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The paper revisits the role of hyperon bulk viscosity during neutron-star inspiral. We find that hyperon
bulk viscosity exerts only a minor influence on the gravitational-wave phase, causing a phase shift
of ∼10−3 rad. This shift is too small to be detected by existing gravitational-wave observatories, and it
seems unlikely that next-generation detectors will be able to isolate this effect from other factors. However,
our analysis indicates that hyperon bulk viscosity can significantly heat the hyperon core of a neutron star,
raising its temperature to approximately 5 × 108 K.
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I. INTRODUCTION

Neutron stars (NS) are extraordinary celestial objects
containing degenerate matter with densities exceeding
those of atomic nuclei. Since such thermodynamically
cold and extremely dense matter currently cannot be
reproduced in terrestrial laboratories, looking into NS
observational manifestations offers a unique opportunity
to constrain and explore its physical properties. A particu-
larly promising option is to study the gravitational-
wave (GW) signals originating from the binary NS inspirals
and mergers, which have been observed since the first
detection, GW170817, reported in 2017 by the LIGO
and Virgo collaborations [1]. A reliable interpretation of
such observations requires a detailed understanding of
the physics behind the formation of the GW signal, in
particular, the way it encodes the properties of the stellar
matter.
The simplest approximation to model the GW signal

from inspiraling stars is to treat the latter as point-mass
objects, thereby ignoring their internal degrees of free-
dom. This approximation, however, is not suitable for
exploring the properties of the stellar matter, as within
the point-mass model the emitted GW signal is insensi-
tive to the equation of state/internal NS microphysics.
A more detailed treatment of the problem requires
relaxing the point-mass approximation and accounting
for finite-size effects. The dominant correction to the
point-mass model, in particular, comes from accounting
for the deformations of a star under the gravitational
tidal forces imposed by its companion. These tidally
induced deformations enhance the GW radiation from the
binary, causing the inspiral to accelerate and, therefore,
modifying the associated GW signal [2]. Accounting
for this effect when interpreting the GW170817 signal
has already allowed to put constraints on the NS tidal
deformability (see, e.g., Ref. [3]). While numerous

weaker finite size effects (see, e.g., the review [4]) that
also take place are likely beyond the reach of the
current detectors, they, hopefully, might be resolved
by future detectors with enhanced sensitivity and
broader frequency ranges, such as the Einstein
Telescope and Cosmic Explorer. Therefore, precise inter-
pretation of the forthcoming observations requires accu-
rate models of the inspiraling neutron stars, incorporating
the influence of the various finite size effects on the GW
signal.
Significant progress has already been made in this

area (see, e.g., the reviews [4,5] and references therein).
One of the challenges is to model how energy dis-
sipation inside a star affects the GW signal. The basic
idea is that part of the binary orbital energy is
continuously spent on maintaining the tidally induced
stellar deformation in the presence of dissipative losses.
This dissipation heats the star and accelerates the
inspiral, thereby modifying the associated GW signal.
At high temperatures, the dominant dissipative mecha-
nism is bulk viscosity, which is associated with energy
losses caused by deviations of the matter from chemical
equilibrium. In stars with standard nucleonic composi-
tion, the relevant chemical reactions are weak leptonic
Urca processes. If the matter contains hyperons, how-
ever, the dominant contribution to the bulk viscosity
may come from weak nonleptonic reactions [6]. These
reactions proceed much faster than Urca processes and
can therefore lead to substantially enhanced bulk-viscous
dissipation in hyperonic matter. A similar mechanism
operates in strange quark matter, where bulk viscosity is
enhanced by weak nonleptonic processes involving
strange quarks [7,8]. Thus, modeling the effect of bulk
viscosity on the stellar temperature and GW signal under
different microphysical assumptions, and comparing the
results with observations, may provide a probe of
hyperons or strange quark matter in NS interiors.
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Some existing studies of bulk viscosity in NS inspirals
have reached apparently conflicting conclusions. In par-
ticular, studies of nucleonic bulk viscosity [9–11] and of
bulk viscosity produced by weak nonleptonic reactions
[12–14] differ in their assessment of its astrophysical
importance. On the one hand, Ref. [10] suggests that even
bulk viscosity as strong as the hyperonic one is likely to
have only a weak effect on the inspiral. On the other hand,
Refs. [12–14] find that bulk viscosity produced by weak
nonleptonic reactions may lead to significant stellar heating
and potentially detectable GW phase shifts. This discrep-
ancy motivates us to revisit the role of bulk viscosity during
NS inspirals. Section II introduces the theoretical frame-
work used in our analysis. We present our numerical results
in Sec. III and summarize our findings in Sec. IV.

