
ISSN 1063-7737, Astronomy Letters, 2006, Vol. 32, No. 1, pp. 39–44. c© Pleiades Publishing, Inc., 2006.
Original Russian Text c© Yu.N. Gnedin, N.A. Silant’ev, P.S. Shternin, 2006, published in Pis’ma v Astronomicheskĭı Zhurnal, 2006, Vol. 32, No. 1, pp. 42–47.
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Abstract—We calculate the polarization of the radiation from an optically thick accretion disk with a
vertical averaged magnetic field. The polarization arises from the scattering of light by free electrons in a
magnetized disk plasma. The Faraday rotation of the polarization plane during the propagation of a photon
in a medium with a magnetic field is considered as the main effect. We discuss various models of optically
thick accretion disks with a vertical averaged magnetic field. Our main goal is to derive simple asymptotic
formulas for the polarization of radiation in the case where the Faraday rotation angle Ψ � 1 at the
Thomson optical depth τ = 1. The results of our calculations allow the magnetic field strength in the region
of the marginally stable orbit near a black hole to be estimated from polarimetric observations, including X-
ray observations expected in the future. Since the polarization spectrum of the radiation strongly depends
on the accretion disk model, a realistic physical model of the accretion disk can be determined from data on
the polarization of its radiation.
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INTRODUCTION

An accretion disk is one of the main elements
of the structure of accretion flows near compact
objects—neutron stars, black holes, quasars, and
active galactic nuclei (AGNs). Since there is no
axial symmetry with respect to the line of sight, the
total integrated radiation emerging from an accretion
disk will be polarized during electron scattering. At
present, the scattering by electrons is considered as
the main mechanism of the polarization of optical
radiation from accretion disks around compact ob-
jects and supermassive black holes. The Thomson
scattering by electrons also makes a major contri-
bution to the opacity in the optical range, producing a
noticeable linear polarization. For AGNs and quasars,
this conclusion is confirmed observationally, because
the emission in broad lines of various elements is also
polarized; in many cases, the polarization and the
position angle are equal to those in the continuum
(see Agol and Blaes 1996). The presence of a mag-
netic field leads to an additional effect—the Faraday
rotation of the polarization plane along the photon
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mean free path in a scattering medium. As a result,
a nontrivial spectral dependence of the polarization
of radiation arises when the Faraday rotation angle
at optical depth τ is large enough (Gnedin and
Silant’ev 1997):

Ψ = 0.4
(

λ

1 µm

)2 (
B

1 G

)
τ cos θ, (1)

where λ is the wavelength of the radiation and θ is
the angle between the magnetic field direction and the
line of sight.

Another possible source of polarization could be
the synchrotron radiation of relativistic electrons in
the disk itself or in a relativistic jet. However, for op-
tical photons, this mechanism requires rather strong
magnetic fields and high energies of relativistic elec-
trons. Furthermore, the synchrotron radiation has
a fairly high polarization (several tens of percent),
with the degree of its polarization being wavelength-
independent. This is in conflict with the observations:
once the dilution and interstellar polarization effects
have been taken into account, the polarization of the
optical radiation from compact objects and, in partic-
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ular, AGNs and quasars depends significantly on the
wavelength.

This work is based on the solution of the Milne
problem in a magnetized atmosphere. This problem
was considered by a number of authors, who obtained
numerical solutions (Silant’ev 1994, 2002; Agol and
Blaes 1996; Agol et al. 1998; Shternin et al. 2003).

The main goal of this work is to derive simple
asymptotic formulas for the polarization of radiation
and to use them to analyze various models of accre-
tion disks with a global magnetic field. In this case,
it is more convenient to use the asymptotic formulas
derived by Silant’ev (2002) for the Stokes parameters
of the radiation emitted from a magnetized, optically
thick plane-parallel atmosphere instead of numerical
calculations.

POLARIZATION OF THE RADIATION
FROM AN OPTICALLY THICK ACCRETION
DISK WITH A STRONG MAGNETIC FIELD

Silant’ev (2002) derived simple analytical approx-
imate formulas for the polarization of the radiation
emerging from an optically thick accretion disk with
a vertical averaged magnetic field,

pl(µ) =
1 − g

1 + g

1 − µ2

J(µ)
1√

(1 − kµ)2 + δ2µ2
, (2)

where µ = cos θ is the cosine of the angle between
the magnetic field normal to the atmosphere (directed
along the z axis) and the direction of propagation
of the radiation emerging from the disk toward the
observer. The function J(µ) describes the angular
distribution of the radiation emerging from the disk.
This function as well as the numerical parameters
g and k are given in Silant’ev (2002). The Fara-
day depolarization parameter can be introduced from
Eq. (1),

δ = 0.8
(

λ

1 µm

)2 (
B

1 G

)
. (3)

We consider the case where the electron scattering
dominates in accretion disks (k = 0, g = 0.83255).

