρ) = ρ

λ2
K0

(ρ

λ

)
, (15)

where Kn denotes the modified Bessel function of the second
kind.

The total condensate momentum (7) can be represented as

Qp = Qp0 + Qpv + δQp. (16)

Here, the first term, Qp0, is a constant vector describing the
homogeneous flow measured far from the vortex. The second
term,

Qpv = mpκ

2πρ
[1 − P (ρ)]eφ, (17)

represents the vortex flow. Finally, the third term of Eq. (16) is
the correction induced by the interaction of the incident fluxes
with the vortex. A detailed analysis of this correction can be
found in Ref. [12] for the case of vanishing temperature. For
the purposes of the present study, the exact form of δQp is not
required. However, in the following calculations, we use the
fact that this correction is linear in the incident flux and decays
as ρ−1 for ρ � λ.

The subsequent calculations require the curl of the conden-
sate momentum, which equals

curlQp = mpκ

2πρ
δ(ρ)ez − e

c
B = curlQpv − e

c
δB, (18)

where

curlQpv = −mpκ

2πρ
P̃ ′(ρ)ez, (19)

and we introduced the function

P̃ ′(ρ) = P ′(ρ) − δ(ρ), (20)

with δ(ρ) denoting the Dirac delta function. The appearance
of the delta function in Eq. (20) requires some clarification. It
formally arises from taking the curl of the superfluid phase
gradient. It is well known from vector analysis that tak-
ing the curl of a gradient of any well-defined, single-valued
function yields identically zero. However, the phase χp and,
consequently, the condensate momentum Qp are not defined
(singular) at the vortex axis. This singularity arises due to
the nonzero circulation of the phase gradient. Using the iden-
tity (9), we define the formal construction curl ∇χp at ρ = 0
by means of Stokes’ theorem:

h̄

2

∫
curl ∇χpndS = h̄

2

∮
∇χpdl = mpκ, (21)

where the left-hand integration is performed over an arbitrary
(oriented) surface punctured by the vortex (n is the unit vector
normal to the surface), while the right-hand integration is
taken over the oriented boundary of this surface. Thus, for a
straight vortex, we have curl∇χp = 2πδ(2)(ρρρ) ez. To arrive at
Eq. (18), we applied the identity

δ(2)(ρρρ) = δ(ρ)

2πρ
. (22)
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By analogy with the vortex magnetic field Bv , we define the
flux of the vector curlQpv enclosed within a circle of radius ρ:

�Q(ρ) = c

e

∫
ρ

d2ρρρ1 ezcurlQpv (ρ1)

= c

e

∮
ρ

dl Qpv = �0[1 − P (ρ)]. (23)

The factor c/e is used to make the dimension of �Q consistent
with that of �B. Since the function P (ρ) tends to unity at
large distances, the total flux �Q equals zero. The vanishing
of the total flux �Q can be regarded as a consequence of the
Meissner effect, resulting in the exponential suppression of
the vortex circular current.

We assume that the proton incident flux is small; specifi-
cally,

ιp = Qp0

pF p
� 1. (24)

Separately, we assume the smallness of the following ratio:

Qpv

pF p
� 1. (25)

The latter condition is clearly violated in the vicinity of the
vortex axis since Qpv diverges as ρ → 0. As it was stated, we
adopt a model where the vortex core is approximated by an
infinitely thin line. However, in reality, the vortex core has a
finite radius of the order of the coherence length ξ given by
the following formula:

ξ = h̄pF p

π�(p)m∗
p

, (26)

where �(p) is the proton energy gap and m∗
p is the proton

effective mass. Thus, in the region outside the core (where
our model is valid), we can estimate:

Qpv

pF p
� mpκ

2πξ pF p
. (27)

Introducing the small parameter

ε = m∗
p�

(p)

p2
F p

, (28)

and making use of definitions (26) and (10), from Eq. (27), we
get:

Qpv

pF p
� π

2
ε. (29)

In what follows, we expand the quantities of interest as a
power series in the small parameter ε. In particular, the quan-
tities δA, δB, and δQp can be expanded in ε starting from the
linear term.

Strictly speaking, there is another dimensionless parameter
in the problem:

Qp pF p

mp�(p)
, (30)

which cannot be considered small everywhere. Finite values
of this parameter lead to the existence of bounded Bogoliubov

excitations even in the limit of vanishing temperature. This
complicates the expression for the proton current density,
reduces the proton gap compared with its unperturbed value,
and eventually results in the breakdown of the superconduc-
tivity [13]. In our model, we include the region where these
effects become substantial in the vortex core. Thus, from the
physical point of view, we effectively consider only the region
ρ > ξ .

In the stationary case, the chemical potential μ̆p is related
to the electric field via the following equation [cf. Eq. (C3)]:

∇μ̆p = −e∇ϕ = eE. (31)

If there are no incident fluxes, the electric field is zero [10]
and, therefore, the function μ̆p remains unperturbed. The
same is true if there is no vortex. Thus, accounting for the
definition (8), we can represent μ̆p as

μ̆p = EF p + δμ̆p, (32)

where δμ̆p is a small correction caused by the interaction
of the vortex with the incident flux. The electric field and
the correction δμ̆p, in principle, should be determined self-
consistently. However, the exact form of these quantities is
not required for the calculation of the force.

B. Electrons

The problem of electron scattering off a proton vortex has
been previously studied in Refs. [10,12]. In this section, we
provide a brief summary of the key results of those works.

The electrons are treated as an ideal relativistic gas. Since
the typical electron wavelength is much smaller than the other
length scales, their behavior can be described using a distribu-
tion function N (e)

p satisfying the Boltzmann-Vlasov equation:

vvvp
∂N (e)

p

∂r
− e

(
E + 1

c
vvvp × B

)
∂N (e)

p

∂p
= I (e), (33)

where vvvp = pc2/ε(e)
p and ε(e)

p = (m2
ec4 + p2c2)1/2.

We assume that collisions between (quasi)particles are neg-
ligible; hence, the collision integral I (e) in Eq. (33) can be
neglected. We state the condition under which this approxi-
mation is justified at the end of this section.

We further assume that, in the absence of the vortex, the
electron distribution function reduces to the standard Fermi
distribution. Accordingly, in the presence of the vortex, we
seek the electron distribution function in the following form:

N (e)
p = fF

(
ε(e)

p − EFe − eϕ − pVe + ge
)
, (34)

where

fF (x) = 1

ex/T + 1
(35)

is the Fermi distribution function, EFe is the electron (unper-
turbed) Fermi energy, ϕ is the electrostatic potential, Ve is the
velocity of the electron incident flux, and ge is a function of
r and p to be determined. The argument of the function in
Eq. (34) is written to linear order in Ve. Since we evaluate
the force acting on the proton vortex in the linear approxima-
tion with respect to Ve, this level of accuracy in Eq. (34) is
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sufficient. The function ge describes the correction due to the
presence of the vortex. Note that the electric field in the con-
sidered problem is induced solely by the interaction between
the vortex and the incident charged fluxes. Therefore, the
term −eϕ should, strictly speaking, be regarded as part of the
function ge. However, by explicitly isolating this contribution,
the electric interaction can be fully taken into account within
the accepted level of accuracy and, consequently, the function
ge in Eq. (34) describes only the magnetic interaction with
the vortex [see Eq. (39) below]. Since a particle flow directed
along the vortex cannot generate a force via the mechanisms
considered in the present paper, we assume, without loss of
generality, that Ve ⊥ ez.

