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Abstract. Neutrino-pair bremsstrahlung by relativistic degertfino energy-loss mechanisms in neutron star crusts. Here, by
erate electrons in a neutron-star crust at densiti¥sgcm bremsstrahlung we mean neutrino emission due to electromag-
-3 < p S 1.5 x 10 gem? is analyzed. The processes takenetic interaction of electrons with atomic nuclei. The process
into account are neutrino emission due to Coulomb scatterican be written schematically as

of electrons by atomic nuclei in a Coulomb liquid, and electron-

phonon scattering (the phonon contribution) and Bragg diffra¢-" (Z,A) = e+ (Z,A) +v+r. (1)

tion (the static-lattice contribution) in a Coulomb crystal. Thg proceeds via neutral and charged electroweak currents and
static-lattice contribution is calculated including the electrog;ys to emission of neutrinos of all flavors.
band-structure effects for cubic Coulomb crystals of different g, practical application to the thermal evolution of neu-

types and also for the liquid crystal phases composed of rqgh stars, one needs to know the neutrino energy emission
and plate-like nuclei near the bottom of the neutron-star crygte (emissivity)) in the density range from abot® g crm—3

14 —3 14 —3 i .
(10" gem™ 5 p 5 1.5 x 10°% gem ). The phonon contri- 41 5 « 1014 gcmr3 (the core-crust interface) at temperatures
bution is evaluated with proper treatment of the multi-phonop < 5, 109 K (at which the nuclei are not dissociated). Under
processes which removes ajump in the neutrino bremsstrahlyiigse conditions, the electrons are strongly degenerate and ultra-
emissivity at the melting point obtained in previous works. Ge?élativistic, and the nuclei form either a Coulomb liquid, or a
erally, bremsstrahlung in the solid phase does not differ signé,1omb crystal. For densities higher thegt2- 1013 g cm3

; ; [P 13 —3 .
icantly from that in the liquid. Alp < 10°*gem™, the re- he melting temperature of the crystal excegds 10° K, and
sults are rather insensitive to the nuclear form factor, but resyt$, case of a Coulomb liquid is of no practical importance. In

for the solid state near the melting point are affected signifj;e density range from abol'* g cm 3 to 1.5 x 104 g cm3,

cantly by the Debye—Waller factor and multi-phonon processgge nyclei resemble rods and plates, rather than spheres (Lorenz
At higher densities the Debye—Waller factor and multi-phonQg 51 117993- Pethick & Ravenhall 1995).

processes become I.e.ss impo_rtant buF the nuclear form factorpe neutrino-pair bremsstrahlung procéss (1) in a crystal
becomes more significant. With growing the phonon con- s formally different from that in a liquid. In the liquid state,
tribution becomes smaller. Near the bottom of the neutron sfafirinos are generated due to Coulomb scattering of electrons
crust bremsstrahlung becomes less efficient due to the reducigryclei. In the solid state, there are two contributions to the
of the effective electron—nucleus matrix element by the eleCtrB_Fbcess, electron—phonon scattering (electron scattering by the
band-structure effects and the nuclear form factor. A compagciear charge fluctuations due to lattice vibrations, referred to
son of the various neutrino generation mechanisms in neUt%)snthephonon contribution), and the Bragg diffraction of elec-
star crusts shows that electron bremsstrahlung is among the myegts which is commonly called thaatic-lattice contribution.

important ones. Neutrino-pair bremsstrahlung has been analyzed by a num-
_ _ ber of authors (see, e.g., Itoh efal. 1989, 1996; Pethick & Thors-
Key words: dense matter — stars: neutron son[1997, and references therein). The case of a Coulomb lig-

uid has been thoroughly studied by Festa & Ruderman (1969),
Dicus et al.[(1976), Soyeur & Browin (1979), Itoh & Kohyama
1. Introduction (1983), and, most recently, by Haensel et al. (1996). The phonon
, ) o contribution in the crystalline lattice has been analyzed by Flow-
Negtnno-palr bremsstrahlung of el_ectrons in liquid ar_ld Cry§s [1978), Itoh et all (1984b, 1989), and also by Yakovlev &
talline phases of dense matter is one of the major nNfuaminker (1996). Notice, however, that all these authors have
Send offprint requests to: C.J. Pethick (pethick@nordita.dk) made use of the so-called one-phonon approximation, whereas,
* Present address: Department of Molecular Biotechnology, Uni-aS we shall demonstrate below, multi-phonon scattering pro-
versity of Washington, Box 357350, Seattle, Washington 98195-73%®SSes can give a noticeable contribution especially near the
USA melting point. The static-lattice contribution has been consid-




1010 A.D. Kaminker et al.: Neutrino-pair bremsstrahlung by electrons in neutron star crusts

ered by Flowers (1973) and by Itoh et al. (1984a) neglecting the The nuclear composition of neutron-star envelopes is not
electron band-structure effects (the presence of gaps in the elery well known, although it is quite certain that light ele-
tron dispersion relation). However, Pethick & Thorsson (199%ents such as H and He transform into heavier ones at densi-
1997) have shown that the band structure can suppress strotigy which are lower than the densities of interest. For simplic-
the static-lattice contribution and is thus very important. In paity, we assume that only one nuclear species is present at any
ticular, Pethick & Thorsson (1997) derived a general expressifixed density (pressure). This leads to discontinuous variations
for the static-lattice contribution. of the nuclear composition with density (pressure). The temper-
Inthe present article, we give an overall analysis of neutrinature dependence of the nuclear composition can be ignored at
pair bremsstrahlung by electrons in neutron star crusts, @fid 5 x 10° K (e.g., Haensel et al._1996). For illustration, we
obtain formulae convenient for applications. In Sect. 2 we dshall make use of two models of matter in a neutron-star crust:
scribe briefly physical conditions in neutron star crusts. ground-state (cold-catalyzed) matter and accreted matter. For
Sect. 3 we summarize the formalism for calculating neutrindescribing ground-state matter, we shall use the following data:
pair bremsstrahlung in the liquid and solid phases. While studie results of Haensel & Pichan (1994 )at pq based on new
ing the solid phase we consider the ordinary body-centerdaboratory measurements of nuclear masses with large neutron
cubic (bcc) crystals, as well as face-centered-cubic (fcc) aexkcess, the results of Negele & Vautherin (1973) for spherical
hexagonal-close-packed (hcp) cubic crystals which can alsorhelei atpgy < p < 1.5 x 10 gem3 derived by a modi-
formed in neutron-star crusts. The phonon contribution will Heed Hartree-Fock method, and model | of Oyamaisu (1993),
calculated using a new approach (Baiko ef al. 1998) incorpshich takes into account nonspherical nuclei. We shall adopt
rating multi-phonon effects. It eliminates a jump in the nedhe composition of accreted matter calculated by Haensel &
trino emissivity at the melting point obtained in previous artZdunik (I990) forp < 10'3 gcm™3, and we shall not consider
cles. The static-lattice contribution will be analyzed not onlgccreted matter at higher densities. Accreted matter consists of
for the traditional phase of spherical nuclei, but also for tHeghter nuclei, and neutron drip is shifted to higher density as
‘exotic’ phases of nonspherical nuclei. In Sec. 4 we examigempared to ground-state matter (Eig. 1).
the main properties of neutrino-pair bremsstrahlung at various The state of spherical nuclei is determined by the ion-
densities and temperatures in neutron-star crusts, and comgargling parameter
bremsstrahlung with other neutrino emission mechanisms. We 5 » 5/3
present also a simple analytic fit for practical evaluation of tHe= ~ 0.225x , (4)
neutrino bremsstrahlung energy loss rate. akpT Ty
whereZe is the nuclear charge, = [3/(47n;)]'/? is the ion-
sphere (Wigner—Seitz cell) radius; = n./Z is the number
2. Physical conditions density of nuclei, and} is the temperature in units d6° K. For
Let us outline physical conditions in a neutron star envelope!8€ densities and temperatures of interest, the spherical nuclei
densities0° g cm 3 < p < 1.5 x 101 g cm 3, and at temper- constitute either a strongly-coupled Coulomb liquid< I'" <
aturesT’ < 5 x 10° K (Sect. 1). Matter in these layers consistsm) OF & Coulomb crystall{ > I',), wherel',,=172 corre-
of electrons and atomic nuclei (ions). At densities higher thgROnds to solidification of a classical one-component Coulomb
the neutron drip densityy ~ 4.3 x 10! gcm3, free neutrons liquid into a pcc lattice (Nagara et al. 1987). Thus the melting
appear between the nuclei (e.g., Negele & Vautherin1973). kfnperature is
p = 10'*gcm 3, the nuclei are likely to form nonspherical Z%e?
clusters (Lorenz et dl..1993; Oyamalsu 1993; Pethick & Raveq%“-1 - akpl,,

halll1995). i i The density profiles of}, for the ground-state and accreted
The state of degenerate eIectron; '|s.character|zed by Hi‘&tter are presented in Fig. 1. The melting temperature of ac-
Fermi momentunpr = hikr or the relativistic parameter. creted matter is systematically lower due to the lower values
of Z. If p > 10 gcm 3, one hasT,, = 5 x 10°K for the
pr = h(3r%ne) P, @ = % ~ 1009 (p12Ye) ', @) ground—gtate modgel, and matter is always solid for the condi-
tions under study. A classical bcc lattice is bound most tightly
whereY, = n./ny, is the number of electrons per baryon, (see, e.g., Brush et al. 1966). Therefore, it is widely assumed
is the number density of electrons, the number density of that neutron-star crusts are composed of such crystals. However,
baryons, ang, is mass density in units af0'>gcm 3. In  an fcc or hep crystal is bound only slightly more weakly, so fcc
the density range under study the electrons are ultra-relativisiigd hcp crystals may well occur in dense stellar matter along
(z > 1). The electron degeneracy temperature is with the bcc ones (e.g., DeWitt et &[.1993; Baiko & Yakovlev
) 1995), and we shall also consider this possibility.