II. THEORETICAL FRAMEWORK

A. Model of a neutron star with hyperonic composition

In this study, we use a simplified fluid model of a neutron
star. The stellar interior is divided into two regions: an outer
barotropic layer, representing the crust, and an inner
nonbarotropic region, representing the core. We neglect
the elasticity of the crust and treat the entire star as a
degenerate, locally charge-neutral fluid. This approxima-
tion is sufficient for our present purpose, which is to
estimate the influence of bulk-viscous dissipation in the
core on the thermal and orbital evolution during the
inspiral.
The particle composition of the core is model-dependent

and varies with density. Here, we assume that, as predicted
by a number of modern equations of state (e.g., [15–19]),
the core matter is composed of neutrons (n), protons (p),
electrons (e), and, at higher densities, muons (μ), Λ
hyperons (Λ), and Ξ− hyperons ðΞ−Þ. Microscopic calcu-
lations indicate that Ξ− hyperons may be strongly paired
throughout the density range in which they appear under
neutron-star conditions; see, e.g., [20]. Since Ξ− hyperons
are charged, we refer to this state as superconducting. The
pairing state of Λ hyperons is less certain. Available
calculations based on the results of Ref. [21] suggest,
however, that the Λ-hyperon pairing gap may be substan-
tially smaller than the Ξ− gap [22,23]. We therefore treat Λ
hyperons as normal. Finally, neutron and proton pairing
gaps may also vanish (or be reasonably small) in the density
and temperature ranges relevant to our problem [20]. Thus,
for simplicity, in what follows, we assume that all particle
species except Ξ− hyperons are normal, whereas Ξ−

hyperons are strongly superconducting. We also examine
the possible effects of nucleon superfluidity on our results
below in Sec. III.
The core matter of an NS is subject to numerous

reactions of particle mutual transformations. First of all,
similar to nucleonic matter, various weak leptonic (Urca)
reactions are present. They, however, can be safely ignored

as slow and inefficient at temperatures and perturbation
frequencies relevant for NS inspirals.1 In addition to Urca
processes the hyperonic matter may also support the so-
called weak nonleptonic processes, which are much faster
and, generally, should be accounted for. For the specific
npeμΛΞ− composition considered here, the relevant weak
nonleptonic reactions are [6],

nþ p ↔ Λþ p; ð1Þ

nþ n ↔ Λþ n; ð2Þ

nþ Λ ↔ Λþ Λ; ð3Þ

nþ Ξ− ↔ Λþ Ξ−; ð4Þ

nþ Λ ↔ Ξ− þ p: ð5Þ

Because Ξ− hyperons are assumed to be strongly super-
conducting, the weak nonleptonic reactions involving them
are exponentially suppressed. We therefore treat reactions
(4) and (5) as frozen. If both Λ and Ξ− hyperons are
present, the following strong reaction may also occur:

2Λ ↔ Ξ− þ p: ð6Þ

In nonsuperfluid and nonsuperconducting matter, reaction
(6) is much faster than the weak nonleptonic reactions: its
rate exceeds typical weak rates by about 14–16 orders of
magnitude [6,25]. The superconductivity of Ξ− hyperons,
however, suppresses this rate. Repeating the estimate of
Sec. II D of Ref. [25], with proton superconductivity
replaced by Ξ− superconductivity, one may write the
suppression factor in the form