It is instructive to examine small parameters governing the
electron-scattering problem. We assume that the velocity of
the incident electron flux is small, specifically,

ιe = Ve

vFe
� 1, (36)

where vFe is the electron Fermi velocity. As was already
noted, the electric field E and the correction to the magnetic
field δB are generated by the interaction of the incident fluxes
with the vortex. Consequently, these quantities are at least
linear in the parameter ιe or in the analogous small param-
eters characterizing the other incident fluxes [see Eqs. (24)
and (53)].

Besides these ratios, Eq. (33) contains another small pa-
rameter,

ε̃ = h̄

pFeλ
∼ e

c
Bv

λ

pFe
� 1, (37)

where Bv is estimated using Eq. (12).1 Utilizing Eq. (26)
and bearing in mind that pFe = pF p, we can establish a re-
lationship between this small parameter and the parameter ε

introduced in Sec. III A [see Eq. (28)]:

ε̃ = π
ξ

λ
ε. (38)

Since ξ < λ, the smallness of ε ensures that ε̃ is also small.
The same parameter will appear a third time when considering
neutrons. This allows us to treat ε as a universal small param-
eter governing the interaction of all the mixture constituents
with the vortex.

Substituting the ansatz (34) into Eq. (33) and linearizing
the result with respect to the incident fluxes, we obtain the
following equation for the function ge:

p
∂ge

∂r
− e

c
(p × Bv )

∂ge

∂p
= −e

c
Ve(p × Bv ). (39)

This equation can be integrated along the characteristics. We
choose the boundary condition so that the function ge vanishes
far upstream of the scattering region. At the distances ρ � λ,
the solution can be represented as

ge = {−[p(ez × Ve)] σ
(e)
⊥ + (p⊥Ve) σ

(e)
||
}δ(φ − φp)

ρ
, (40)

1The smallness of the parameter ε̃ means that the electrons pass
through the vortex along trajectories that are almost rectilinear.

where we introduced, respectively, the transverse and trans-
port cross sections:

σ
(e)
⊥ = mpκ

p⊥
ae, (41)

σ
(e)
|| = (mpκ)2

p2
⊥

L−1
e , (42)

and the following notations:

ae =
∫ ∞

−∞
dx
∫ ∞

−∞
dy

P ′(
√

x2 + y2)

2π
√

x2 + y2
, (43)

L−1
e = 1

2

∫ ∞

−∞
dx

(∫ ∞

−∞
dy

P ′(
√

x2 + y2)

2π
√

x2 + y2

)2

. (44)

In these expressions, p⊥ is the component of the vector p
perpendicular to ez, ϕp is its azimuthal angle. The double
integral in Eq. (43) is, in fact, an integration over the entire
plane perpendicular to the vector ez. Therefore, the coefficient
ae can be represented as

ae = lim
ρ→∞

�B(ρ)

�0
= 1, (45)

where the magnetic flux �B(ρ) is given by Eq. (13). For
the function P ′ given by Eq. (15), the parameter L−1

e can be
evaluated as well. It equals [10,12]

L−1
e = 1

8λ
. (46)

A solution to Eq. (39) valid at an arbitrary distance from
the vortex axis can be found in Ref. [12], where Eq. (40) is
obtained as a limiting case. A derivation of the solution (40)
can also be found in Ref. [10]. Similar solutions for other
superfluid or superconducting systems were obtained, e.g., in
Refs. [16,19]. Note that we restrict our analysis to terms up to
second order in the small parameter ε.2 In particular, σ (e)

⊥ ∼ ε,
while σ

(e)
|| ∼ ε2.

It remains to obtain a condition ensuring the validity of the
ballistic approximation. The collision integral in Eq. (33) can
be estimated as

I (e) ∼ vp

�e
δN (e)

p , (47)

where δN (e)
p is the departure of the function N (e)

p from the
equilibrium distribution function. In our case, to the linear
accuracy in the incident fluxes,

I (e) ∼ vp

�e

∂N (e)
p

∂ε
(e)
p

(ge − pVe). (48)

The collisions can be neglected when the collision integral is
much less than the force term in Eq. (33):

pvp

�e
� e

c
vpBv. (49)

2One can say that the expansion in the small parameter ε is equiv-
alent to an expansion in the dimensionful parameter mpκ.
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Substituting Eqs. (10), (12), and noting that the considered
region has a characteristic length scale ρ ∼ λ, we arrive at the
following condition [20]:

�e � pFeλ
2

h̄
. (50)

This inequality is well satisfied under typical NS conditions.

C. Neutrons

Let us finally consider the neutron constituent. To describe
it, we employ Landau’s theory of Fermi liquids [21]. Being
electrically neutral, the neutron quasiparticles are unaffected
by the vortex magnetic field.3 However, they can still sense
the presence of the vortex through Fermi-liquid interaction:
the neutron quasiparticle energy ε(n)

p depends on the proton

distribution function N (p)
p [see Eq. (A5)], which, in turn, de-

pends on Qp.
The effect of a proton vortex on the neutron quasiparticle

distribution function N (n)
p can be studied by solving the sta-

tionary Landau-Boltzmann kinetic equation

∂ε(n)
p

∂p

∂N (n)
p

∂r
− ∂ε(n)

p

∂r

∂N (n)
p

∂p
= In. (51)

The right-hand side of this equation formally contains the
collision integral In. However, similar to the case of electrons,
this term can be neglected (see the condition at the end of the
present section). By analogy with the electron case, we seek
the neutron distribution function in the following form:

N (n)
p = fF

(
ε(n)

p − EFn − pVn + gn
)
, (52)

where EFn is the unperturbed neutron Fermi energy, and gn

is a function of r and p to be found. The constant vector Vn

describes the neutron incident flux. Similar to the electron-
scattering problem, we assume that Vn ⊥ ez and introduce the
small parameter

ιn = m∗
nVn

pFn
� 1, (53)

where m∗
n is the neutron effective mass defined via Eq. (57),

see below. Therefore, as in the case of electrons, we keep
terms only to linear order in the velocity Vn in the argument
of the function (52).

As was already stated, the neutron quasiparticle energy
ε(n)

p depends on the neutron and proton distribution functions.
Therefore, strictly speaking, Eq. (52) together with the proton
distribution function should be considered as a system of im-
plicit equations. However, taking into account the smallness
of the parameters defined in Eqs. (24), (28), (36), and (53),
one can derive explicit expressions with the accuracy adopted
in the present study. Let us consider the neutron quasiparticle
energy. In the presence of neutron and proton currents, it can
generally be expanded as a power series in the parameter ιn

3The interaction with the magnetic field via the neutron magnetic
moment is small and can be neglected.

and the ratio Qp/pF p:

ε(n)
p = ε

(n)
p,0 + �H (n)

p,1 + �H (n)
p,2 + · · · . (54)

Note that, in Eq. (54), we treat the ratio Qp/pF p as a single,
unified small parameter. However, this expansion can, in prin-
ciple, be rearranged as a double expansion in two separate
small parameters given by Eqs. (24) and (25) [or Eq. (28)].
In Eq. (54), the unperturbed energy ε

(n)
p,0 depends only on the

magnitude of the vector p, whereas the first-order correction
generally has the following form [18]:

�H (n)
p,1 = γnp pQp + Knn pVn, (55)

where the coefficients γnp and Knn are functions of Lan-
dau parameters and the effective masses. The second-order
correction �H (n)

p,2 has a more complex structure. In particu-
lar, it includes the contribution from the function gn, which
describes the scattered neutron quasiparticles. Indeed, this
function is proportional to the incident neutron flux ∼ιn ∼ Vn

and at least linear in the parameter ε ∼ Qpv governing the in-
teraction with the vortex [see the obtained solution below; cf.
Eq. (40)]. Therefore, the contribution from the function gn is
at least quadratically small with respect to the expansion (54).
Fortunately, the exact form of the correction �H (n)

p,2 will not
be required.