Tr=W1+422-1)Ty, Tp= MeC 5930 x 10° K, (3) An important parameter for a Coulomb crystal is the ion
ke plasma temperature

~ 1.32 x 107253 (p1o V) Y? K. (5)

wherekg is the Boltzmann constant. In our caBeS 5 x 10° K, hwy, 9
and the electrons are strongly degenerate. Ty = —-m~783x10

- ®)

i

ZYep12 ) 1/2 K
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10 ARRRRRRAS AR T AR T “““ | spherical nuclei. The Debye—Waller factor in a crystal of spher-
L (g) = ground-state matter : : w (8) ical nuclei can be written as
I (a) = accreted matter | o
| } | q* / coth(hws/2ksT
s V0= </) ’ 8)
myi Wg

wherew; is a phonon frequency, enumerates phonon modes

and brackets. . .) denote averaging over phonon wave vectors
and polarizations (e.g., Eq. (8) in Yakovlev & Kaminker 1996).

In a Coulomb crystalV = W (q) is accurately fitted by Baiko

& Yakovlev (1995):

2
« 1 -
V=3 <2ZF> o aT (2”1e e Hpuz) - ©)

wheret, = T//T, and

- am2c? T
) oy = ~—1°~1.683,/ . (10)
lg 1% [g cm 5] kBTpmi AiZ

Fig. 1. Density dependence of the melting temperaffireand the ion The quantities:_; andu_, are the frequency moments of the

plasma temperaturg,, and also neutron drip density (vertical dottegphonon spectrumy,, = ((ws/wp)™). For the bcc lattice, the

lines) for ground-state matter and accreted matter frequency moments are well known (see, e.g., Pollock & Hansen
1973). For the fcc and hcp crystals, they are easily derived by
calculating the phonon spectrum from the Ewald transformation
of the lattice sums. The phonon spectra of the bcc, fcc, and hep

which is determined by the ion plasma frequengy = lattices appear to be quite similar. Accordingly the properties of

(4ﬂz2ezni/mi)1/2, wherem; ~ Aym, is the ion mass and these crystals are very similar. In particular,, =2.798, 2.720

mu = 1.66 x 10724 g is the atomic mass unit. The plasm&nd2.703y_»=12.972,12.143and 12.015, for bce, fecand hep

temperature characterizes ion vibrationsT'If> T},/8 the vi- lattices, respectively. Note that the frequency moments for the

brations can be treated classically (the high-temperature cd§€)lattice calculated by Baiko & Yakovlev (1995) and used by

while atT < T, they should be treated quantum-mechanicalf§aiko & Yakovlev (1996) and Yakovlev & Kaminker (1996) are

(the low-temperature case). In neutron-star crusts, a transitiBccurate due to erroneous boundaries of the Brillouin zone for

from the high-temperature to the low-temperature regime tak8is lattice implemented in the momentum averaging scheme.

place at temperatures which are lower tHan(Fig ). Improved calculations show that EQ] (9) remains valid with the

We shall consider ion vibrations in a purely Coulomb laficcurate frequency moments for all the lattice types under study.

tice. Forp > pq there are neutrons in the space between ioh§€ Debye-Waller factor is important if ion vibrations (either

(nuclei). How to include the effect of these neutrons on the Idf€rmal or zero-point ones) are strong.

tice dynamics is at present an unsolved problem, and we shall The simplest nuclear form factor in EQ (7) corresponds to

ignore this effect. a spherical atomic nucleus with a uniform proton core of radius

The effective interaction between electrons and nuclei dBe:

pends on a number of effects. One is the character of the

Coulomb interaction itself, a second is screening of the interdcld) = 3 [sin(qRe) — qRc cos(qRe)] - (11)

: . o (¢R.)

tion by electrons, a third is the shape of the nuclear charge distri-

bution, and a fourth is the effect of thermal vibrations effectivelfit p < pa, the radii of the nuclei do not change under the am-

smearing out the nuclear charge, an effect taken into accounblignt pressure of neighbouring particles, and one can use the

inclusion of the Debye—Waller factor. Thus the Fourier transtandard formula?, = 1.15 A'/3 fm. At these densities the

form of the effective electron-ion interaction may be writtefation = R./a < 1, and the effect of the atomic form factor

lgT [K]

as is generally negligible £(q) ~ 1 for ¢ < 2kg). At densities
pa < p < 1013 gem3 the simplest form factor remains ade-
V. — drepz F(q) ) % quate, but the proton core radius becoRgss 1.83 Z'/3 fmas
N g% €(q) ’ deduced by Itoh & Kohyam&{1983) from the results of Negele

& Vautherin [I973). In this case@,can be as high as 0.2-0.3 and
wherepz is the ion charge per unit volumé;(q) is the form the effect of the form factor is important. For highetthe pro-
factor which reflects the charge distribution within one nucleusn charge distribution becomes smoother, and the form factor
€(q) is the static longitudinal dielectric factor (Jancovici 1962xhould be modified.
andW (q) is the Debye—Waller factor. For a crystal of spheri- In order to describe accurately all layers of the neutron star
cal nuclei, we havey; = Zen; ; Eq. () is valid also for non- crusts we make use of the results by Oyamatsu (1993) who
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calculated the local neutron (n) and proton (p) number densitgnsity the nuclei dissolve to give the uniform matter of the

distributions within a Wigner—Seitz cell and fitted them in thaeutron star core.

form In each crystalline phase of matter the Wigner—Seitz cell
has its own geometry, but we shall assume that in the case of

; t bcec phases it may be approximated by a sphere, and in rod-

in _ ,out _ (. out .
n;(r) = (n" = n3™) {1 (Rj) } +nt < Ry, (12) like phases by a right circular cylinder. We shall assume that
n?“t, r > R;, the nucleon density distributions may be described byl[Ed. (12),

wherer is the distance from the cell center (e.g., from the axis

wherej =n or p, andni", n9", ¢; and R; are the fit param- of arod in the rod-like phase, or from the symmetry plane in the
eters. These parameters, as well as the sizes of Wigner—Sgap-like case). We interpolate these parameters as functions of
cells, are presented in Table 6 in Oyamatsu (1993) for sevetalwithin each phase separately. Inthe phases with spheres, rods
selected values of the baryon number densifyfor spherical and slabspp™ = 0, andny™* describes the number density of
and nonspherical nuclei. free neutrons, and the region< R, is occupied by the nucleus

In particular, Oyamatsu (1993) gives the fit parametettself (withn,! > ng"*). Inthe two last “bubble” phases with the
for spherical nuclei at three values of baryon number densfgjes of nuclear matter and neutron matter reversgt, # 0,
n,=0.01,0.03and 0.055fn® (i.e.,p = 1.66x10'3,4.98x 103 andn;’ut > nij“, i.e., the local number density of neutrons and
and9.13 x 10'3 g cmi—3) in the inner neutron-star crust. Thesg@rotons increases with distancrom the center of the Wigner—
parameters are quite consistent with those presented by Ne@eléz cell. With increasing density the nucleon density profiles
& Vautherin [1973) for nearly the samg,. Some of these pa- become smoother, approaching that for uniform matter.
rameters can also be deduced from Figs. 3 and 4 and from Ta-Thus we have obtained a simple analytic description of the
ble 3 of Negele & Vautherin (1973) for several other valuggeutron and proton local density profiles for the ground-state
of ny, in the inner crust. The parameters appear to be smoatatter throughout the outer and inner neutron-star crusts in-
functions ofny,, so we interpolated between the given points &tuding non-spherical phases of atomic nuclei. This description
pa < p < 1.4 x 10" gem3. This interpolation smears outwill be used below and will be referred to as tmaooth compo-
jumps in the nuclear composition with increasimgout these sition (SC) model of ground-state matter. Using this model one
have little effect on the neutrino-pair bremsstrahlung. The intenay easily determine the nuclear form facitlig) numerically
polation allows us to calculate easily the parameters of spheribglcalculating the Fourier transform af,(r). Unfortunately,
nuclei at any density in the inner crust. In particulgf’® gives vibrational properties are known only for crystals composed of
the number density of free neutrons outside the nuelgi ®,)  spherical nuclei, apart from recent work on the elastic constants
while R,, may be called the nuclear radius. There are no protoffethick & Potekhin 1998). Thus in phases with non-spherical
outside nuclein?"* = 0, in this regime, and the proton core ranuclei we know neither the Debye—Waller factor nor the phonon
dius R, is somewhat smaller thaR,. The nuclear mass;; is spectrum.
assumed to be that of all nucleons withiy. The parameters
tn andt, range from about 4 to 6 and decrease with increasing )
p. Note that the proton core raditi, in Eq. [12) is somewhat 3 General formalism

larger than the proton cote. in the simplified mode[(I1). ~ The general expression for the neutrino emissigitgiue to the
We have obtained also an analytical description of atomigytrino-pair bremsstrahlurig (1) of relativistic degenerate elec-

nuclei for lower densities|0®gcn® < p < pq in the outer trons in a plasma of spherical nuclei can be written as (Haensel
neutron-star crust making use of the results by Haensel & R-a|[1996)

chon [1994). We have adopted the same parameterizhfibn (12)

and constructed simple analytic expressions for the nuclear E)a_— 8GR Z%e*C3 6
rameters of the ground-state matter as a function,oiin the - 567hc8 (kpT)"ri L

outer crust. In this case?"t = 0. At low density in the outer  ~ 3.999 x 10! pro ZY. TS Lerg s~ em ™, (13)
crust these expressions yiéftFe-nuclei.