1We note in this connection that it has been argued in the
literature (see, e.g., Ref. [9]) that neutron stars with standard
nucleonic composition may be heated during the inspiral up to
2 × 108 K by Urca reactions. According to Ref. [9], the dominant
contribution to this heating comes from resonantly excited g
modes. This estimate should, however, be treated with some
caution. The excitation of g modes is controlled by the corre-
sponding overlap integrals, i.e., by the scalar products of the
mode eigenfunctions with the tidal-force field. These overlap
integrals are especially sensitive to the consistency of the pertur-
bation calculation, because g modes are nearly orthogonal to the
tidal potential. In Ref. [9], relativistic background neutron-star
models were used, whereas the eigenmodes were computed using
Newtonian oscillation equations. In addition, metric factors were
not included in the expression for the overlap integral; see their
equation (17). Such a mixed treatment may noticeably enhance
the g-mode overlap integrals. The reason is that even small
errors in the eigenfunctions may spoil the near-orthogonality of
g-modes to the tidal potential and thereby produce an enhanced
overlap. A similar issue for interface modes was discussed in
Ref. [24]; see the penultimate paragraph of their section 4.2.
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RΞ ≃ 0.221τ−3.5Ξ exp

�
−
1.764
τΞ

�
; τΞ≡ T

TcΞ
; ð7Þ

where TcΞ is the critical temperature for the onset of Ξ−

superconductivity and T is temperature. This estimate
shows that, for sufficiently small τΞ (roughly τΞ ≲ 0.04),
the strong process may become comparable to, or even
slower than, the weak nonleptonic reactions. Thus, whether
reaction (6) is fully equilibrated on the timescale of tidal
perturbations is model dependent and cannot be established
without specifying the poorly known Ξ− pairing gap. At the
same time, as discussed in Sec. II D of Ref. [25], treating
this strong process as frozen or equilibrated is not expected
to substantially affect the final results: the corresponding
maximum bulk viscosity is smaller than that produced
by the weak nonleptonic reactions, while the associated
changes in the adiabatic index are also expected to be
modest. In what follows, we therefore choose the equili-
brated limit for definiteness and impose chemical equilib-
rium with respect to reaction (6).

B. Perturbation equations of a neutron star
in a binary system

To begin with, let us introduce the key notations and
conventions to be used in our calculations. First of all, we
characterize the stellar matter by the pressure P, energy
density ε, enthalpy density w≡ Pþ ε and temperature T,
and each particle species k ¼ ðn; p; e; μ;Λ;Ξ−Þ by the
corresponding number densities fnkg, chemical potentials
fμkg, and electric charges fekg. Second, to describe the
motion of the stellar matter, we introduce the collective
hydrodynamic four-velocity uμ ¼ ðut;uÞ, shared by all
particle species. Such a description is justified regardless
of the assumed superconductivity of Ξ− hyperons, since
local charge neutrality electromagnetically locks Ξ− hyper-
ons to the other charged particle species and suppresses
their relative motion (see, e.g., [26–28] for similar argu-
ments in superconducting nucleonic matter). Finally, we
describe the gravitational field using the metric tensor gμν
with f−;þ;þ;þg-signature. Here and in what follows, we
use Latin indices ði; j; k;…Þ to label different particle
species, and Greek indices ðμ; ν; λ;…Þ to denote tensor
components. Unless stated otherwise, we always imply
summation over repeated Greek and Latin indices. The
bold font is used for three-vectors, such as, e.g., the spatial
component u of the four-velocity uμ. For convenience, we
also employ natural units where the speed of light c ¼ 1
and Boltzmann constant kB ¼ 1.
In this study, we consider perturbations of a nonrotating

neutron star in a binary system caused by the gravitational
field of its companion. To this end, we introduce Eulerian
perturbations, δf ¼ f − f0, which describe the deviation of
a quantity f from its value f0 in an isolated neutron star in
chemical and hydrostatic equilibrium. For simplicity, we
work in the Cowling approximation, i.e., we neglect the

effect of stellar perturbations on the gravitational field. In
this approximation, the deviation of the gravitational field
from that of an isolated neutron star is due solely to the
external gravitational field of the companion.
At large binary separations, the companion’s gravita-