Photons emerge mainly from a near-surface layer
of the accretion disk with τ ≈ 1. If the Faraday ro-
tation angle Ψ that corresponds to this optical depth
exceeds unity, the radiation emerging from the at-
mosphere will be depolarized through the addition
of radiation fluxes with different rotation angles of
the polarization plane. The Faraday rotation angle
is too small for the radiation to be depolarized only
for the directions perpendicular to the magnetic field.
Of course, the diffusion of the radiation in the inner
disk layers depolarizes it through multiple photon
scattering even in the absence of a magnetic field.

However, the Faraday rotation enhances this effect.
This implies that the polarization of the emergent
radiation has a peaklike angular dependence with a
peak in a direction perpendicular to the magnetic field.
As the magnetic field strengthens, the peak width
decreases. The angular size of the region in which the
radiation is not completely depolarized is µ ∼ 1/δ.

Another important property of the polarized ra-
diation from a magnetized atmosphere is a strong
wavelength dependence of the polarization, which dif-
fers significantly from the case of classical Thomson
scattering.

For strong magnetic fields (or for long wave-
lengths), when δµ � 1, the simple asymptotic for-
mula for the polarization takes the form

pl(B) ≈ 0.09
1 − µ2

J(µ)µ
1
δ
. (4)

Silant’ev (2002) also considered other model mag-
netic field distributions over the disk, e.g., purely ra-
dial and toroidal magnetic fields. In both cases, rela-
tions (2) and (4) take the same form with δ(1− µ2)1/2

substituted for δµ. For a random magnetic field, the
analytical asymptotic dependence does not change
radically, resulting in pl(B) ∼ 1/δ.

In this paper, we restrict our analysis to an ac-
cretion disk with a nearly vertical averaged magnetic
field. Other magnetic field distributions will be con-
sidered in separate papers.

MODELS OF ACCRETION DISKS
WITH A NEARLY VERTICAL AVERAGED

MAGNETIC FIELD
Let us briefly review the existing models of ac-

cretion disks with a vertical averaged magnetic field
(see, e.g., Campbell 1997; Casse and Keppens 2002;
Li 2002; Wang et al. 2003; Romanova et al. 2003;
Pariev et al. 2003; Turner et al. 2003).

Campbell (1997) considered a dipole magnetic
field. For radial distances from the gravitating center
r � z, the magnetic field is represented as

Bz =
1
2
Bp

(
Rp

r

)3

, Br ∼ zBz

r
. (5)

The spinup and spindown of magnetized stars with
accretion disks and outflows were considered by Ro-
manova et al. (2003). They performed calculations
using the model of a three-dimensional magnetohy-
drodynamic disk accreting on an oblique dipole. The
vertically averaged magnetic field was found to have
a radial dependence Bz ∼ r−5/4. Using these results,
the magnetic field can be estimated as

Bz ≈ 2.4 × 103

(
108M�

M

)
(6)
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×
(

Ṁ

1026 g s−1

)(
r

10Rg

)−5/4

G,

where M is the mass of the compact object (black
hole), Ṁ is the accretion rate, and Rg is the gravi-
tational radius.

Li (2002) obtained the following radial dependence
of the vertically averaged magnetic field for a self-
gravitating, magnetically supported disk:

Bz ≈ Br ≈
(

2πGΣM

R2
g

)1/2 (
Rg

r

)
, (7)

where Σ = Ṁ/2πrvr is the disk surface density. As-
suming that the equipartition condition is satisfied,
this leads to the radial dependence

Bz ≈ 102

(
108M�

M

)(
Ṁ

1026 g s−1

)1/2(
r

10Rg

)−3/2

.

(8)

Casse and Keppens (2002) constructed a model that
depends on the parameters of the central disk region,
more specifically, on the parameter β = 8πPgas(z =
0)/B2(z = 0). They derived the following formula for
the vertically averaged magnetic field:

Bz ≈ B10
1√
β

(
10Rg

r

)5/2

. (9)

Pariev et al. (2003) extended the classical Shakura–
Sunyaev approach to the model of a strongly mag-
netized accretion disk. They assumed that the radial
dependence of the vertically averaged magnetic field
obeys a power law,

Bz = B10

(
r

10Rg

)−η

, (10)

where B10 is the magnetic field strength at 10Rg and
η > 0 is a constant. These authors performed nu-
merical calculations and presented plots of the radial
structure and radiation spectrum of the disk in the
region where it is optically thick for four values of the
basic parameters: η = 5/4, B10 = 3 × 103 G; η = 1,
B10 = 3× 103 G; η = 1.4, B10 = 5× 103 G; η = 5/4,
B10 = 700 G, and for the mass of a supermassive
black hole M = 108M�.