According to model | of Oyamatsu (1993), the phase witithereGr = 1.436 x 10~4° erg cn? is the Fermi weak coupling
spherical nuclei in the inner crust is realized up to a densitgpnstant, and. is a dimensionless function to be determined.
ny, = 0.0586fm=3 (p = 0.973x 10'* gcm3). Thisisfollowed FurthermoreC? = C% + C% +2(C? + C'2), whereCy and
by the phase with rod-like nuclei up to a density = 0.0749 C 4 are the vector and axial-vector constants of weak interaction,
fm=3 (p = 1.24 x 104 gcm3), and the phase with slab-likerespectively. We havé'y = 2sin 6w + 0.5 andC4 = 0.5,
nuclei (up tony, = 0.0827 fm=3, p = 1.37 x 104 gcm3). for the emission of electron neutrinos, to which both charged
Subsequently there are two phases with the roles of nuclead neutral currents contribute, afi¢} = 2sin? Gy — 0.5 and
matter and neutron matter reversed, the rod-like one (upte  C’, = —0.5, for the emission of muonic and tauonic neutrinos,
0.0854fm—3, p = 1.42 x 10'* g cm™?), and the “Swiss cheese”which is due only to neutral currents. In this ca8g; is the
(inverted-spheres) one, which is the analog of the phase witlkeinberg anglesin® fw ~ 0.23. Eq. [I3) withC? ~ 1.675 is
spherical nuclei and is the last phase in the neutron-star croistained taking into account the emission of the three neutrino
(up tony, = 0.0861 fm=3, p = 1.43 x 10** gcm~3). At higher flavors ¢, v,,, andv;).
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Thus the problem reduces to evaluating the funcfiotn wherey = ¢/(2kr). As shown by Haensel et al. (1996), it is
the liquid of atomic nucleiL = Ly, is determined by the a good approximation fof' < ficgs, wheregs ~ a~! is the
Coulomb scattering of electrons by nuclei (Sect. 3.1). In tl&oulomb screening momentum.

Coulomb solid,L consists of two parts, The factorRng(q) represents (Haensel etlal. 1996) the ra-
tio of the electron scattering cross sections by atomic nucleus
L = Lyo) = Lpn + Ly, (14) calculated exactly and in the Born approximation. It describes

the non-Born correction to the Born approximation. To simplify
whereL,, describes the phonon contribution (Sect. 3.2) Bgd consideration of the non-Born corrections we have introduced

describes the static-lattice contribution (Sect. 3.3). the mean non-Born correction factBk defined as
The non-spherical nuclei at the bottom of the neutron—sf% _ [NB/pBom (17)
crust form a liquid crystal at the temperatures of interest. Ho liq /=liq >

ever, since the vibrational properties of these phases are largghéere LNB andLE°™ are given by Eq[(15) calculated with an
unknown, we shall not consider the phonon contribution f%{ccurate factoRNS and withRxg = 1, respectively. We have
this case. The static-lattice contribution for such a solid will t@/a|uatecRNB usmg the form factoml) for wide ranges of the

analyzed in Sect. 3.3. parametersZ, n, tp (or I') typical for neutron star envelopes.
Rnp appears to be a very slow functionsfndI'. Since our
3.1. Liquid phase treatment of the non-Born corrections is rather phenomenolog-

_ _ _ ical anyway, we have sét = 150 andn = 0.1 and neglected
The factorLy;q is a slowly varying function of the plasma paramthe thermal smearing of the electron distribution function. Then
eters and it has basically the same significance as the Coulomy, is a function of the only remaining paramet&t, The nu-

logarithm in calculations of transport processes in plasmas. Th@rical results forZ < 60 are accurately fitted by
most general expression for it was obtained by Haensel et al.

(1996), who found Ry = 1+ 0.00554 Z + 0.0000737 Z2. (18)
Dhep - ) This formula enables us to calculatg, from Eq. [15) or[(1b)
Ly = he / A g / dg, S(q)|F(q)] with Ryg(q) = 1,i.e.,inthe Born approximation, and introduce
4 kT t o q*[e(q)[? the mean non-Born correction {18) using Eql(17).
X Ry (qt, ¢r) Rng(gt), (15) An accurate calculation of the non-Born corrections in crys-

talline matter (Sects. 3.2 and 3.3) is a difficult task which goes
whereq = q; + q,- is the momentum transfer from an electroeyond the scope of the present paper. However, we shall see
to anucleusin acollision eveng, corresponding to purely elas-(Sect. 4) that neutrino bremsstrahlung in crystalline matter is
tic Coulomb scattering whilg,. takes into account inelasticity quite similar to that in a Coulomb liquid. Thus we adopt the
due to the neutrino emissiot(q) is the nuclear form factor, same factor[{(18) to account for the non-Born corrections in
€(q) is the static longitudinal dielectric function (Sect. 8Yg) Coulomb crystals.
is the ion-ion structure factor (e.g., Itoh etlal. 1983; Young et al.
1991), andRng(g:) includes non-Born corrections. The func
tion Rr(q:, q-) is given by Eq. (20) in Haensel et &l. (1996) an
describes the effects concerned with the thermal smearingTdfe phonon contribution in a Coulomb crystal of spherical nu-

3.2. Phonon contribution

the electron distribution function. clei was studied by a number of authors (e.g., Flowers 1973;
In the ultra-relativistic limit, the Coulomb logarithm de-ltoh et al[1984b; Yakovlev & Kaminker 1996). So far, all ar-
pends actually on three dimensionless paramettig: = ticles have been restricted to consideration of one-phonon pro-
Lig(Z,n,tr), n = Rc/a, tr = kgT/(2prc) =~ T/(2Ty), cesses (absorption or emission of one phonon). To allow for
whereTF is given by Eq.[(B). the background lattice vibrations the one-phonon reaction rate

Haensel et al[(1996) calculated the Coulomb logariffith (183s usually been multiplied by 2", wherelW = W (q) is the
with the form factor[[Tll) aZ < 50, tr < 0.1 andn < 0.2and Debye—Waller factor introduced in Ef] (8).
fitted the results by an analytic formula (their Eq. (25)). In this Under astrophysical conditions at not too low temperatures,
article, we shall calculaté;;, from the starting equatiofi_(]L5) the main contribution to electron—phonon scattering comes from
since we shall not restrict ourselves to the simple form factomklapp processes, in which the electron momentum transfer
(1) (Sect. 2). We shall use the structure factfy) obtained by hq in a scattering event lies outside the first Brillouin zone.
Rogers & DeWitt (unpublished) and accurately fitted by Younghen the phonon (quasi)momentum is determined by reduction
et al. (1991). of g to the first Brillouin zone. The umklapp processes require

Notice thatif we neglect the thermal smearing of the electrgrnz go, contrary to the normal processes in whickemains in
distribution, then Eq[{15) reduces to the familiar expressidhe first Brillouin zone ang < qo, wheregqy ~ (67%n;)/3 is
(e.g., Festa & Ruderman 1969) the radius of the Brillouin zone in the approximation in which

it is treated as a sphere. Umklapp processes dominate since the
L S(q)|F(q))? 29 parametew, = qo/(2kr) = (42)~1/3 is typically small (due

Liiq = /0 dy (y|)€|(q§2) (1 + 142 In y) Bxs(a), (18)  tg the largeZ). Accordingly the phase space associated with
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umklapp processes is much larger than that for the normal odg$) is analytic, the integrand allows us to shift the integration
(e.g., Raikh & Yakovley 1982) and, in most cases, itis sufficiepaith into the complex plane. The appropriate shift is =
to consider umklapp processes alone. t' —ih/(2kgT). It transforms Eq[{23) into a rapidly converging
Let us rederive the expression fbgy, with a proper treat- integral
ment of multi-phonon processes. We start from the general inte- 5 - ) .
gral expression (Eq. (18) of Flowérs 1973) for the neutrino emi§;ff(q) — 189 (2> efzw/ d¢ : 1 —406= + 80¢
0

sivity due to electron-phonon scattering. The integrand contains ™ 1+ 4€2)5 cosh?(n€)
the inelastic parba(q, ?) of the dynamical structure factor of » (eq)(g) B 1) (24)
ionsin a Coulomb crystal. Itis the inelastic part that is responsi- ’
ble for the electron-phonon scattering. Baiko etlal. (1998) ha\Wﬁereg — t'kpT/h and
obtained its expression far & g9 by accurate summation of
multi-phonon diagrams: hq? cos(wst’)
D) = . 2
oo (©) 2m; \ws sinh (Aw,/2kgT) (25)
_ iQt
Sa(q, ) = /_Oo dte™ S(g, 1), The phonon averaging ..) can be performed using the
Low () method of Mochkovitch & Hansen (1979). Afterwards the inte-
S(g,t) = e (e - 1) J (19) gral (23) can be calculated numerically. The behaviod.gfq)

depends on temperature, and may be characterized by the di-
mensionless parametgy = T'/T,, introduced in EqL{9). First
consider the asymptotes fgy < 1 andt, = 1.