As we will see, it is convenient to introduce a new momen-
tum variable,

q = p + γnpm∗
nQp, (56)

where the neutron effective mass m∗
n is defined near the Fermi

surface via the following equation:

∂ε
(n)
p,0

∂p
= p

m∗
n

. (57)

In terms of the new momentum variable, the neutron en-
ergy (54) becomes

ε
(n)
q−γnpm∗

nQp
= ε

(n)
q,0 + Knn qVn + �H̃ (n)

q,2 + · · · , (58)

where �H̃ (n)
q,2 is the new second-order correction defined with

respect to the momentum variable q. Under the change of
variables from (r, p) to (r, q), Eq. (51) takes the form

vvvgn

∂N (n)
q−γnpm∗

nQp

∂r
−
⎡
⎣∂ε

(n)
q−γnpm∗

nQp

∂r
+ vvvgn × curl(m∗

nγnpQp)

⎤
⎦

·
∂N (n)

q−γnpm∗
nQp

∂q
= 0, (59)

while the distribution function (52) becomes

N (n)
q−γnpm∗

nQp
= fF

(
ε

(n)
q−γnpm∗

nQp
− EFn − qVn + g̃n

)
, (60)

where

g̃n = gn + γnpm∗
nVnQp. (61)

In Eq. (59), we introduced the neutron group velocity

vvvgn =
∂ε

(n)
q−m∗

nγnpQp

∂q
= q

m∗
n

+ KnnVn + ∂�H̃ (n)
q,2

∂q
+ · · · .

(62)
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One can see that the introduction of the new momentum vari-
able q offers two advantages. First, it allows us to exclude the
linear term ∝ Qp (and, consequently, ∝ Qpv) from the neutron
group velocity (62). Second, Eq. (59), written in the variables
(r, q), closely resembles Eq. (33) with curl(m∗

nγnpQp) playing
the role of a magnetic field.4 Note, however, that Eq. (59)
contains the gradient of the neutron energy ε(n)

p , which cannot
be fully matched with the electric field that is present in
Eq. (33). Indeed, unlike the electric field, this gradient (a)
generally depends on q, and (b) does not vanish even in the
absence of any incident fluxes. However, these differences
will not prevent us from obtaining a solution to Eq. (59) by
exploiting its similarity to Eq. (33).

To obtain a solution in the same manner as in Sec. III B,
we require a small parameter that characterizes the interaction
with the vortex. A naturally arising dimensionless ratio is5

Qpv

pFn
∼ pF p

pFn
ε, (63)

where the parameter ε is given by Eq. (28). Substituting
Eq. (60) into Eq. (59) and retaining terms linear in the incident
flux and up to quadratic order in the parameter ε, we obtain

q
∂ g̃n

∂r
− [q × curl(m∗

nγnpQpv )]
∂ g̃n

∂q

= −Vn[q × curl(m∗
nγnpQpv )] − m∗

nVn

∂�H̃ (n)
q,2

∂r
, (64)

where Eqs. (58) and (62) were accounted for. Note that, since
the function g̃n is required only to linear order in the incident
fluxes, it is sufficient to retain only the part of �H̃ (n)

q,2 that
is independent of Ve, Vn, and Qp0. The general form of this
part is

�H̃ (n)
q,2 = AQ2

pv + B(qQpv )2, (65)

where A and B are some functions of Landau parameters.
Thus, the first term on the right-hand side of Eq. (64) is of
order ε, whereas the second term is of order ε2.

Equation (64) is a linear first-order differential equation.
Similar to Eq. (39), it can be integrated along the characteris-
tics. Therefore, its solution can generally be represented as a
sum of two terms:

g̃n = g̃n,scat. + g̃n,H2 , (66)

where g̃n,scat. and g̃n,H2 are contributions to the total solution,
arising from the first and second terms on the right-hand side,
respectively. One can notice that Eq. (64), with the second
term on the right-hand side omitted, is equivalent to Eq. (39),
which describes the electron scattering. Hence, g̃n,scat. coin-
cides with the function ge discussed in Sec. III B, with the
magnetic field Bv replaced by (c/e)curl(m∗

nγnpQpv ) and the

4The factor m∗
nγnp is assumed to be constant outside the vortex core.

However, placing it under the curl operator makes equations more
concise and helps to clarify some subsequent reasoning.

5The interpretation of the smallness of this parameter within the
framework of the infinitely thin vortex core model is discussed im-
mediately following Eq. (25).

momentum variable p replaced by q. The explicit expression
for the large-distance asymptotic of this term is given by
Eq. (69) below. To obtain the function g̃n,H2 , we recall that
the second term on the right-hand side of Eq. (64) is already
of order ε2. Therefore, to the adopted level of accuracy, it is
sufficient to integrate it along the unperturbed characteristics
(i.e., along straight lines). Choosing again the boundary con-
dition so that the function g̃n,H2 vanishes far upstream of the
scattering region, we get

g̃n,H2 = −m∗
n

q⊥
Vn

∫ yq

−∞
dy1

∂�H̃ (n)
q,2(ρρρ1)

∂ρρρ1
, (67)

where q⊥ is the component of the vector q perpendicular to ez.
Here, we introduced the spatial coordinates defined relative to
the vector q:

xq = ρ sin(φq − φ), yq = ρ cos(φq − φ), (68)

φq is the azimuthal angle of the vector q, and ρρρ1 = (xq, y1).
As will be demonstrated in what follows (see Sec. IV and
Appendix D), the function g̃n,H2 does not contribute to the
force on the vortex. Hence, it is not of interest to us in this
paper.

Returning to the first term of Eq (66), at distances ρ � λ,
it has the form [cf. Eq. (40)]:

g̃n,scat. = [−q(ez × Vn)σ (n)
⊥ + q⊥Vnσ

(n)
|| ]

δ(φ − φq)

ρ
, (69)

where we introduced, respectively, the transverse and trans-
port cross sections for the neutrons:

σ
(n)
⊥ = mpκ

q⊥
an, (70)

σ
(n)
|| = (mpκ)2

q2
⊥

L−1
n , (71)

and the following notation:

an = −m∗
nγnp

∫ ∞

−∞
dx
∫ ∞

−∞
dy

P̃ ′(
√

x2 + y2)

2π
√

x2 + y2
, (72)

L−1
n = (m∗

nγnp)2 1

2

∫ ∞

−∞
dx

(∫ ∞

−∞
dy

P̃ ′(
√

x2 + y2)

2π
√

x2 + y2

)2

. (73)

Eqs. (72) and (73) are similar in form to Eqs. (43) and (44).
Note, however, that the function P ′(ρ), which determines the
vortex magnetic field [see Eq. (12)], is replaced by the func-
tion - m∗

nγnpP̃ ′(ρ), arising from curl(m∗
nγnpQp) [see Eq. (19)].