tional field in the vicinity of the considered star can be
approximately described by the companion’s gravitational
potential U. It is customary to decompose this potential
as U ¼ U0 þ Ũ. The first term, U0, produces the same
acceleration at every point inside the star. It may therefore
affect the motion of the star as a whole, but it cannot deform
the star. Stellar deformations are caused only by the non-
uniform part of the external field, described by the tidal
potential Ũ. The explicit form of these potentials will be
given in Sec. II D. Here it is sufficient to note that, at the
large binary separations considered below, the external
field is weak compared with the star’s own gravitational
field and can therefore be included perturbatively, as
discussed in Sec. II D.
To describe tidal perturbations, we follow [29] and

employ a reference frame whose origin follows the
stellar center of mass, accelerated solely by potential U0.
In this frame, within approximations made, the interval
ds2 ¼ gμνdxμdxν can be written in spherical coordinates
xμ ¼ ðt; r; θ;φÞ as

ds2 ¼ −eν0þ2Ũdt2 þ eλ0dr2 þ r2ðdθ2 þ sin2 θdφ2Þ; ð8Þ

where ν0ðrÞ and λ0ðrÞ are the standard metric functions that
describe the equilibrium spacetime of an isolated non-
rotating neutron star. We also introduce the so-called
Lagrangian displacement ξμ ¼ ðξt; ξÞ that shows the per-
turbations of the fluid element worldlines and relates to
the velocity perturbation in this frame by the equality
u ¼ e−ν0=2ξ̇, where we used the abbreviated notation ḟ ≡
∂f=∂t for the time derivative.
Within approximations made, small perturbations of a

neutron star from its equilibrium state at U ¼ 0 in the
chosen reference frame are governed by the following
equations:

e−ν0w0
̈ξ ¼ −∇δPþ δw

w0

∇P0 − w0∇Ũ; ð9Þ

δṅk þ divðnk0ξ̇Þ ¼ eν0=2ΔΓk; ð10Þ

δw¼ δPþ δε; δε¼ μk0δnk; δP¼ nk0δμk; ð11Þ

δμk ¼
�
∂μk
∂ni

�
0

δni; δP ¼
�
∂P
∂nk

�
0

δnk: ð12Þ

Here ∇ and div are the three-dimensional covariant oper-
ators associated with the unperturbed spatial metric
dl2 ¼ eλ0dr2 þ r2ðdθ2 þ sin2 θdφ2Þ; see Appendix B of
[29] for details. Equation (9) represents the linearized Euler
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equation, obtained from the spatial projection of the
energy-momentum conservation law,

δ½ðgρν þ uρuνÞ∇μT
μ
ν � ¼ 0; ð13Þ

where

Tμν ≡ wuμuν þ Pgμν ð14Þ

is the perfect-fluid stress-energy tensor, and ∇μ is the
covariant derivative associated with the metric (8).
Furthermore, Eq. (10) represents the set of linearized
continuity equations for the different particle species.
The source terms ΔΓk account for particle conversion in
chemical reactions, specifically in the weak nonleptonic
processes (1)–(3) and in the strong process (6) in the
hyperonic core. The remaining relations in the third and
fourth lines follow from the thermodynamic identities

dε¼ μkdnk; dP¼ nkdμk; w≡Pþ ε¼ μknk; ð15Þ

and from the equation of state (EOS), which is assumed to
specify the energy density ε ¼ εðfnkgÞ as a function of the
number densities fnkg.
Physical perturbations described by the above equations

must be regular at the stellar center and satisfy the condi-
tion that the total pressure vanish at the perturbed stellar
surface. These are the boundary conditions imposed in our
calculations.

C. Energy dissipation rate

Tidal perturbations induced by a companion star drive
the stellar matter out of chemical equilibrium and thereby
dissipate the energy of the perturbation. This has two
consequences. First, dissipation heats the star. Second, it
accelerates the inspiral, because part of the orbital energy is
transferred to tidally induced perturbations and then dis-
sipated. To quantify these effects, we need the energy
dissipation rate Ėdiss associated with chemical reactions.
This rate can be obtained from the energy balance equation
for the perturbed star.
To derive the energy balance equation, we note that the