In the low-temperature casg, < 1, it is sufficient to set
e® — 1 = @ in Eqs.[19),[(2R) orl(34). This case corresponds
In these calculations the density operators are calculated toigline familiar one-phonon approximation adopted in previous

orders in the phonon creation and annihilation operators, but {tcles. In the notation introduced by Yakovlev & Kaminker
phonon dynamics is treated in the harmonic approximation. (1996) one finds in this case that

We now use the approach of Flowers (1973) with the dy-
namical structure factor{19) and make the same simplificatiofi&: (¢) = a0 y*t, G(tp) eV ~ agy? bt e 2V, (26)
as in deriving the expression fér,;, by a semianalytical method
described by Yakovlev & Kaminker (1996). Then we obtain

where

_ hg® [ cos|ws(t +ih/2ksT)]
(t) = 2m; < wg sinh (hwg/2kpT) >

(20)

where« is defined in EqL{Z0)G(¢,,) is the function deter-
mined by Eq. (12) in Yakovlev & Kaminkel (1996), ards

o 1 q Set(q)|F(q)|? - 22 I 21) a numerical factor specified by the low-temperature asymptote
ph Y NEOE 1—y2 M) G(tp) = bt,. Forabcc Coulomb crystal, one Has: 231. This
vo value is more accurate tharr 202 given by the numerical fit
In this case (15) in Yakovlev & Kaminkerl(1996) since the latter authors did
6315 oo +o0 +o0 not intend to produce a fitting formula which would be highly
Seft(q) = ——7 5 / dw w* / dQ / dt accurate fot, < 0.01.
1677 (ksT)° Jo —o0 —00 Therefore, the results obtained in the previous articles are
« eh(sz)—/i_k:jT — ¢S (g, 1), (22) strictly valid for 7' < T;,. The Debye—Waller expon_earQW
included into the one-phonon approximation takes into account

where fiw is the neutrino-pair energy. As in Yakovlev grenormalization of the one-phonon interaction by background
Kaminker [1995) the lower integration limif, excludes the lattice V|brat|ons_. Notice that recent calcullatlonsG_ﬁ(ftp) in
low-momentum transfers in which the umklapp processes Jakovlev & Kaminker [(1996) for the fcc lattice are inaccurate
forbidden. due to an error in specifying the boundaries of the first Brillouin
Comparing Eqs[{21) anf{1L6) we see tHat(q) plays the ZON€ (Sect. 2). After correcting this error, we obtain a result for
role of an effective static structure factor that defines the phoniyt») Very close to thatfor the bcc lattice. Note also a misprint
contribution to the neutrino bremsstrahlung. The expressihEd- (18) for the functiori in Yakovlev & Kaminker|(1996):

. . . . . . 3/4 ; i H
(22) for it can be easily simplified. First we can integrate ovéf the second ternil.5 + «) /*is erroneously printed instead

Q andw which leaves us with a single integration over of (1 + a)3/ although all calculations were made using the
correct expression.
189 no\* _ow In the opposite case of high temperaturgs,z 1, the
Sett(4) = o5 \ kgT € asymptotic form of Eq[(24) is very simple,
+oo o) _ 1 1 a2W
o Tm / at—< _ (23) Serl@)=1-e"". (27)
o t% sinh® (wtkgT /)

ThusS.g(g) becomes noticeably larger than in the one-phonon
The latter integration is non-trivial since the integrand is singulapproximation, as a result of multi-phonon processes.

att = 0. However, the singularity is easily removed by using We have also calculatefl.«(¢) for a wide range of tem-
the theory of functions of a complex variable. Since the functigreratured” and density parameters, defined in Eq[(10). We
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1.0

] Yakovlev (1996)T;, is so low that a study of neutrino emission
bee | at lower temperatures is of no practical importance.

0.8 __fee & hep 1

3.3. Satic-lattice contribution

This contribution corresponds to neutrino emission due to Bragg
diffraction of electrons in a crystal. It was widely assumed for a
long time that the process could be studied in the free-electron
approximation (e.g., Flowers 1973; Itoh efal. 1984a). However,
recently Pethick & Thorssoh (1994) have pointed out the impor-
tance of electron band-structure effects. The gaps in the elec-
tron dispersion relation at the boundaries of the Brillouin zones
can reduce noticeably the static-lattice contribution as com-
pared to that obtained in the free-electron approximation. The
general formalism for evaluating the static-lattice contribution

0.2

0.0

e e R T N for strongly degenerate relativistic electrons with proper treat-
0.0 0.2 0.4 0.6 0.8 1.0 ment of band-structure effects has been developed by Pethick
y & Thorsson [(19917). Their Eq. (28) is valid for spherical and
Fig.2. The effective structure facto$.s(q) which enters the nor- nonspherical nuclei and can be written as
malized neutrino emissivity (21), produced by the electron-phonon 27rG2 kFC
scattering, for the density parametey = 0.1 and three temperaturesQ); = ﬁ(kBT)
t, = 0.1, 1, 10 in bcc, fcc and hcep lattices. The curves for fcc and 567h%c
hcp crystals almost coincide. Dots show the effective structure factor & 1.254 x 107 (p12Ye)/?T8 J erg s~ cm ™3, (30)
which corresponds to the one-phonon approximation
where
y2
have verified that, under the conditions in a neutron-star cruét= Z Z I(y,tv) (31)
ag < 0.2. For suchyg and allt, the numerical results are fitted K#0 'V
by a simple expression is a dimensionless function given by a sum over all reciprocal

g (21 ) o2V 28 lattice vectorsK # 0 for which K /2 lies within the elec-
er(q) = (e —1) e ’ (28) tron Fermi surfacey = K/(2kr) (with y < 1). The function
where I(y,ty) is given by Eg. (29) in Pethick & Thorssoh (1997),

which can be rewritten as
agy?bu_s tlz)

Wy = , (29) 63 y / ® dzydzg (™2 w?
I(y,ty) = — d
2 \/(btp)2 + u2—2 exp(—7.6tp) (yv V Y yL E1FEo wy we —1
. . _ _ 3/2
andb ~ 231, for a bcc lattice. Notice thatV; ~ W = x[(wg — w)(w —w1)]”*, (32)
0.5 apy?u_st,, for t, = 1. Notice also thatS.s(g) given wherey, = /1 — 42
by Eq. [28) reproduces quite accuratéliﬁh(q) if we replace
e?W1 — 1 by 2W;. The effect of multi-phonon processes o _ 29\ 2
neutrino bremsstrahlung emission will be described in Sect. 412 — + (zl + 5) ’
Fig[2 shows the dependence ®f;(q) ony atay = 0.1 E, +E
F B+ Ey)? — 22
and three temperatures = 0.1, 1, and 10 for three types ofwi2 = : 2 UL (21 2)* 2; (33)

Coulomb crystals, bcc, fcc, and hep. The results are seen to be tvy

almost independent of lattice type, and the curves for fcc ahd is defined in terms of the Fourier transform of the lattice

hcp lattices are indistinguishable.#f = 1, the one-phonon potential [T) withg=K by

appl:lommatmn appears to be highly inaccurateyfer 04 _  Vklyy  Amepz |F(K)| Wi
ote that the present treatment of phonon scattering is valid = T = KT (k) YLe

as long ag’ 2 T,, whereT, ~ T}, Z'/3¢2/(hvr) is the tem- "V B BT |e(K)]

perature below which umklapp processes are frozen out (s&ed other notations were introduced in Eg. (7).

e.g., Raikh & Yakovle\_ 1982), andr ~ c is the electron For a lattice of spherical nuclei, we can use Egl (13) with

Fermi velocity. IfT 2 T, the electron—phonon scattering can

(34)

be described in the free electron approximation, and the mai) — 2 (97 Z/4)Y3 g

contribution to the scattering comes from umklapp processes 3F2 )