Let us first consider the transverse cross section. It is easy
to see that the coefficient an is proportional to the total flux
�Q [see Eq. (23); cf. Eq. (45)]. However, as it was argued
in Sec. III A, �Q(ρ) tends to zero as ρ → ∞. Therefore, the
transverse cross section vanishes:

σ
(n)
⊥ = 0. (74)

Inserting the function P̃ ′(ρ) given by Eq. (20) into the
function (73), which controls the transport cross section (71),
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we find that it decomposes into three distinct terms:

L−1
n = (m∗

nγnp)2L−1
e − (m∗

nγnp)2
∫ ∞

−∞
dy

P ′(|y|)
2π |y|

+ (m∗
nγnp)2

2

∫ ∞

−∞
dx

(∫ ∞

−∞
dy

δ(
√

x2 + y2)

2π
√

x2 + y2

)2

. (75)

Here, L−1
e is given by Eq. (44). In evaluating the second term

of Eq. (75), we made use of the identity (22). The third term
formally diverges due to the presence of two delta functions.
This divergence indicates that the assumption of an infinitely
thin vortex core is an oversimplification that prevents a com-
plete calculation of the transport cross section. Therefore, to
calculate this cross section, one must determine the struc-
ture of the vortex core by solving a self-consistent problem.
Nonetheless, it remains possible to make an estimate.

A physical vortex has a core of size ∼ξ , where the energy
gap �p drops to zero. On the other hand, the coefficient γnp

vanishes when the superconductivity is destroyed [22]. There-
fore, somewhat loosely, the vortex core could be modeled by
introducing a spatially dependent coefficient γnp = γ ∞

np h(ρ),
where γ ∞

np denotes its bulk value and h(ρ) is some function
smoothly rising from zero at the vortex axis to unity over a
characteristic distance ∼ξ .6 In this case, we can still derive
formally the same Eq. (59) and, consequently, Eq. (64), but
now curl(m∗

nγnpQp) is assumed to vanish at the vortex axis.
As a result, we again arrive at Eq. (69) with the cross sec-
tions given by Eqs. (70) and (71), but with the corresponding
coefficients now taking the form

an = −m∗
nγ

∞
np

∫ ∞

−∞
dx
∫ ∞

−∞
dy

R′(
√

x2 + y2)

2π
√

x2 + y2
, (76)

L−1
n = (m∗

nγ
∞
np

)2 1

2

∫ ∞

−∞
dx

(∫ ∞

−∞
dy

R′(
√

x2 + y2)

2π
√

x2 + y2

)2

, (77)

where

R′ = d

dρ
{h(ρ)[P (ρ) − 1]} ≈ P ′(ρ) − h′(ρ), (78)

and h′(ρ) = dh/dρ. The approximate equality in Eq. (78) was
obtained assuming that the function h(ρ) varies much faster
than the function P (ρ) (i.e., ξ � λ). One can see that the
approximate form of the function R′ is similar to the function
P̃ ′(ρ) given by Eq. (20), but with the smooth function h′(ρ)
instead of the delta function.

Being substituted into Eq. (76), the function (78) still gives
an = 0. Considering the parameter L−1

n now given by Eq. (77),
one can verify that, under the assumption ξ � λ, the first
two terms of the representation (75) remain approximately the
same except that the coefficient γnp should be replaced with
γ ∞

np . To estimate the third term, we adopt the following model
function:

h(ρ) = 1 − exp

(
−ρ2

ξ 2

)
, (79)

6Note that, in reality, the dependence of the energy �H (n)
p on Qp is

nonlocal at the length scale of ξ .

which yields, instead of the third term in Eq. (75),

L−1
n,core =

(
m∗

nγ
∞
np

)2
2

∫ ∞

−∞
dx

(∫ ∞

−∞
dy

h′(
√

x2 + y2)

2π
√

x2 + y2

)2

= 1√
8π

(
m∗

nγ
∞
np

)2
ξ

. (80)

The numerical factor 1/
√

8π here depends on the specific
choice of the model function h(ρ) and can change by a
factor of a few depending on the choice of h(ρ). However,
the coefficient L−1

n,core, representing the core contribution to
the total parameter L−1

n , is, in general, of order (m∗
nγnp)2/ξ .

On the other hand, taking into account that the function
P ′(ρ) vanishes at characteristic distance ∼λ, the first two
terms in Eq. (75) can be estimated as (m∗

nγnp)2/λ.7 Thus, we
can conclude that, in the limit ξ � λ, the third term pro-
duces the leading contribution to the neutron transport cross
section.

Finally, let us return to the collision integral. Applying
the same reasoning as in Sec. III B, we derive the following
condition [cf. Eq. (50)]:

�n � 1

m∗
nγnp

pFnλ
2

h̄
, (81)

which ensures the smallness of In.

IV. FORCES ON THE VORTEX

We now turn to calculating the forces using Eq. (6).
Assuming the smallness of the incident particle fluxes, we
restrict the calculation to linear order in Qp0, Ve, and Vn.
It is most convenient to choose the radius of the integration
cylinder R such that R � λ.8 The contributions from the elec-
trons, proton-neutron mixture, and electromagnetic field can
be calculated by substituting the corresponding part of the
total stress tensor into Eq. (6). We begin with the electrons.
Inserting the distribution function (34) into the general ex-
pression (C21) and extracting the contributions linear in the
incident fluxes, we get

�ik
e =

∑
pσ

pivvvp
k (ge − eϕ)

∂N (e)
p,0

∂ε
(e)
p

, (82)

where N (e)
p,0 = fF (ε(e)

p − EFe) is the unperturbed electron dis-
tribution function. Here, we have taken into account that the
electrostatic potential ϕ, generated by the scattering, is at least
a linear function of Ve, Vn, and Qp0. At the radius R � λ, we
can make use of the approximate expression (40). This allows

7For the function P ′(ρ ) given by Eq. (15), these two integrals can
be evaluated explicitly: the first one is given by Eq. (46) and equals
1/8λ, while the second one equals 1/2λ.

8Simultaneously, this radius should be much smaller than the inter-
vortex distance.
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us to write down the electron contribution to the force as

F(e)
m→v = −1

2

∑
pσ

vp⊥ p2
⊥[−(ez × Ve)σ (e)

⊥ + Veσ
(e)
|| ]

∂N (e)
p,0

∂ε
(e)
p

+ ene0

∫
d3r E, (83)

where vp⊥ = p⊥c2/ε(e)
p and, in the last term, we made use of

Gauss’s theorem. Approximating the derivative of the electron
distribution function by the delta function:

∂N (e)
p,0

∂ε
(e)
p

≈ −δ
(
ε(e)

p − EFe
)
, (84)

and substituting Eqs. (41), (42), and (45), we obtain the elec-
tron contribution in the following form:

F(e)
m→v = D′

e(ez × Ve) + De Ve + e ne0

∫
d3r E, (85)

where the following coefficients were introduced (cf.
Refs. [10,12], see also Ref. [11]):

D′
e = −mpκ ne0 and De = (mpκ)2 3π

8

ne0

pFe
L−1

e , (86)

and ne0 = p3
Fe/3π2h̄3.

Let us now turn to the neutron-proton mixture. The general
expression for the neutron-proton stress tensor is given by
Eq. (C17). It can be rewritten as follows:

�ik
np = Qi

p jk
p −
∑
pσ

(
ε(n)

p − EFn
)
pi

∂N (n)
p

∂ pk

+ δik
(
npμ̆p + nnEFn − Enp

)
. (87)

Here, jp is the proton current given by Eq. (C6), and Enp is the
energy of the neutron-proton subsystem given by Eq. (A2).
To obtain this expression from Eq. (C17), we added and
subtracted the combination

∑
pσ EFn pi(∂N (n)

p /∂ pk ) and inte-
grated one of these terms by parts.