Euler equation (9) can be equivalently rewritten as

e−ν0=2w0
̈ξ ¼ −ni0∇δμ∞i − eν0=2w0∇Ũ; ð16Þ

where the superscript ∞ denotes the corresponding red-
shifted quantity, i.e., δμ∞i ≡ eν0=2δμi. The derivation of
this equation is straightforward and uses the following
relations:

1

w0

∇P0 ¼ −∇
ν0
2
;

∂μk
∂ni

¼ ∂μi
∂nk

; δni∇μ∞i0 ¼ 0: ð17Þ

The first relation represents the condition of hydrostatic
equilibrium and can be derived from the equilibrium Euler

equation. The second relation follows from thermodynamic
relations (15). The third relation follows from the matter
quasineutrality (eini ¼ 0) and combined conditions of
chemical and hydrostatic equilibrium of the unperturbed
matter (ekμ∞i0 − eiμ∞k0 ¼ const) [28],

δni∇μ∞i0 ¼ δni∇½μ∞i0 − ðei=ekÞμ∞k0� ¼ 0; ð18Þ

where the index k can refer to any charged particle species
of the fluid (no summation over k is assumed).
Now, multiplying Eq. (16) by ξ̇ and performing inte-

gration over the stellar volume dV ≡ eλ0=2r2 sin θdrdθdφ,
we obtain

d
dt

Z
1

2
e−ν0=2w0ξ̇

2dV ¼ AU −
Z

ni0ðξ̇ · ∇Þδμ∞i dV; ð19Þ

where

AU ≡ −
Z

eν0=2w0ðξ̇ · ∇ÞŨdV ð20Þ

is the power supplied to the star by the tidal force. Next,
integrating the second term on the right-hand side of
Eq. (19) by parts and neglecting the boundary term, which
vanishes at the stellar surface because ni0 ¼ 0 there,
we find

d
dt

Z
1

2
e−ν0=2w0ξ̇

2dV ¼
Z

divðni0ξ̇Þδμ∞i dV þ AU

¼
Z

eν0ΔΓiδμidV

−
Z

eν0=2δṅiδμidV þ AU; ð21Þ

where, in the last equality, we have used Eq. (10) to exclude
divðni0ξ̇Þ. Then, based on the symmetry relation ∂μk=∂ni ¼
∂μi=∂nk and the expression (12) for the chemical potential
perturbations, we can rewrite the second term on the right-
hand side as

Z
eν0=2δṅiδμidV ¼ d

dt

Z
1

2
eν0=2δni

�
∂μi
∂nk

�
0

δnkdV; ð22Þ

and, therefore, obtain

d
dt

Z �
1

2
e−ν0=2w0ξ̇

2 þ 1

2
eν0=2δni

�
∂μi
∂nk

�
0

δnk

�
dV

¼
Z

eν0ΔΓiδμidV þ AU: ð23Þ

This equation has a rather clear physical interpretation
of the energy conservation law. Specifically, it states that
the change dEmech=dt in the mechanical energy of the
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perturbation Emech (left-hand side) is caused by the work
AU of external gravitational forces and dissipative energy
losses Ėdiss due to out-of-equilibrium chemical reactions,

dEmech

dt
¼ Ėdiss þ AU; ð24Þ

Emech ≡
Z �

1

2
e−ν0=2w0ξ̇

2 þ 1

2
eν0=2δniδμi

�
dV; ð25Þ

Ėdiss ≡
Z

eν0ΔΓiδμidV: ð26Þ

The interpretation of Ėdiss as describing the energy change
due to chemical reactions is straightforward. The quantity
δμi is the energy required to add one particle of species i to
the system. Hence, each term ΔΓiδμi represents the rate,
per unit volume, at which the energy changes due to the
production or destruction of particles of this species. After
summation over all species and integration over the stellar
volume, this gives Eq. (26). It may not be immediately
obvious, however, why this contribution is dissipative, i.e.,
why it is always nonpositive, Ėdiss ≤ 0. To show this, it is
useful to introduce the following notation. Consider a
reaction pair ðaÞ ¼ ð12 ↔ 34Þ, with the direct reaction
defined as 12 → 34. Let NkðaÞ be the number of particles of
species k produced in one direct reaction. Thus, for
the reaction 12 → 34, one has N1ðaÞ ¼ N2ðaÞ ¼ −1 and
N3ðaÞ ¼ N4ðaÞ ¼ þ1.
We also define