(Yakovlev & Urpin[1980; Raikh & Yakovley 1982). The den-  _ 1 Z ny |E(K)) I(y, ty) e 2W ), (35)
sity dependence df, is shownin Fig. 1 of the article by Baiko & 12Z > e(K)[? ’
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According to Egs[{(9)[(34) an@(B5), the Debye—Waller factor w (14 % ny )exp (- 2 (39)
suppresses the electron—lattice interaction at large reciprocal lat- y? tyH )’
tice vectorsK and weakens the neutrino emission. CompuurwhereD — W5 071240 — 1.689u3 4 5.23Tu? — 0.2u +

Q directly as & sum of 3D integra{82) s ime consumingzzy yy _y 1y, 4 89191,92, andu = y/iy /.. The
since the number of reciprocal fatlice vec INVOIVEA IS aan error of the fit i2%, and the maximum error of.4%

generally large- 42 terms). We simplify computation by PTO"occurs atty = 0.045 andy = 0.987. The fit permits a rapid

ducing an analytic fit td (y, tv). and accurate evaluation of the static-lattice contribution from

Analytical asymptotes of (y,¢y) can be derived in the E 1 5) f | t
limiting cases of high and low temperatures. In the hig%—ﬁs;%i;r;geitoms) and(35) for any plasma parameters

temperature limitf, > 1, Pethick & Thorsson (1994, 1997) For a lattice of spherical nuclei, we can use Egl (35) with

obtained the Debye—Waller factor and the nuclear form factor, and cal-
1 2y° culate the sum over reciprocal lattice vectors for bcc, fcc and
yiy vl hcp crystals. In the case of non-spherical nuclei, we use the

Inserting this asymptote into Egs.{35) aindl(13) one imme&n?tr_e g;/nirzal E_qﬂla(]) ) grifé]Sl\)A;nlclz Iuc:mgt; th_e forlin facto_r”l?ut
ately reproduces the well-known result of Flowérs {1973) ang v =90, smcel Iett' © ye—t aller Sﬁéf ;m nolwtrtl_. ef
Itoh et al. [1984a) for the static-lattice contribution when bangyMm OVer reciprocal fatticé vectors in ) for a lattice o

structure effects are neglected. Replacing the sum &vday ?c:n—slgrlﬁrlcal nuclfe Ir '3 ﬁLﬁerehnt fromtht hallt tft?r oird[[rrl]aryircr:y‘lse—st
an integral over;, we arrive at the expression as. € case of rod-like phases, the fatlice IS e simp

two-dimensional triangular one, for slab-like nuclei the lattice
1O _ ! d |F(q)|?e™2W . 2y? n (37) is purely one-dimensional, and in the case of the Swiss-cheese
sl ” yle(q)|? 1 —q2 vl phase with neutron drops immersed in nuclear matter we shall

assume that the lattice is bcc.
which is similar to Eqs[{16) and_(21) in the liquid and for . cel

the phonon contribution in the solid, respectively. The Debye— , i
Waller exponent 2" is seen to play the role of the diffraction™ Resultsand discussion
part of an “effective static structure factor” that definesthe staticet us outline the main properties of neutrino-pair
lattice contribution (smoothed over diffraction peaks due to rgremsstrahlung by relativistic degenerate electrons in
placing summation by integration). Thus the slig + Lg?) in  neutron-star crusts. The results of Sect. 3 allow us to calculate
acrystal can be written in the same fofml(16Y.ag in a liquid, the neutrino emission for bcc, fcc and hep Coulomb crystals of
with an effective structure factdi,, (¢) = e 2" +S.g(q). We atomic nuclei. However, in all three cases the emission appears
have verified tha$, (¢) resembles the structure facffg) ina to be practically the same because of the close similarity of
strongly coupled liquid (Young et al. 1991) for ion coupling pathe crystals. For simplicity we therefore consider bcc crystals
rameterd 00 < T' < 225 if we smear out the familiar diffraction throughout this section.
peaks inS(q); the integral contributions of the two factors are  Figs[3 and4 show the temperature dependence of the nor-
nearly the same. This elucidates the similarity of neutrino-pairalized neutrino emissivity. for two densitiesp = 10'° and
bremsstrahlung in a liquid and a crystal (Sect. 4). 102 gcm™3, in the outer and inner crusts, respectively. Eig. 3
The asymptote [(36) is temperature-independent. Theplotted for matter composed of iro (= 26, A = 56),
lowest-order thermal correction can be taken into account Wile Fig.[4 corresponds to the ground-state matter composed

introducing the factofl + (63/40)(mtyy) ~2]. of 259Zr nuclei (Z = 40, A = 250, whereA is the number of
The low-temperature asymptote fgr < v, /4% is (Pethick nucleons per Wigner—Seitz cell, see Negele & Vautterin 1973).
& Thorssor 19977) Vertical dotted lines separate liquid and solid phases. The upper
189 (dashed) line in the liquid phase is obtained from Eg]. (15) with
I(y, ty) = the non-Born corrections included in the functiBrg (Haensel

2rt2(1 =y )21+ y)? (yatv)?/? etal.[1996). The lower (solid) line is also obtained from Eg]. (15)
X exp <_2> ; (38) butin the Born approximation{xg = 1). Solid lines in the
ty(1+y1) crystalline phase show the phonon contribution (Sect. 3.2), the
while for y, /y?> < ty < 1 the latter asymptote has to beStatic-lattice contribution (Sect. 3.3), and the total function
multiplied by /7y /(tyy?)]5/2. given by Eq.[(TH). The dotted line also gives the total func-
We calculated (y, t,/) from Eq. [32) numerically for wide tion butneglecting the band structure effects in the static-lattice
ranges ofy andty and derived an analytic fit which reproduce§ontribution (by using the asymptofe {36) in Ho.(35)). Finally,

numerical results and the asymptotes: the dot-dashed line displays the phonon contribution calculated
in the one-phonon approximation adopted in previous articles
Iyt = 0.3088 (1 +8416y.1ty) {_ 2 } (Sect. 3.2).
Ty (L y )32 (yity)32 D ty(L+y.) The temperature profiles df in Figs[3 and 4 are simi-

1 0.4031 lar. The phonon contribution is generally several times smaller
+ y2y + 242 + 0.5ty + 0.2678 than the static-lattice one. Each term in the static-lattice sum
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L 1 ] usually partially suppressed by band-structure effects, and these
ey o effects are substantial.
0.8 F ) g nov All calculations of neutrino-pair emission in the crystalline
I 1010 g em’S B;Og\ ] phase have been made in the Born approximation. On the other
I ] hand, Haensel et al. (1996) calculatég, beyond the Born
06 b 'jgom; approximation. For comparison of the results in the crystalline
Lol total (no band) o and liquid phases, we present also the Coulomb logarithm
I ] determined in the Born approximation. This curve matches the
04+ O@ - function L, in the solid phase much better and makean
I ° ] almost continuous function of temperature at the melting point.
- We believe that the non-Born curve in the solid phase (which
021 EN is difficult to calculate exactly) would match equally well the
- non-Born curve in the liquid phase, because of the similarity
00 - e of the bremsstrahlung in a liquid and in a crystal, mentioned
T 8 9 in Sect. 3.3. The state of a Coulomb system (liquid or solid) is

Ig T [K] expected to have little effect on neutrino-bremsstrahlung, since
_ ) ) ~_in both cases neutrino emission occurs due to scattering of elec-
Fig.3. Temperature dependence of thel,g‘l’_rma!'zed ”e“t“:‘o em'is"‘t‘%ns by fluctuations of electric charge produced by ions (nu-
L for iron matter ap = 10~ gcm . Solid lines: Born results for the clei). In the solid phase near the melting point both the phonon
liquid phase; phonon and static-lattice contributions, as well as the total . ) L .

and the static-lattice contributions must be included for the total

function {I4) for the crystalline phase. Dotted line: the total function . . h th its in the liquid bh Th
for crystalline phase but without band-structure effects. Dashed lifgnission rate to match the results in the liquid phase. The one-

non-Born result in the liquid phase. Dot-dashed line: one-phonon 4§10N0N approximation is seen to be generally quite accurate at
proximation for the phonon contribution (Yakovlev & Kaminker 1996)l0W temperatures]” < T, (actually atl’ < 7, as discussed
All curves but one in the liquid phase are obtained in the Born apprdi Sect. 3.2) but underestimates the phonon contribution near

imation

1.2

L 250

L ° ZI‘40
1.0 -
[ 12 -3
[ 10" gcm
0.8 -

0.6

]
L N S
0.4 5

02

solid

liguid

0.0 * T
5 8.0 8.5 9.0

Ig T [K]

Fig. 4. Same as in Fi§l 3 but for ground-state matter compos&if af

nuclei atp = 10">gem™3

the melting point. It is the proper inclusion of multi-phonon
processes that makes the phonon contribution larger and almost
removes the jump of the total neutrino emissivity at the melting
point. Notice that the phonon and static-lattice contributions at
the melting become nearly equal. The physical properties of a
Coulomb liquid and a Coulomb solid near the melting point are
nearly the same. To verify this statement we have shifted arti-
ficially the melting temperature (which actually corresponds to
I' =T, = 172, Sect. 2). We have considered the cases of a
supercooled liquid by taking,, = 225, for which the liquid-
state structure factors of Young et al. (1991) are available, and
the case of a superheated crystal by taking = 100. In all
the cases the total normalized neutrino emissivifiedo not
differ noticeably from those obtained Bt, = 172, and the
discontinuity ofL at the melting point is minor.