Liu et al. (2003) developed a model that was sim-
ilar to the model by Pariev et al. (2003) and obtained
the following expression for the average magnetic
field:

Bz = 7.2 × 104α
−9/20
01 β

−1/2
1 (11)

×
(

M

108M�

)−9/20
(

Ṁ

0.1ṀE

)2/5

r
−51/40
10 .

Here, α is the viscosity in the Shakura–Sunyaev
model, 0.1, and ṀE is the Eddington accretion rate,
ṀE = 1.4 × 1026 × (M/108M�) g s−1. We see that
the radial dependence of the average magnetic field is
almost identical to the model by Pariev et al. (2003)
with η = 5/4.

Turner et al. (2003) considered an accretion
disk model supported by radiation pressure. In their
model, the vertically averaged magnetic field is repre-
sented as

Bz � 108

(
M�
M

)1/2 (
r

Rg

)−η

, (12)

where η = 3/4.
The magnetic field was also included in the stan-

dard accretion disk models developed by Shakura
and Sunyaev (1973) and Narayan and Yi (1995) (the
ADAF model), but without a detailed definition of its
geometry. For both models, η = 5/4. For instance,
Shakura and Sunyaev (1973) give the following for-
mula for the magnetic field:

Bz = B10

(
10Rg

r

)51/40

� 6 × 107 (13)

×
(

M

M�

)−17/20
(

Ṁ

1017 g s−1

)2/5 (
10Rg

r

)51/40

.

This implies that B10 ≡ B10(M,Ṁ ) and η =
51/40 ≈ 5/4.

The effective temperature of the disk can be deter-
mined from the relation

σT 4
e (r) =

3GMṀ

8πr3

(
1 −

√
3Rg

r

)
. (14)

Let us calculate the Faraday depolarization parameter
for the wavelength corresponding to the peak in the
radiation spectrum of a given disk region. The disk
radiates as a blackbody, implying that the wavelength
corresponding to the peak in the radiation energy
spectrum is defined as λ = 0.29/Te. The latter for-
mula allows us to relate the radial distance from
the compact object to the spectral wavelength corre-
sponding to this distance:

r

10Rg
= 1.3 × 102

(
λm

1 µm

)4/3

M
−1/3
8

(
Ṁ

ṀE

)1/3

.

(15)

As a result, we obtain the following for the Faraday
rotation parameter:

δ = 0.8(1.3 × 102)−η

(
λm

1 µm

)(6−4η)/3

(16)
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× M
η/3
8

(
Ṁ

ṀE

)−η/3

B10.

Formula (16) can be rewritten as

δ = 0.8 · (0.92)η × 10−13η/3 (17)

×
(

λm

1 µm

)(6−4η)/3 (
M

M�

)2η/3

×
(

Ṁ

1017 g s−1

)−η/3

B10.

Strong depolarization arises only at the radiation
wavelengths for which δ > 1.

THE DEPOLARIZATION PARAMETER δ
FOR VARIOUS DISK MODELS

Let us now calculate the Faraday depolarization
parameter δ for various accretion disk models. We
begin with the situation where the accretion disk
is formed in close X-ray binaries and consider two
power laws of the magnetic field variation with radial
distance: a dipole field with η = 3 and a more popular
case of η = 5/4. For η = 3, Eq. (17) yields

δ = 0.5 × 10−11

(
M

10M�

)2

(18)

×
(

Ṁ

1017 g s−1

)−1 (
λm

1 µm

)−2

B10.

For optical (V -band) photons,

δ ≈ 2 × 10−11

(
M

10M�

)2
(

Ṁ

1017 g s−1

)−1

B10,

and an excessively strong magnetic field, B > 1011 G,
is required for their depolarization. For X-ray radia-
tion with energy E = 1 keV (λ = 1.2 Å), a magnetic
field of B � 104 G produces a noticeable depolariza-
tion of the X-ray photons emerging from an optically
thick accretion disk.

For η = 5/4 and the V band of the radiation, the
depolarization parameter is

δ = 1.35×10−5

(
M

10M�

)5/6
(

Ṁ

1017 g s−1

)−5/12

B10,

and the magnetic field strength at the inner disk ra-
dius, B > 105 G, is large enough for a strong depolar-
ization. The calculated magnetic fields that produce
depolarization (δ > 1) are given in Table 1 (the V
band and X-ray photons with an energy of 1 keV).
The most surprising result arises for η = 3/2. In this

case, the depolarization parameter δ does not depend
on the photon wavelength (energy), as in the classi-
cal Sobolev–Chandrasekhar case. Nevertheless, the
degree of polarization is lower because of the depolar-
ization effect.

We can predict that for η > 3/2, harder photons
will be depolarized more strongly than softer photons.
In the opposite case, for η < 3/2, soft photons will be
depolarized more strongly and the polarization spec-
trum will have a cutoff at low energies.