ΔΓðaÞ ¼ Γ12→34 − Γ34→12; ð27Þ
where Γ12→34 and Γ34→12 are the rates of the direct and
inverse reactions, respectively. Finally, we introduce the
chemical imbalance

μðaÞ ¼ −μkNkðaÞ ¼ μ1 þ μ2 − μ3 − μ4: ð28Þ
With this convention, μðaÞ is the energy released in one
direct reaction 12 → 34. A positive value of μðaÞ therefore
means that the direct reaction is energetically favored over
the inverse one. For thermodynamically consistent reaction
rates, this implies that ΔΓðaÞ has the same sign as μðaÞ.
Conversely, if μðaÞ < 0, the inverse reaction is favored
and ΔΓðaÞ < 0. In chemical equilibrium, μðaÞ0 ¼ 0 and
ΔΓðaÞ0 ¼ 0, so that, to linear order, δμðaÞ ¼ μðaÞ.
We can now prove that Ėdiss is nonpositive. The particle

production rates can be written as

ΔΓi ¼ NiðaÞΔΓðaÞ; ð29Þ

where summation over reaction pairs (a) is implied.
Substituting this expression into Eq. (26) and using the
definition (28), we obtain

Ėdiss ¼ −
Z

eν0ΔΓðaÞδμðaÞdV ≤ 0: ð30Þ

The last inequality follows becauseΔΓðaÞδμðaÞ ≥ 0 for each
reaction pair.
For the particular chemical composition and set of

chemical reactions we consider, the sum over all reactions
(a) in the formula above can be equivalently rewritten as

δμðaÞΔΓðaÞ ¼ δμΔΓþ δμsΔΓs; ð31Þ

δμ≡μn−μΛ; δμs≡ 2μΛ − ðμΞ− þμpÞ: ð32Þ

The quantity δμs represents the chemical potential imbal-
ance (28) associated with the strong process (6), while δμ is
the chemical imbalance associated with any weak non-
leptonic process (1)–(3). Next, ΔΓ denotes the production
rate of Λ hyperons or, equivalently, the consumption rate of
neutrons in the weak nonleptonic processes (1)–(3). Finally,
ΔΓs represents the production rate of protons=Ξ−-hyperons
or, equivalently, half the consumption rate of Λ-hyperons,
associated with the strong process (6).
Using representation (31), we rewrite the energy dis-

sipation rate Ėdiss (30) as

Ėdiss ≡ −
Z

ðδμΔΓþ δμsΔΓsÞeν0dV: ð33Þ

The structure of Ėdiss suggests the existence of two non-
dissipative limiting regimes: the frozen-reaction regime
(extremely slow reactions) and the instantaneous-
equilibrium regime (extremely fast reactions). In the former
case, the particle source terms are small while the chemical
potential imbalances remain finite. In the latter case, the
particle source terms may remain finite, but the chemical
potential imbalances are efficiently relaxed. In both limits,
the product ΔΓðaÞδμðaÞ vanishes, and so does the corre-
sponding dissipation. Consequently, within the approxi-
mations adopted here, the contribution δμsΔΓs to Ėdiss
vanishes, because the strong process is treated as equili-
brated: δμs → 0, while ΔΓs remains finite.
Generally, ΔΓ is a nonlinear function of δμ. In the

so-called subthermal regime, however, when jδμj < T, one
can approximate ΔΓ by the corresponding leading order
(linear) term in δμ, and write,

ΔΓ ¼ λδμ; ð34Þ

where the coefficient λ represents the so-called total
reaction rate associated with the weak processes (1)–(3).2
In this limit, the hydrodynamic equations can be equiv-
alently reformulated in terms of an effective bulk viscosity