Fig[8 compares the present results ToFe matter ap =
10° g e with the familiar results by N. Itoh and his group
reviewed recently by Itoh et al. (1996) and with the results
by Yakovlev & Kaminker [(1996) for the phonon contribution
obtained in the one-phonon approximaﬂb‘ﬁhe temperatures
displayed are rather low, so the one-phonon approximation al-
most coincides with the multi-phonon calculation. One can see a

(39) is suppressed exponentially with decreasing temperattigsition from power-law to exponential decrease in our static-
but the sum itself decreases more like a power law becaugétice curve with decreasing temperaturelat- 107 K. For

for the smallest reciprocal lattice vectdi& |, the exponential —; . . ) . .
decrease of the contribution starts to operate at much higher tem- Note that Yakovlev & Kaminker| (1996), while comparing their

erature than that for laraer reciprocal lattice vectors (Pethir sults for the one-phonon contribution in the iron and carbon plasmas
P 9 P p = 10° gcm™3 (their Figs. 3 and 4) with the results of Itoh et al.

& Thgrs;on 1997). At very low tempgratures, the reduction &996), inaccurately plotted (by long dashes) the fit expressions of Itoh
contributions from all reciprocal lattice vectors becomes e¥; 5. [1995). The correct curves are closer to the results by Yakovlev

ponentialZ and the total static-lattice contribution is suppressquaminker (1996) and are plotted in the present Hiyys. 5S@nd 6. Two
exponentially. However, such low temperatures are of no pragiithe authors (DY and AK) are grateful to Prof. N. Itoh for pointing
cal importance. Generally, the static-lattice neutrino emissioroigt this omission.
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Fig.5. Phonon (ph), static-lattice (sl) and total normalized neutririeig. 6. Same as in Fidll5 but for carbon crystal
emissivitieSLpn, L1, Lso1 VST (lower horizontal scale) o, (upper

horizontal scale) for a crystal 6f Fe nuclei ap = 10° g cm™® calcu- 20 R any
lated in the Born approximation. Solid curves show the present results, [— total (no band)

dashes show the phonon contribution in the one-phonon approximation
(Yakovlev & Kaminkei”I996) while dots are the results of Itoh et al.
(1996) —

2 16}

lower T', the phonon contribution dominates over the statice
lattice one. The static-lattice contribution given by Itoh et al¥0
(1996) is underestimated by several orders of magnitude. The
authors calculated this contribution neglecting the electron bat
structure and multiplied this result by a factor which should ap=?
proximately take into account the suppression of the neutrino
emission due to band structure. The latter factor was chosen on
the assumption that one particular reciprocal lattice vector gave i
the dominant contribution at all temperatures. If this were the 8§ Ll L
case, the suppression would be exponential. However, as shown 10 1 12 13

above, the suppression of contributions from the various recip- lgp [gem 3}

rocal lattice vectors sets in at different temperatures, and the re- ) , e
sulting suppression ofthe total rate is much weaker than given_lig?. 7. Density dependence of the neutrino bremsstrahlung emissiv-

! ) ) atT = 10%, 10%-° and10° K for ground-state and accreted matter
the approximation of [toh et al {19D6). In fact, the apprOXIma{ Iculated with the form factof{11). Solid and dashed lines show the to-

: : 2l
sup_pressllon factqr m_troduceq ,by Itoh et &l. (,1,996) makes t?&?and phonon emissivities, respectively, for ground-state matter; dots
static-lattice contribution negligible at all densities and tempejresent the same total emissivity but obtained neglecting the electron

atures of practical interest. Since the actual static-lattice emignd-structure effects. Dot-dashed lines display the total emissivity for
sion is commonly several times larger than the phonon one, gtereted matter

approach of Itoh et al. (1996) systematically underestimates the

total neutrino emissivity in the solid phase of dense matter. In

addition, the phonon contribution given by Itoh et al. (199&)wing to zero-point vibrationsa( x u_1/vAiZ att, < 1,

appears to be overestimated Br< 107 K (Fig.[5) as a result see Eq.[D)). It suppresses drastically the static-lattice contribu-

of the analytic fits proposed by Itoh et al. (1996) being insuffiion and makes it generally smaller than the phonon contribu-

ciently accurate (Yakovlev & Kaminker 1996). tion. The simplified treatment of the band-structure effects by
Fig[6 presents a similar comparison of the results but for cdtieh et al. [1996) damps the static-lattice contribution especially

bon. The case of carbon at high density is extreme since zestsongly, by several orders of magnitude, making; ~ L.

point vibrations of the light carbon ions become very strong. Fig[7 shows the density dependenté?(gcm™3 < p <

Nuclear reactions and beta captures tend to transform carioh® g cm3) of the neutrino emissivity at three valuesfor

into heavier elements. The Debye—Waller factor is very lardgiee ground-state and accreted matter. Here and in all subsequent

18

14 |
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figures the emissivities are calculated in the Born approxima- 12 [T
tion and multiplied by the non-Born correction factbr(18) as ' T=3x%x10°K
discussed in Sect. 3.1. Note that self-consistent models of ac- PR
creted matter (e.g., Miralda-Esduet al”1990) correspond to | ground-state ;* &® 414

T ~ 10®K. We use the accreted model for highgrto il- *
lustrate how variations of nuclear composition affect the ne

trino emission. For a particular temperature and density, matter
will be either liquid or solid. In the liquid state, we calculates, 14
Q@ using Eq.(Ib). In the solid state, we present the total and.
phonon neutrino emissivities for ground-state matter and t

total emissivity for the accreted matter. In accreted matter thg

ratio of the total emissivity to the phonon one is qualitatively the" ;

same as in ground-state matter. We show also the total neutrino | ,

emissivity for ground-state matter neglecting band-structure ef- i 3 no ff

fects. In the displayed density range, matter is entirely solid |, I N
for T = 108 K; there is one melting point fol’ = 1085 K 10 11 12 13

(g pm [gem™3] = 9.17, for ground-state matter) which sep- lgp [gem 3}
arates liquid (afp < pn,) and solid (atp > py,); and there
is a series of melting points & = 10° K due to the non- Fig.8. Density dependence of the neutrino bremsstrahlung emissivity
monotonic behaviour of the melting curvés, = Tm(ﬂ) asso- atT = 3 x 108K for ground-state matter calculated with the form
ciated with strong variations of the nuclear composition. THactor [11). Solid line: total emissivity. Also shown are: static-lattice
positions of the melting points can be deduced fromBig. 1. Fgﬁntrlbutlon (sh), .phonlon contribution (ph) and the total contributions
ground-state matter, these positions can also be traced [ Figgtfuned neglecting either band-structure effects (no band) or Debye—
o . ller factor (no DW) or nuclear form factor (no ff)
from the appearance of the phonon contribution (dashed Imesi
With decreasing temperature the solidification front shifts to-
ward lower densities. The accreted matter solidifies at highgfrabout 5 atp = 103 gcm 2. The effect of the form factor
densities than does ground-state matter due to the lower atog)is increases with density while the effect of the Debye—Waller
number. At the melting points the neutrino emissivities exhibictor becomes lower.
some jumps, butthese are small because, as we remarked earlielrhe neutrino emissivities presented in Fig€l3—8 are calcu-
neutrino bremsstrahlung does not change qualitatively whilged with the simplified atomic form factdr{11) appropriate for
passing from liquid to solid matter. Other, stronger jJumps agestep-like proton distribution within the nuclei. We have veri-
associated with variations of the nuclear composition (Sect. fd that the simplified form factor gives quite accurate results
Notice that the jumps of both types may be ignored in practbr p < 10'3 g cm 3. However, at highep the neutrino emis-
cal applications. The reduction of the neutrino emission by thfity becomes sensitive to the shape of the proton distribution.
band-structure effects becomes stronger with decreasing tefRen the form factor based on the proton-density distribution
perature and reaches one order of magnitud&fer 10° Kand  (IJ) seems to be more reliable, as discussed in Sect. 2. We have
p 2 10" gem 3. The band-structure reduction is power-lawhade a series of calculations with this more realistic form fac-
(non-exponential) for the parameters displayed in[Rig. 7. T making use of the smooth-composition (SC) model of the
ratio of the phonon contribution to the static-lattice one remaiggound-state matter (Sect. 2). Hi). 9 is an extension of Fig. 8
nearly constant for awide range of temperatures much below tgenigher densities10'2gcm= < p < 8 x 103 gecm3)
melting temperature, and the static-lattice contributionis sevefgd matter containing spherical nuclei. The highest density,
times larger than the phonon one. The neutrino bremsstrahlyng 8 x 103 g cm 3, is close to the transition to the phases with
in the accreted matter is lower than in the ground-state matt@jhspherical nuclei. We now compare the neutrino emissivities
due to the lower atomic number, but the difference is not largealculated with the realistic and step-like form factors. The re-
The effects of various physical factors on the density depeflistic form factor is included in both the phonon contribution
dence of the bremsstrahlung emissivity in the lattice of groun@hrough Eq.[{21)) and the static-lattice contribution (Sect. 3.3).
state matter al’ = 3 x 10® K is shown in Fig[B. We presentThe emissivities obtained with the realistic form factor for the
the total emissivity, and also the static-lattice and phonon em&e model are compared with those obtained with the step-like
sivities. In addition, we show the total emissivity calculated n¢orm factor for the SC and Negele—Vautherin models of mat-
glecting either the effects of band-structure, the Debye—Walllgk. The total emissivities (upper curves) are seen to be close
factor, orthe nuclear formfactor. Here by the phrase “neglectiggthe static-lattice emissivities (lower curves), which indicates
the Debye—Waller factor” we mean the one-phonon approxim@at the static-lattice contribution is dominant. The emissivities
tion in which the Debye—Waller factor is set to zero. One caf the Negele—Vautherin model show the familiar jumps (e.g.,
see that the phonon contribution is noticeably smaller than thgys[7 andB) associated with variations of the nuclear com-
static-lattice one, and the ratio of the static-lattice and phongssition. After averaging over these jumps, they reproduce the
contributions increases slowly with density, reaching a factemissivities derived in the SC model (with the same form fac-
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Fig.10. Density dependence of the bremsstrahlung emissivity at