ASYMPTOTIC WAVELENGTH DEPENDENCE
OF THE POLARIZATION

OF THE RADIATION FROM A MAGNETIZED
ACCRETION DISK

Finally, let us present our asymptotic formulas for
the polarization using the analytical calculations by
Silant’ev (2002).

Formula (4) cannot be used to determine the spec-
tral dependence of the polarization of the radiation
from a disk, because it is necessary to calculate the
Stokes parameters of the radiation from the entire
disk: ⎧⎪⎪⎪⎨

⎪⎪⎪⎩

FI

FQ

FU

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

=

Rmax∫
Rmin

2πrdr µ

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

I

Q

U

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

, (19)

where Rmin and Rmax are the disk boundaries. The
disk is assumed to be axially symmetric. The degree
of polarization must then be calculated as

pl =

√
F 2

U + F 2
Q

FI
. (20)

The Stokes parameters I, Q, and U are proportional
to the radiation flux density at a given wavelength,

Fλ = Aλ
1

exp
(

2π�c
kBTeλ

)
− 1

. (21)

If the temperature corresponding to the peak in the
spectrum at the wavelength under consideration is
observed far from the disk boundaries, i.e., if the ra-
diation flux from the boundary regions of the disk is
low at this wavelength, then the integration limits in
(19) can be assumed to be Rmin → 0 and Rmax → ∞.
In this case, the polarization spectrum of the observed
radiation takes the following simple power-law form:

pl =
0.09(1 − µ2)

J(µ)µ
Cη (15.3)η

(
λ

1 µm

)(4η−6)/3

(22)
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Table 1. Magnetic field strengths B10 for various indices of the power-law radial dependence of the magnetic field in a
standard accretion disk for V -band photons and X-ray photons (Ex ≈ 1 keV) found from the condition δ > 1

η 3 5/2 3/2 1.4 5/4 1 3/4 0

V band

B10> 1011 1.2 × 109 5 × 106 2.5 × 105 105 104 5 × 103 5

X-ray photons

B10> 104 1.3 × 104 5 × 106 8 × 105 1.2 × 106 3 × 106 6 × 106 108

Table 2. Asymptotic wavelength dependence of the polarization for a standard magnetized accretion disk

η 3 5/2 3/2 1.4 5/4 1 3/4 0

pl(λ) ∼ λ2 λ4/3 λ0 λ−0.133 λ−1/3 λ−2/3 λ−1 λ−2

×
(

Ṁ

ṀE

)η/3

M
−η/3
8

(
B10

1 G

)−1

∼ λ(4η−6)/3,

where Cη is a constant that depends on the model
parameter η:

Cη =

∞∫
0

xη+1dx
exp(x3/4)−1

∞∫
0

xdx
exp(x3/4)−1

. (23)

The constant Cη is plotted against the parameter η
in the figure. If the wavelength of interest is radi-
ated predominantly from the regions close to the disk
boundary, the parameter Cη begins to depend on the
radiation wavelength and the power-law polarization
spectrum is distorted.

Thus, the asymptotic polarization spectrum allows
us to determine the index of the power-law depen-
dence of the average magnetic field for a standard
magnetized disk. The results of our calculations for
various accretion disk models are given in Table 2.

Our main result presented in Table 2 is that the
pattern of the spectral dependence of the polarization
near the power-law index η = 1.5 changes radically.
For a stronger radial dependence of the magnetic
field (η > 3/2), the polarization increases with wave-
length. For a weaker radial dependence of the mag-
netic field (η < 3/2), the polarization increases in the
short-wavelength range, i.e., pl ∼ λ−n, where n =
f(η). This implies that for a standard accretion disk,
even the qualitative fact of the wavelength depen-
dence of the polarization is indicative of the pattern
of the radial dependence of the magnetic field in the
disk.

CONCLUSIONS
We have presented formulas for the asymptotic

spectral dependence of the polarization of the ra-
diation from an optically thick accretion disk with
a vertical averaged magnetic field. The polarization
arises from the scattering of light by electrons in a
magnetized disk plasma. We took into account the
Faraday rotation of the polarization plane. We consid-
ered various models of optically thick accretion disks
with a vertical average magnetic field. The spectral
behavior of the polarization depends significantly on
the type of power-law dependence of the magnetic
field on the distance from the disk center. It turns out
that for a stronger radial dependence of the magnetic
field (a power-law index η > 1.5), high-energy pho-
tons will be depolarized more strongly than radiation
in a softer energy range. In contrast, for a weaker
radial dependence of the magnetic field, soft photons
will be depolarized more strongly, which will result in
a cutoff in the polarization spectrum of the radiation
in the long-wavelength range. This allows the power-
law radial dependence of the magnetic field to be qual-
itatively estimated using only simple observations of
the superscale wavelength dependence of the polar-
ization.
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