2In what follows, we assume that the inequality jδμj < T holds
and verify it numerically in Sec. III.
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ζ and chemically modified adiabatic index γ. The transition
from one description to another relies on separating the
adiabatic part of the pressure perturbation from the dis-
sipative one: δP ¼ δPad þ δPdiss. The explicit form of δPad
and δPdiss is uniquely determined from continuity equa-
tions (10). Specifically, using linearized thermodynamic
relations (15) and continuity equations (10), one expresses
δP and δε as linear functionals of the Lagrangian displace-
ment ξ and then identifies dissipative and nondissipative
terms. Eventually, one finds that δε does not contain a
dissipative contribution (see, e.g., [25,29]), and δPdiss,
δPad, and δε can be obtained from the equations

δPdiss ¼ −ζe−ν0=2divξ̇; ð35Þ

ΔPad ¼
γP0

w0

Δε ¼ −γP0divξ; ð36Þ

where Δf ≡ δf þ ðξ · ∇Þf0 denotes the Lagrangian per-
turbation of a scalar f, and the information about the
chemical reactions is encoded in the effective bulk viscosity
coefficient ζ and chemically modified adiabatic index γ. In
general, these coefficients depend on the density of the
matter, its temperature, and also on the perturbation
frequency. Their explicit form is automatically established
when deriving (35)–(36), once the relevant microphysics is
specified. For the chemical composition and reactions
considered in this study, a detailed derivation of γ and ζ
can be found in [25]. The same reference also discusses
in detail the conditions under which the slow- and fast-
reaction limits are valid.
The Navier-Stokes equation in the discussed

effective description takes the following form (see, e.g.,
[25,26,30,31])

e−ν0w0
̈ξ ¼ −∇δPad þ

δPad þ δε

w0

∇P0 − w0∇Ũ

þ e−ν0=2∇ðζdivξ̇Þ; ð37Þ

where the last term arises from δPdiss and accounts for the
dissipative effect of reactions [compare with Eq. (9)]. It has
the same form as in the case of dissipation due to kinetic
bulk viscosity, that is usually described by introducing the
additional term

Tμν
bulk ≡ −ζ½gμν þ uμuν�ð∇ρuρÞ ð38Þ

to the perfect-fluid stress-energy tensor Tμν (14).
One can show that the energy dissipation rate (30)

expressed in terms of the effective bulk viscosity is given
by [25,26,30,31]

Ėdiss ¼ −
Z

ζð∇μuμÞ2eν0dV ¼ −
Z

ζðdivξ̇Þ2dV: ð39Þ

This formula can be derived in a way very similar to the
derivation of Eq. (26): via integrating the Euler equa-
tion (37) multiplied by eν0=2ξ̇.
As we mentioned previously, one of the effects of

dissipation is the heating of the neutron star’s hyperon
core at a rate ð−ĖdissÞ. Assuming, for simplicity, that the
redshifted temperature of the hyperon core, T∞, is uniform
(although this is generally not the case3) while the temper-
ature of the outer layers remains unchanged, we find that
T∞ evolves in time according to

C
dT∞

dt
¼ −Ėdiss; ð40Þ

where C is the heat capacity of the hyperon stellar core.
Another important effect caused by dissipation is the

decrease of the orbital energy Eorb of the binary system,
which accelerates the inspiral compared to the adiabatic
case, when Eorb decreases solely due to emission of GW.
This acceleration is conveniently quantified by the corre-
sponding shift Δϕdiss that dissipation introduces to the
phase of the gravitational-wave signal. Assuming that the
shift accumulates between the times t1 and t2, it can be
approximately calculated using the following formula (for
the derivation see, e.g., [29]):

Δϕdiss ≈ −
Z

t2

t1

2ΩðtÞ Ėdiss

Ėorb
dt; ð41Þ

where ΩðtÞ is the frequency of the orbital motion. Within
the adopted perturbative approach, when evaluating the
phase shift, one can use functions ΩðtÞ and Ėorb, calculated
within the point-mass approximation (see Introduction),
since any corrections due to finite-size effects would
produce higher order contributions to Δϕdiss.
Note that all other effects contributing to the phase shift

(see, e.g., Refs. [4,29]), which are neglected here, are
cumulative. In particular, this includes the adiabatic effect
of reactions on the tidal deformability, arising from the
dependence of γ on the reaction rate [32].