Our aim is to extract from Eq. (87) the contribution linear
in the incident fluxes far from the vortex. At distances ρ � λ,
the vortex azimuthal flow Qpv is exponentially suppressed.
Therefore, the proton current can depend only on the incident
flux and, consequently, the first term of Eq. (87) is quadrat-
ically small. Next, we note that the neutron-proton energy
depends on the incident fluxes through the neutron and proton
distribution functions. Therefore, the linear contribution to the
combination multiplied by δik can be written as

δl (npμ̆p + nnEFn − Enp)

≈ −
∑
pσ

⎧⎨
⎩
⎡
⎣
(

δEnp

δN (n)
p

)
eq,0

− EFn

⎤
⎦δlN (n)

p

+
⎡
⎣
(

δEnp

δN (p)
p

)
eq,0

− EF p

⎤
⎦δlN (p)

p

⎫⎬
⎭+ np0 δlμ̆p. (88)

Here, the symbol δl denotes the linear correction to a quantity,
and the index “eq, 0” means that the corresponding variational

derivative should be evaluated using equilibrium distribution
functions with all currents set to zero (Ve = Vn = Qp = 0).
In deriving Eq. (88), we also took into account Eq. (32). As
follows from Eq. (A13), the proton contribution enclosed in
the second square brackets vanishes. As for the neutrons, by
definition [see Eq. (A5)],(

δEnp

δN (n)
p

)
eq,0

= ε
(n)
p,0. (89)

Therefore, the linear contribution to the stress tensor in
Eq. (87) takes the following form:

δl�
ik
np = −

∑
pσ

pi pk

m∗
n

∂N (n)
p,0

∂ε
(n)
p,0

δlε
(n)
p

−
∑
pσ

(
ε

(n)
p,0 − EFn

)
pi ∂

∂ pk
δlN (n)

p

− δik

⎛
⎝∑

pσ

(
ε

(n)
p,0 − EFn

)
δlN (n)

p − np0 δlμ̆p

⎞
⎠, (90)

where N (n)
p,0 = fF (ε(n)

p,0 − EFn). To proceed further, we notice
that [see Eq. (52)]

δlN (n)
p = ∂N (n)

p,0

∂ε
(n)
p,0

(
δlε

(n)
p − pVn + gn

)
. (91)

Substituting this representation into Eq. (90), we first observe
that the terms ∝pVn vanish after averaging over the solid
angle of the vector p. We then note that, at distances ρ � λ

and to linear order in the incident fluxes, one may simply
replace the variable p with q [see Eq. (56)] and the function
gn with g̃n [see Eq. (61)]. After these manipulations, we arrive
at

�ik
np =

∑
qσ

g̃n
qiqk

m∗
n

∂N (n)
q,0

∂ε
(n)
q,0

+ δik np0 δlμ̆p. (92)

To calculate the proton-neutron mixture contribution to
the force, one needs to substitute the function g̃n given by
Eq. (66). It is shown in Appendix D that there is no contri-
bution to the force from the function g̃n,H2 . As for the function
g̃n,scat., its contribution has the form similar to Eq. (83). Thus,
the total neutron-proton contribution equals

F(np)
m→v = −1

2

∑
qσ

q3
⊥

m∗
n

[−(ez × Vn)σ (n)
⊥ + Vnσ

(n)
|| ]

∂N (n)
q,0

∂ε
(n)
q,0

− enp0

∫
d3r E. (93)

Here, in the last term, we substituted Eq. (31) and applied
Gauss’s theorem. As in the case of electrons, we can approxi-
mate:

∂N (n)
q,0

∂ε
(n)
q,0

≈ −δ
(
ε

(n)
q,0 − EFn

)
. (94)
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This allows us to obtain

F(np)
m→v = DnVn − enp0

∫
d3r E, (95)

where we introduced the coefficient

Dn = (mpκ)2 3π

8

nn0

pFn
L−1

n , (96)

and the unperturbed neutron density nn0 = p3
Fn/3π2 h̄3, and

substituted Eqs. (71) and (74).
All that remains is to consider the contribution from

the electromagnetic field. The corresponding stress tensor is
given by Eq. (C23). The electric field is linear in the inci-
dent fluxes; hence, the electric component of the tensor is
quadratically small. As for the magnetic contribution, apart
from terms quadratic in the incident fluxes, it contains terms
proportional to Bi

vBk
v and Bi

vδBk . However, these terms are
exponentially suppressed at large distances and can therefore
be neglected. Consequently, the electromagnetic contribution
vanishes within the accepted level of accuracy.

Now we can write the total force acting on the vortex. To
this end, we notice that the terms proportional to the elec-
tric field in Eqs. (85) and (95) cancel each other due to the
quasineutrality condition (3). Therefore, the total force equals

Fm→v = D′
e[ez × (Ve − VL )]

− De ez × [ez × (Ve − VL )]

− Dn ez × [ez × (Vn − VL )]. (97)

To make this expression more suitable for practical use, we
switched to the laboratory frame of reference, introducing the
velocity of the vortex motion VL. We also substituted Vα →
−ez × (ez × Vα ) to allow for possible motion of the mixture
constituents along the vortex lines.

V. DISCUSSION AND CONCLUSIONS

Equation (97), with the coefficient Dn given by Eq. (96),
constitutes the main result of this work. The total force given
by this equation consists of three components. The first two
components are well known in the astrophysical literature.
They arise from the scattering of the electrons by the vortex
magnetic field. One can say that these components are elec-
tromagnetic in nature.9 In contrast, the third term cannot be
reduced to an electromagnetic interaction. It describes neu-
tron scattering and represents a manifestation of the nuclear
forces. To investigate this force, we employed the Landau
Fermi-liquid formalism. This enabled us to treat the scattering
of neutron quasiparticles in close analogy with the electron-
scattering problem. Moreover, since the considered effect is
a pure consequence of Fermi-liquid interaction, one expects
the coefficient Dn to be expressible in terms of the Landau
parameters. Indeed, it is proportional to the square of the

9Strictly speaking, this conclusion is fully valid only at length
scales much larger than the London penetration depth. At smaller
scales, the mechanism of momentum transfer becomes more intri-
cate [12].

coefficient γnp, introduced via Eq. (55), which, in turn, in the
case of strong proton superconductivity and normal neutrons,
is given by [18]10

γnp =
√

1

m∗
nm∗

p

√
np0

nn0

F np
1 /3(

1 + F nn
1 /3

) , (98)

where Fαα′
1 are the symmetric dimensionless Landau pa-

rameters defined for a Fermi-liquid mixture in the standard
way [21–23]. Therefore, this effect vanishes if the neutron-
proton Fermi-liquid interaction is switched off (F np

1 = 0).
An important difference between the electron and neutron

scattering is that the latter does not produce a transverse
component of the force. The coefficient D′

e governing the
transverse electron force is proportional to the total magnetic
flux generated by a proton vortex [see Eqs. (41) and (45)].
In the case of neutron scattering, the role of the magnetic
field is played by the vector curl(m∗

nγnpQpv ). The total flux
of this vector equals zero. As argued in Sec. III A, this is a
consequence of the Meissner effect, which is universal for
superconductors for any value of λ/ξ . Therefore, the absence
of the neutron-induced transverse force is expected to persist
in the more realistic case of ξ ∼ λ.