Fig.9. Density dependence of the bremsstrahlung emissivity at 7 = 3 x 10° K for five phases of spherical and nonspherical atomic
3 x 108 K for the ground-state matter composed of spherical nucléiuclei at the bottom of a neutron star crust for the SC model of matter

Long_dashed lines are calculated with the Step-ﬁke form factor (W'CU'atF.‘d with the realistic form factor. Long-dash line is obtained by
given by Eq.[(I1L) for the nuclear composition by Negele & Vautherigssuming the nuclei to be spherical to the crust bottom. Short-dash line
(NV,1973). Short-dashed lines are calculated with the same form fad®galculated for all phases neglecting the band structure, while dotted
but for the smooth-composition (SC) model of matter (Sect. 2). Soliie is obtained neglecting the band structure and the form factor
lines correspond to the SC model and more realistic form factor for the

proton distribution[(IR). Upper lines show the total emissivities, while

the lower ones give the static lattice contribution alone

ther the band-structure effects, or both the band structure and

tor). The emissivities obtained with the realistic and step-likke form factor. The neutrino emission at~ 104 gcm3 is
form factors are seen to be close fo 1013 gcm3. However, very sensitive to the proton charge distribution. A neglect of the
when the density becomes higher than® g cm3 the realistic form factor leads to overestimation of the neutrino emissivity by
form factor decreases the electron-nucleus interaction and ¥el.5 orders of magnitude. The effects of nonspherical phases
duces noticeably the neutrino emission compared with the case also rather important. Non-sphericity of the nuclei mainly
of the step-like form factor. lowers the neutrino emission by reducing the dimension of the

Fig[10 is an extension of Fidd.[4-9 towards higher densitiesims over reciprocal lattice vectors in Hg.l(31). The reduction
It shows the density dependence of the neutrino bremsstrahlgag exceed one order of magnitude (cf the solid and dashed
emissivities through all five phases of spherical and nonsphanives near the cylinder—slab interface). More work is required
cal nuclei forT = 3 x 10® K. In order to display all the phasesto calculate the Debye—Waller factor and the phonon contri-
we use a linear density scale rather than a logarithmic @ne; bution and determine accurately the bremsstrahlung emission
is the density in units o10'* gcm2. Densities in excess of for nonspherical nuclei. However the spherical-nucleus model
1.43 x 10" gcm2 correspond to uniform matter in the neutroprobably represents a reasonable upper limit to this emissivity
star core. The emissivities are calculated using the SC modelfdndensities where the nuclei can be nonspherical.
the spherical phase, the phonon contribution is included and theFig[I1 shows the density dependence of neutrino
Debye—Waller factor is taken into account. In the nonspheridaemsstrahlung for the ground-state matter of the neutron-star
phases, we neglect the Debye—Waller factor and the phonon cemvelopes at six temperatures, fraff K to 1.8 x 10° K, in
tribution (see above). This circumstance is partly responsible fbe density range0'®gcm =2 < p < 1.4 x 10 gcm3. The
the jJumpsinthe neutrino emissivitiegat 9.73x10'2gcm™3, p — T domain displayed is the most important one for appli-
the interface between the phases with spherical and cylindration to neutron-star cooling. The dotted curves are calculated
cal nuclei. All the curves are calculated with the realistic formsing the Negele—Vautherin model of matter and the step-like
factor. The long-dashed curve is obtained assuming the nudéteim factors [1Il). The dashed lines are obtained for the SC
remain spherical up to the highest densities at the very bottomodel with the realistic form factor and on the assumption that
of the neutron star crust and by including the phonon contritclei are spherical to the bottom of the crust. The solid lines
bution and the Debye—Waller factor. The parameters of suate also derived for the SC model with the realistic form factor
nuclei are appropriate to the Negele—Vautherin model of dertsé with allowance for the phases of nonspherical nuclei. Sharp
matter, smoothed over jumps. We also present the emissivitiesreases of the curves@af> 10'4 g cm2 occur because the
calculated for all phases of nonspherical nuclei neglecting eiiclei become nonspherical (see Eig. 10).
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Fig. 11. Density dependence of the bremsstrahlung emissivity for thég. 12. Density dependence of the neutrino emissivities produced in
ground-state matter of the neutron-star crust at six temperafui®s a neutron star crust and coreZat= 10° K by various neutrino gener-

the model by Negele & Vautherin (NV, dot§) (1973) with the step-likation mechanisms: electron bremsstrahlung (e-brems), plasmon decay
form factor (ff), and in the SC model with the realistic form facto(plasma), Cooper pairing of nucleons (Cooper pairs) in the models of
assuming either the nuclei are spherical to the crust bottom (dastsg)ng (s) and weak (w) neutron superfluidity (SF), and standard neu-
or including non-spherical phases (solid lines). Filled circles show otino generation mechanisms (N-stand.) in strongly (s) and weakly (w)
fits (40) to dashed lines superfluid uniform matter (see text for details)

Our calculations for spherical nuclei with the realistic form 7
factor in wide density and temperature range¥,g cm—3 < 14 F .
p < 1.5x10"gem3and5 x 107K < T < 2 x 10K can r T=10 K

(
[ g
I SC model l{ \
|
|
|

be fitted by the expression

lgQ[ergem s = 11.204 4 7.304 7 + 0.2976 7 g
—0.370 72 + 0.188 77 — 0.103 72 + 0.0547 721 "

o0

—

[eb)}

uniform matter

—6.77 1g (1 + 0.228p /o) , (40)

wherer = lgTg, r = lgpio, andpy = 2.8 x 104 gem3 10 | 4
is the standard nuclear-matter density. The relative error @ ;
this fit formula generally does not exceed 1% Ig1)) over 20 |
the indicatedp — 7' domain. The accuracy of the fit is seen {
from Fig[11. The fitting formula reproduces the main fea- |
tures of the neutrino bremsstrahlung radiation in a very wide Ee R T,L’
density domainl0? gcm3 < p < 10 gcm 3, where the 10 11 19 13 14
atomic nuclei are expected to be spherical, and it probably -3

gives a realistic estimate of the emissivity for higher densities, lgp [gem ]

10t gem® < p < 1.4 x 10** gem~?, where the nuclei be- rig 13 sameasin Fig-32 butfar — 10° K. Plasmon decay, standard
come nonspherical. This fit formula should be quite sufficieRkytrino emission from uniform mater and Cooper-pairing emission in
for many applications. the strongly superfluid matter become negligible