Considering the longitudinal components, as we saw, the
infinitely thin vortex core model does not permit a complete
calculation of the coefficient Dn ∼ L−1

n . To determine it, one
must solve a self-consistent problem for the vortex-core struc-
ture. However, as was argued, it is natural to expect that Ln ∼
(m∗

nγnp)−2ξ , and, consequently, one can make a physically
motivated estimation:

Dn

De
= nn0

ne0

pFe

pFn

Le

Ln
≈ K(m∗

nγnp)2 nn0

ne0

pFe

pFn

λ

ξ
, (99)

where K is a dimensionless coefficient of the order of unity.
The value of the ratio nn0/ne0 (or pFe/pFn) as well as the
Landau parameters entering the coefficient γnp depend on the
chosen equation of state. Figure 1 demonstrates the value of
the combination (m∗

nγnp)2(nn0/ne0)(pFe/pFn) as a function of
the baryon number density calculated for the BSk family of
equations of state [24,25]. As for the ratio λ/ξ , it is large
in the regime of strong type-II superconductivity. However,
it remains bounded because the quasiclassical approximation
adopted in the present work requires the quasiparticle wave-
lengths to be small compared with ξ . Therefore, to maintain
the consistency of the model, one must assume that λ/ξ <

pFnλ/h̄ ≈ 30–50 [2]. Finally, to estimate the relative mag-
nitude of the third term in Eq. (97), one needs to compare
the velocities Ve and Vn measured in the vortex frame of
reference. This cannot be done in general. The relationship
between neutron and electron velocities can depend substan-
tially on the specific process under consideration. It should
be emphasized that, irrespective of its magnitude, the new
force may qualitatively alter the dynamics in the npe mixture.
Indeed, if one sets Dn = 0 in Eq. (97), the equation Fm→v = 0

10In the cited reference, the coefficient γnp is expressed through
less common parameters Gαα′ , which are connected with the standard
Landau parameters via the equation Fαα′

1 /3 = √m∗
αm∗

α′/nα0nα′0Gαα′ .
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FIG. 1. The quantity (m∗
nγnp)2(nn0/ne0 )(pFe/pFn) plotted as a

function of baryon number density nb for the BSk family of equa-
tions of state. The Landau parameters are calculated as described in
Ref. [23].

has only a trivial solution Ve = VL. 11 Therefore, a nonzero
electron velocity can be generated only by external forces
[see Eq. (5)]. In contrast, Eq. (97) with a finite coefficient
Dn allows us to maintain the difference Ve − Vn without any
velocity-independent external forces.

As was already mentioned in Sec. II, the strong type-II su-
perconductivity approximation is not particularly well suited
for NS interiors. Therefore, one can expect that the length
scales Le and Ln are of comparable magnitude. However, this
expectation should be verified through suitable calculations.
Another limitation of treating the vortex core as infinitely thin
is the inability to consistently account for the scattering of
(quasi)particles by bound excitations [14,26]. However, given
the (quasi)particle large mean-free path compared with other
length scales of the problem, one may expect the omitted
processes to produce only a small correction. It is important to
emphasize that the force discussed in the present work cannot
be reduced to the interaction of neutrons with the excitations
bound in the vortex core. This is most clearly seen in the
case of a strong type-II superconductor. Inspection of Eq. (59)
shows that a neutron quasiparticle can sense the presence of
the proton vortex at distances ∼λ � ξ , where no bound core
excitations exist.

In the present paper, we assumed that the temperature is
sufficiently low to completely neglect proton continuum ex-
citations. Scattering of the proton quasiparticles is expected
to contribute additional force components to Eq. (97). The
same applies if muons are present. On the other hand, we
assumed that the neutrons are normal (nonsuperfluid). If this
condition is not satisfied, the neutron Bogoliubov excitations

11Strictly speaking, an electron velocity component parallel to the
vortices is still allowed. However, a flow aligned with the vortices
everywhere can hardly be realized in NS.

must be considered instead of the standard Landau quasipar-
ticles. Moreover, calculations indicate that the neutrons in the
NS core form Cooper pairs in the triplet channel with an
anisotropic energy gap [1]. Although this would complicate
the analysis, it is unlikely to qualitatively affect the results
in the vicinity of the neutron critical temperature. If the tem-
perature is far below Tcn, the number of neutron Bogoliubov
excitations becomes exponentially suppressed, and the force
arising from neutron quasiparticle scattering correspondingly
becomes negligible. It should also be noted that our analysis
is restricted to the scattering of Fermi quasiparticles. Collec-
tive excitations may likewise contribute to the effect under
consideration, particularly at low temperatures. The primary
aim of the present work is to demonstrate the existence of a
force arising from neutron scattering, which has previously
been overlooked. Therefore, we consider the simplest set of
conditions that allows this effect to be isolated. Note, however,
that the condition Tcn � T � Tcp is not overly restrictive. In
the outer layers of NS cores, where type-II superconductivity
is expected to occur [2], the proton critical temperature Tcp is
generally believed to exceed the neutron critical temperature
Tcn by at least a factor of a few [1]. In turn, the regime
Tcn � T may be relevant for several classes of neutron stars
of observational interest. For example, the inferred internal
temperatures of magnetars (see, e.g., Refs. [27–30]), young,
isolated cooling neutron stars (see, e.g., Refs. [31–33]), and
accreting neutron stars in low-mass x-ray binaries (LMXBs)
(see, e.g., Refs. [34–37]) can be comparable to, or even ex-
ceed, the density-dependent critical temperature for triplet
neutron pairing in some regions of the core.

In conclusion, we have argued that the neutron-proton
Fermi-liquid interaction gives rise to a force proportional to
the neutron velocity relative to the proton vortices. In this
work, we employ a relatively simple model. Nevertheless, the
main properties of the force, as well as physically motivated
estimates, can already be extracted from the analysis pre-
sented here. The impact of this force on each specific process
(magnetic field evolution, stellar oscillations, etc.) warrants
separate investigation.
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APPENDIX A: ENERGY

The total energy density of the system can be represented
as

E = Enp + Ee + EEM, (A1)

where Enp is the energy of the neutron-proton subsystem, Ee

is the energy of the electrons, and EEM is the energy of the
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electromagnetic field. The energy of the neutron-proton sub-
system, in turn, is assumed to be a sum of two terms [18,22]:

Enp = ELF + Epair. (A2)

In this expression, the first term formally coincides with the
energy of a normal (nonsuperfluid) Fermi-liquid mixture [21]:

ELF = E0 +
∑
pσα

ε
(α)
0 (p)

(N (α)
p − θ (α)

p

)

+ 1

2

∑
pp′σσ ′αα′

f αα′
(p, p′)

(N (α)
p − θ (α)

p

)(N (α′ )
p′ − θ

(α′ )
p′
)
,

(A3)

where N (α)
p are the distribution functions of Landau quasi-

particles for species α = n, p, θ (α)
p = θ (pFα − p), θ (x) is the

Heaviside step function, ε
(α)
0 (p) and f αα′

(p, p′) are the first
and second variations of the energy ELF with respect to the
distribution function N (α)

p evaluated at the ground (nonsuper-
fluid) state N (α)

p = θ (α)
p . We consider spin-saturated matter,

and therefore omit spin indices from the distribution functions
N (α)

p while by f αα′
(p, p′) we mean the spin-averaged interac-

tion function. However, we retain formal summations over the
spin indices σ, σ ′, etc., which essentially means multiplication
by 2.

The pairing energy term in Eq. (A2) equals [13]

Epair = �(p)2

ν
, (A4)

where �(p) denotes the proton energy gap and ν < 0 is the
effective coupling constant. We assume isotropic pairing for
the protons. Following the BCS approximation, we ignore the
dependence of the coupling constant and, consequently, of the
gap on the absolute value of the momentum variable.

Equation (A3) allows us to define the Landau quasiparticle
energy:

ε(α)
p = δELF

δN (α)
p

= ε
(α)
0 (p) +

∑
p′σ ′α′

f αα′
(p, p′)

(N (α′ )
p′ − θ

(α′ )
p′
)
.

(A5)
For the superconducting protons, the following quantities can
also be introduced:

H(p)
q =

ε
(p)
q+Qp

+ ε
(p)
−q+Qp

2
− μ̆p, (A6)

E (p)
q =

√
H(p)2

q + �(p)2. (A7)

Note that, in the presence of the proton supercurrent ∝Qp,
it is more convenient to describe protons in terms of the
momentum variable q defined via Eq. (A6). This variable
should not be confused with the shifted momentum variable q
defined via Eq. (56) for neutrons. The function E (p)

q represents
the symmetric part (E (p)

q = E (p)
−q ) of the proton Bogoliubov

excitation energy [cf. Eq. (1)].

The following self-consistency relation should be satisfied
for the energy gap:

1 = −ν

4

∑
q,σ

1

E (p)
q

. (A8)

On the other hand, the energy gap can be expressed as follows:

�(p) = 2E (p)
q u(p)

q v
(p)
q , (A9)

where

u(p)
q =

√√√√1

2

(
1 + H(p)

q

E (p)
q

)
, v

(p)
q =

√√√√1

2

(
1 − H(p)

q

E (p)
q

)

(A10)
are the Bogoliubov coherence factors related by the normal-
ization condition

u(p)2
q + v

(p)2
q = 1. (A11)

In the limit of vanishing temperature, the proton distri-
bution function can be expressed through the following
equation [13,22]:

N (p)
q+Qp

= N (p)
−q+Qp

= v
(p)2
q . (A12)

It is easy to check (see Appendix B) that, in this limit, the
following variational derivative vanishes,

δ(Enp − μ̆pnp)

δN (p)
q+Qp

= δ(Enp − μ̆pnp)

δv
(p)2
q

= 0, (A13)

thereby ensuring that v
(p)
q is related to the energy gap by

Eq. (A10). Note that, when varying (A13), the chemical po-
tential μ̆p must be treated as constant.

The energy of the electrons can be represented as

Ee =
∑
pσ

ε(e)
p N (e)

p . (A14)

The energy of the electromagnetic field is given by the stan-
dard expression [38]:

EEM = 1

8π
(E2 + B2). (A15)

APPENDIX B: PROOF OF EQ. (A13)

In this Appendix, we prove Eq. (A13). The variation
δ(Enp − μ̆pnp) with respect to the proton distribution function
N (p)

p , taken under the assumption that μ̆p is fixed, can be
decomposed into two parts [see Eq. (A2)]:

δ(Enp − μ̆pnp) = δ(ELF − μ̆pnp) + δEpair. (B1)

Taking into account Eq. (A5) and substituting p = q + Qp,
the first term in Eq. (B1) can be represented as

δ(ELF − μ̆pnp) =
∑
qσ

(
ε

(p)
q+Qp

− μ̆p
)
δN (p)

q+Qp
. (B2)

We restrict our consideration to functions δN (p)
q+Qp

that are
invariant under the transformation q → −q. This reflects the
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fact that Cooper pairing occurs between particles with mo-
menta q + Qp and −q + Qp. Accounting for this symmetry,
Eq. (B2) can be rewritten as

δ(ELF − μ̆pnp) =
∑
qσ

H(p)
q δN (p)

q+Qp
, (B3)

where the function H(p)
q is defined according to Eq. (A6).

Let us now turn to the pairing energy term in Eq. (B1). In
view of Eqs. (A8), (A9), and (A11), we have

δEpair = −1

2

∑
qσ

�(p) δ

(
�(p)

E (p)
q

)

= −
∑
qσ

�(p) u(p)2
q − v

(p)2
q

u(p)
q

δv
(p)
q , (B4)

where in the first equality we used the fact that the variation of
the right-hand side of Eq. (A8) vanishes. The function v

(p)
q is

related to the proton distribution function via Eq. (A12). Tak-
ing this into account and substituting Eqs. (A10), we obtain

δEpair = −
∑
qσ

H(p)
q δN (p)

q+Qp
. (B5)

Thus, the total variation in Eq. (B1) vanishes. Note that, in
deriving this result, we did not assume that the whole system
is in thermodynamic equilibrium with all currents set to zero.
If the variation is evaluated in such an equilibrium, one should
replace ε

(p)
q+Qp

→ ε
(p)
q,0 and μ̆p → EF p.

APPENDIX C: MOMENTUM CONSERVATION

To derive the momentum-conservation equation, let us
write down the time-dependent kinetic equations for neutrons
and electrons:

∂N (n)
p

∂t
+ ∂ε(n)

p

∂p

∂N (n)
p

∂r
− ∂ε(n)

p

∂r

∂N (n)
p

∂p
= In, (C1)

∂N (e)
p

∂t
+ vvvp

∂N (e)
p

∂r
− e

(
E + 1

c
vvvp × B

)
∂N (e)

p

∂p
= Ie. (C2)

The proton condensate satisfies the “superfluid” equa-
tion [16,17]

∂Qp

∂t
+ ∇μ̆p = eE (C3)

and the continuity equation

∂np

∂t
+ divjp = 0. (C4)

Here, the proton particle number density equals [13,22]

np =
∑
qσ

N (p)
q+Qp

, (C5)

where the distribution function is given by Eq. (A12), while
the proton current density can be expressed as [39,40]

jp =
∑
pσ

∂ε
(p)
p

∂p
N (p)

p =
∑
qσ

∂ε
(p)
q+Qp

∂q
N (p)

q+Qp
. (C6)

Let us multiply Eq. (C1) by p and sum the result over
all momenta p and spin states σ . This yields, after some
integration by parts:

∂

∂t

∑
pσ

piN (n)
p + ∂

∂rk

∑
pσ

pi
∂ε(n)

p

∂ pk
N (n)

p +
∑
pσ

∂ε(n)
p

∂ri
N (n)

p

=
∑
pσ

piIn. (C7)

The third term on the left-hand side does not generally vanish
due to the Fermi-liquid interaction. To proceed further, let us
calculate the gradient of the energy ELF . Using its definition
given by Eq. (A3), one can show that

∇ELF =
∑

pσα=n,p

[∇(ε(α)
p N (α)

p

)− N (α)
p ∇ε(α)

p

]
. (C8)

Therefore, Eq. (C7) transforms to

∂

∂t

∑
pσ

piN (n)
p + ∂

∂rk

⎡
⎣∑

pσ

pi
∂ε(n)

p

∂ pk
N (n)

p

+ δik

⎛
⎝ ∑

pσα=n,p

ε(α)
p N (α)

p − ELF

⎞
⎠
⎤
⎦−

∑
pσ

∂ε
(p)
p

∂ri
N (p)

p

=
∑
pσ

piIn. (C9)

The last term on the left-hand side can be rewritten as∑
pσ

N (p)
p ∇ε(p)

p =
∑
qσ

N (p)
q+Qp

∇(ε(p)
q+Qp

− μ̆p
)

− jk
p∇Qk

p + np∇μ̆p. (C10)

To obtain this identity, we shifted the running momentum
variable via the substitution p = q + Qp and then applied
Eqs. (C5) and (C6). To proceed further, one can show that
(cf. Appendix B)∑

qσ

(
ε

(p)
q+Qp

− μ̆p
)∇N (p)

q+Qp
=
∑
qσ

H(p)
q ∇v

(p)2
q = −∇Epair.