Finally, in Figs[I2 and[13 we compare neutrino

bremsstrahlung by electrons in the neutron-star crust with other

neutrino emission mechanisms f6r= 10° K and 108 K, re- mechanism here since it is determined by impurity parameters
spectively. The other mechanisms considered are neutrino emibich are largely unknown. We show also the neutrino emis-
sion due to plasmon decay (e.g., Itoh et al. 1996) and due to #ien produced by some mechanisms in uniform matter of the
nucleon Cooper-pair formation under the action of nucleon steutron-star core: the standard neutrino energy losses and the
perfluidity (e.g., Yakovlev et dl.1998). The SC model of groundhucleon Cooper-pair neutrinos in superfluid uniform matter. It
state matteris used. In principle, some contribution atfoway is assumed that uniform matter has a moderately stiff equation
come from neutrino emission due to scattering of electrons bf/state proposed by Prakash etlal. (1988) (the same version as
charged impurities (e.g., Haensel etlal. 1996). We ignore thgs used by Page & Applegate 1992). The standard neutrino

nonspherical nuclei
\“ ‘N;'éfalld, weak SF

neutron drip




1022 A.D. Kaminker et al.: Neutrino-pair bremsstrahlung by electrons in neutron star crusts

processes include the modified Urca reactions and nucle@@ect. 2). We neglect this effect here but we intend to discuss it
nucleon bremsstrahlung. All the standard reactions are partiatya separate article.
suppressed by the combined action of the neutron and protonsudn a high temperature plasmd, = 10°K, at p <
perfluids in uniform matter. The reaction rates and suppressidi' g cm3 (Fig.[12), the process most competitive with elec-
factors are taken in the form described by Levenfish & Yakovlgxon bremsstrahlung is the well-known plasmon decay (Itoh et
(1996). The proton and neutron superfluid critical temperaturals 1996). However its rate falls exponentially with decreaging
depend on density. We assume singlet-state pairing of protoasd the process almost dies ouf'at= 108 K (Fig.[I3). The stan-
and either singlet-state or triplet-state pairing of neutrons. Nedard neutrino emission from uniform matter is greatly reduced
tron pairing is expected to occur in a singlet state in matteriat the nucleon superfluidity. It decreases exponentially when the
densities less than roughly that of the core-crust interface, @ethperature becomes much smaller than the superfluid critical
in a triplet state at higher densities. For any density we addptnperatures of nucleons. For instance, the standard emission
the type of neutron pairing that corresponds to the higher criig-quite substantial & = 10° K but becomes much less signif-
cal temperature. The strong density dependence of the neutigant atT’ = 108 K (practically negligible for the case of strong
emissivities in uniform matter (Figs.12 ahd] 13) is due to tteuperfluid). Neutrino emission by Cooper pairing in the uniform
pronounced density dependence of the neutron and proton arittter and in the inner crust is also exponentially suppressed
ical temperatures gt ~ po. Since critical temperatures arewhen the temperature is much lower than the critical tempera-
very sensitive to the microscopic model of the nucleon interatwes of neutrons and protons. Accordingly the temperature and
tion, we have considered two cases, corresponding to strongd@hsity dependence of the Cooper-pair neutrino emissivity is
and weak (w) nucleon superfluids (SFs). The strong superfluigry strong. If77 = 10° K and the superfluidity is strong, we
model is based on the rather large superfluid gaps calculatechbye two peaks of Cooper-pair neutrinos: one near the neutron
Elgargy et al.[(1996) for singlet-state pairing (with maximurdrip point (atp ~ 10'2 gcm3), and a very narrow peak near
gap of about 2.5 MeV as a function of nucleon number densitiyde core-crust interfacep(~ 1.4 x 104 gcm3). Both peaks
and by Hoffberg et all (1970) for triplet-state pairing. The weadre produced by neutron pairing, and are pronounced since the
superfluid model makes use of the small superfluid gaps aeutron critical temperature is sufficiently small (only slightly
rived by Wambach et al. (1993) (with a maximum gap of aboekceedq") in the indicated density ranges even for strong super-
1 MeV) for the singlet superfluid and by Amundsen & @stgaafftuidity. The smallness df. in the first density range is associ-
(1985) for the triplet neutron superfluid. For singlet pairing wated with a low number density of free neutrons near the neutron
regard the weak pairing case to be the more realistic becadsp point, and the smallness in the second density range corre-
the calculations of Wambach et al. {1993) included the effedgonds to the transition from singlet to triplet neutron pairing.
of induced interactions. Outside these density ranges the neutron critical temperature is
The mechanism of neutrino production due to Cooper paico high and the emissivity of the Cooper neutrinos is exponen-
ing of nucleons was proposed by Flowers etlal. (1976) and tielly suppressed. When the temperature decreases the emissiv-
dependently by Voskresensky & Senatorov (1986, 1987) fity becomes smaller, and the process dies offit at 10® K (cf.
uniform matter. A critical comparison of these works has be&igs[12 and13).
done by Yakovlev et all (1998) who considered also the case of If T = 10° K and the superfluidity is weak, the Cooper
triplet neutron pairing. The theory predicts a powerful maximuairing appears to be the dominant neutrino emission process
of the Cooper-pair neutrino emission when the temperature falsa large fraction of the neutron star crust since the neutron
below the critical temperatufE. for neutrons or protons. How- critical temperature is not much higher th@n However, the
ever, at still lower temperature®, < T, the emission falls process is practically switched off at low densitjesS 2 x
exponentially. The emission is much stronger for neutrons thad'2 K, because a weak neutron superfluid has not yet occurred
for protons due to the smallness of axial-vector electroweakthese densities{ < 7" = 10° K). When the temperature
currents for protons (Yakovlev et al. 7998). In spite of its londrops to108 K, the neutrino emission due to Cooper pairing
history, this process was forgotten for a long time, and it ha&ssuppressed. Nevertheless, two high peaks of the emissivity
been included in cooling simulations only recently (Fage 1995Urvive (similar to those for a strong superfluidiat= 10° K).
1998; Schaab et al. 1997; Levenfish et al. 1998; Yakovlev et @he first one corresponds to low~ 102 gcm 3 (7. is not
1998). We make use of the results by Yakovlev et[al. (1998)uch higher thari0® K), and the second correspondsgoe~
for uniform matter and for the crust. In the uniform matted,.4 x 10'* gcm—3, whereT. is low, which corresponds to the
we take into account neutrino emission due to pairing of newmansition from a singlet to a triplet neutron superfluid.
trons and protons. In the crust, the Cooper neutrino emission is We conclude that the main contribution to neutrino emis-
evaluated including the contribution from free nucleons alors@on from a neutron-star crust comes from two processes,
(from free neutrons in all phases of matter in the inner crusihe neutrino-pair bremsstrahlung and Cooper pairing of neu-
and from free protons in the phases with cylinders and sphetems. The bremsstrahlung neutrino emission has been calcu-
of neutrons surrounded by nuclear matter). In principle, theieged rather reliably, excluding possibly in the phases of non-
can be a substantial contribution (Yakovlev et al. 1998) from tispherical nuclei near the core-crust interface. The mechanism
non-uniform distribution of the nucleons within atomic nuclebperates in a wide ranges of densities and temperatures, and the
density dependence of the emissivity is generally smooth. The
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neutrino emission due to the Cooper pairing of nucleons is dke stellar interiors. It can also be important in rather old neutron
tremely sensitive to the model adopted for the superfluid gagtars during the transition from the neutrino cooling stage to the
in the nucleon spectra. This mechanism is more important fanoton one. The neutrino luminosity of the stellar core decays
lower gaps (weaker superfluid). The emissivity can be a sha@gnerally somewhat faster than the luminosity of the crust, and
function of density and temperature. We remark that the micribve crustal luminosity survives longer. Moreover, the neutrino
scopic models that correspond to weak superfluidity are likedynission from the crust can dominate the emission from the
the more reliable since they incorporate the effects of inducedre in the neutron stars with highly superfluid cores and/or in
processes (screening) in the effective neutron-neutron intersiars with a stiff equation of state. In the latter case, the crust
tion. In addition, in the phases with non-spherical nuclei, threan be quite massive and its neutrino luminosity can be substan-
neutron superfluid gap in the matter is expected to be redudiadl Finally, low-mass neutron stars always possess relatively
by the presence of nuclei, in which the matter has a highmassive crusts, and their neutrino luminosities can be mainly
density, and a smaller pairing interaction, than in the neutrotistermined by their crusts.

outside nuclei. We expect to consider the Cooper-pair processA number of problems remain to be solved in connection
in more detail in a future publication. with the calculation of neutrino pair bremsstrahlung in the crust.
One ofthese isthe influence on the phonon spectrum of neutrons
outside nuclei when matter is made up of spherical nuclei. Intu-
itively one would expect the neutron liquid to make the effective

We have analyzed the neutrino pair emissioh (1) due to thess of nuclei larger, thereby decreasing phonon frequencies.
bremsstrahlung of degenerate relativistic electrons at densitlé¥s in turn would increase the bremsstrahlung from phonon
from 10° gcm 3 to 1.5 x 10** gcm3 and temperatures from Processes at least at low temperatures. Another is the nature of
5 x 107 to 5 x 10°K in the neutron-star crusts. We have prethe collective excitations of the phases with non-spherical nu-
sented the expressions for the neutrino emissivity from a plasfi@i- There are a number of these that have low frequencies, and
of liquid and solid atomic nuclei taking into account the effect§iese will give a“phonon contribution”, while at the same time
of finite sizes (the nuclear form factor) of the nuclei. In solid magffecting the static lattice contribution.

ter, we have studied the static-lattice and phonon Contribu“%&nowledgenmts The authors are grateful to D. Baiko for many
to the neutrino bremsstrghlung with allowance for the eleCtr‘ﬂ@Ipful discussions. This work was supported by RFBR (grant 96-02-
band-structure and multi-phonon processes. We have consigg70a), RFBR-DFG (grant 96-02-00177G), INTAS (grant 96-0542),
ered bec, fcc and hep Coulomb crystals, and showed that the us National Science Foundation (grant NSF AST96-18524), and
neutrino emission is insensitive to the lattice type. We have madasA (grant NAGW-1583).

use of two models of matter in the neutron star crusts: ground-

state mallt.ter and accreted matter. We have proposed a smo&@ér ences

composition model of ground-state matter to analyze the neu-
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