(C11)

Using Eq. (C11), one can obtain the following expression for
the first term on the right-hand side of Eq. (C10):∑

qσ

N (p)
q+Qp

∇(ε(p)
q+Qp

− μ̆p
)

= ∇
⎡
⎣∑

qσ

(
ε

(p)
q+Qp

− μ̆p
)N (p)

q+Qp
+ Epair

⎤
⎦

= ∇
⎡
⎣∑

pσ

ε(p)
p N (p)

p − npμ̆p + Epair

⎤
⎦. (C12)

The gradient of the chemical potential in the third term of
Eq. (C10) can be expressed with the help of Eq. (C3). Sub-
stituting the resulting expression for the term

∑
pσ N (p)

p ∇ε
(p)
p
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back into Eq. (C9) and making use of the continuity equa-
tion (C4), we get

∂

∂t

⎛
⎝∑

pσ

piN (n)
p + npQi

p

⎞
⎠+ Qi

p

∂ jk
p

∂rk
+ jk

p

∂Qk
p

∂ri

+ ∂

∂rk

⎡
⎣∑

pσ

pi
∂ε(n)

p

∂ pk
N (n)

p + δik

⎛
⎝∑

pσ

ε(n)
p N (n)

p + npμ̆p− Enp

⎞
⎠
⎤
⎦

− enpEi =
∑
pσ

piIn. (C13)

Next, we can add and subtract the combination jk
p

∂Qi
p

∂rk and then
substitute Eq. (18). This leads us to the following equation:

∂ Pi
np

∂t
+ ∂�ik

np

∂rk
= e

(
npEi + 1

c
[jp × B]i

)
+ δ(2)(ρρρ) F i

ext

+
∑
pσ

piIn, (C14)

where we defined the neutron-proton momentum density

Pi
np =

∑
pσ

piN (n)
p + npQi

p (C15)

and the neutron-proton stress tensor

�ik
np = Qi

p jk
p +
∑
pσ

pi
∂ε(n)

p

∂ pk
N (n)

p

+ δik

⎛
⎝∑

pσ

ε(n)
p N (n)

p + npμ̆p − Enp

⎞
⎠. (C16)

Performing some integrations by parts, the stress tensor can be
rewritten in a form that is more in line with the Fermi-liquid
framework:

�ik
np = Qi

p jk
p −
∑
pσ

ε(n)
p pi

∂N (n)
p

∂ pk
+ δik (npμ̆p − Enp). (C17)

The first term on the right-hand side of Eq. (C14) is the
standard Lorentz force. In the second term, we introduced the
quantity Fext via the equation

δ(2)(ρρρ) Fext = mpκ

2πρ
δ(ρ) ez × jp, (C18)

in which the identity (22) was taken into account. This
delta-function-containing term arises from taking the curl of
the condensate momentum Qp [see Eq. (18)]. As shown in
Ref. [12], the quantity Fext defined in Eq. (C18) can be inter-
preted as the external force acting on an infinitely thin vortex
core. We do not discuss this force further here and refer the
reader to Ref. [12] for a detailed consideration. The third term
on the right-hand side of Eq. (C14) describes the exchange of
momentum between neutrons and electrons via collisions.

Let us now turn to the electrons. Multiplying Eq. (C2) by
p and summing it over p and σ , we obtain

∂ Pi
e

∂t
+ ∂�ik

e

∂rk
= −e

(
neE + 1

c
je × B

)
+
∑
pσ

piIe, (C19)

where

Pi
e =

∑
pσ

piN (e)
p (C20)

is the electron momentum density,

�ik
e =

∑
pσ

pivvvp
kN (e)

p (C21)

is the electron stress tensor, and je =∑pσ vvvpN (e)
p is the elec-

tron current density. Finally, we sum Eqs. (C14) and (C19)
and rewrite the total Lorentz force in terms of the derivatives
of the electromagnetic momentum density

Pi
EM = (E × B)i

4πc
(C22)

and the electromagnetic stress tensor

�ik
EM = − 1

4π

[
EiEk + BiBk − δik

2
(E2 + B2)

]
(C23)

in the standard manner [38]. This leads us to Eq. (4) with the
total momentum density

Pi = Pi
np + Pi

e + Pi
EM (C24)

and total stress tensor

�ik = �ik
np + �ik

e + �ik
EM. (C25)

APPENDIX D: CONTRIBUTION TO THE FORCE
FROM THE FUNCTION g̃n,H2

Substituting Eq. (67) into the stress tensor (92) and, then,
the stress tensor into Eq. (6), we can represent the result in the
following form:

F (np)i
m→v = 2

(2π h̄)3

∫ ∞

0
dq q2

∂N (n)
q,0

∂ε
(n)
q

∫
4π

d�q qi

∫ 2π

0
dφ yq

[
Vnq⊥

q⊥
�H̃ (n)

q,2(xq, yq ) − Vn
ez × q⊥

q⊥

·
∫ yq

−∞
dy1

∂�H̃ (n)
q,2(xq, y1)

∂xq

]
. (D1)

In this equation, we replaced the summation over quantum
states (q, σ ) by the integration over the q variable multiplied
by 2, d�q denotes a solid-angle element of the vector q. We
also employed the coordinates xq and yq defined in Eq. (68)
with ρ set equal to R, the radius of the cylindrical integration
surface. The quantity �H̃ (n)

q,2 given by Eq. (65) can be repre-
sented as

�H̃ (n)
q,2(xq, yq ) =

(
A + q2

⊥B
x2

q

x2
q + y2

q

)
Q2

pv

(√
x2

q + y2
q

)
.

(D2)
Let us consider the integral

I =
∫ 2π

0
dφ yq

∫ yq

−∞
dy1

∂�H̃ (n)
q,2(xq, y1)

∂xq
. (D3)
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It can be represented as I = (1/2)I + (1/2)I. In the second term, we perform the following substitutions sequentially: first, we
replace φ → φ + π during the integration over φ and then we replace y1 = −y1 during the integration over y1. After applying
these transformations, the two terms can be combined, yielding

I = 1

2

∫ 2π

0
dφ yq

∫ ∞

−∞
dy1

∂�H̃ (n)
q,2(xq, y1)

∂xq
. (D4)

Thus, instead of (D1), we can write

F (np)i
m→v = 2

(2π h̄)3

∫ ∞

0
dq q2

∂N (n)
q,0

∂ε
(n)
q

∫
4π

d�q qi
∫ 2π

0
dφ yq

[
Vnq⊥

q⊥
�H̃ (n)

q,2(xq, yq ) − Vn
ez × q⊥

q⊥

1

2

∫ ∞

−∞
dy1

∂�H̃ (n)
q,2(xq, y1)

∂xq

]
.

(D5)

One can see that the first term in the square brackets vanishes upon integration over φ, since it changes sign under the
transformation φ → φ + π . Likewise, the second term in the square brackets vanishes, because for any function F (s) integrable
on the interval [−1, 1], one has

∫ 2π

0 dφ cos φ F (sin φ) = 0.
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