D. Estimating Ėdiss

To determine the phase shift Δϕdiss or the stellar
heating, we first need to find the Lagrangian displace-
ment ξ that enters Eq. (39) for Ėdiss. To this end, we
adopt a perturbative approach: we determine ξ by
neglecting dissipation, i.e., as a solution of the adiabatic
Euler equation (37) with ζ ¼ 0, subject to the boundary
conditions discussed at the end of Sec. II B, namely
regularity at the stellar center and vanishing total

3The thermal conductivity timescale exceeds the inspiral
timescale, so the temperature profile should evolve with time,
depending on the local rate of energy dissipation and heat
capacity.
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pressure at the perturbed stellar surface. For this pur-
pose, it is convenient to substitute explicitly δPad and
δε, expressed as linear functionals of the Lagrangian
displacement according to Eq. (36). Once the pressure
and energy-density perturbations are expressed through

ξ, the Euler equation (37) in the adiabatic limit (ζ → 0)
takes the following form:

e−ν0=2w0
̈ξ − L̂adξ ¼ −eν0=2w0∇Ũ; ð42Þ

with the operator L̂adξ defined as

L̂adξ≡ −eν0=2∇δPad þ eν0=2
δPad þ δε

w0

∇P0 ¼ ∇
h
ð∇P0 · ξ þ γP0divξÞeν0=2

i
þ ð∇ε0 · ξ þ w0divξÞ∇ðeν0=2Þ: ð43Þ

Once the solution ξ is found, it can be used in the
expression (39) to estimate the leading order contribu-
tion to Ėdiss.
In what follows, we consider two limits: when the

reactions are slow and when they are fast. As discussed
above, in these limits the dissipation is, indeed, small, and
the dissipative term only weakly affects ξ. Moreover,
calculations of the dissipation rate of freely oscillating
hyperon stars (e.g., [25,33]) indicate that the dissipative
term in Navier-Stokes equation remains small even beyond
these limits, which justifies our approach across the entire
parameter range.
To proceed further, we need to specify the explicit form

of the gravitational tidal potential Ũ generated by the
companion star. In this study, we model the companion star
as a point-mass object. Let us choose the orientation of the
coordinate system such that θ ¼ π=2 corresponds to the
equatorial plane of the binary orbit (recall that the origin of
the coordinate system is placed at the center of mass of the
perturbed neutron star). Then, in the ðr; θ;φÞ-coordinates,
the components of the companion star position vector DðtÞ
are DðtÞ ¼ fDðtÞ; π=2;ΦðtÞg, and the full gravitational
potential U induced by the companion star inside the
neutron star is given by

U ¼ −
GM0

jr − DðtÞj

¼ −GM0X
lm

Wlm
rl

DðtÞlþ1
e−imΦðtÞYlmðθ;φÞ: ð44Þ

Here, G is the gravitational constant, M0 is the mass of the
companion, Ylm are the spherical harmonics, and Wlm are
known numerical coefficients (see, e.g., Ref. [34]). The l ¼
m ¼ 0 term in this expansion does not depend on r and,
therefore, does not produce any acceleration. The sum of all
the l ¼ 1 terms is given by Ul¼1 ¼ −ðGM0=D3ÞðD · rÞ and
results in a uniform acceleration. Therefore, by definition,
l ¼ 0 and l ¼ 1 terms should be attributed to U0 in the
decomposition U ¼ U0 þ Ũ [recall the discussion before
Eq. (8)] and the tidal potential is then given by

Ũ ¼ −GM0 X
l≥2;m

Wlm
rl

DðtÞlþ1
e−imΦðtÞYlmðθ;φÞ: ð45Þ

Since r=DðtÞ ≪ 1, the main contribution to Ũ comes
from the lowest, l ¼ 2, harmonics with m ¼ f0;�2g
(modes with m ¼ �1 do not contribute because
W21 ¼ W2−1 ¼ 0). Therefore, in what follows, we retain
only the l ¼ 2 and m ¼ f0;�2g contributions to the tidal
potential Ũ.
To calculate ξ, we expand the Lagrangian displacement

into the basis fξkg of complex eigenfunctions ξk of the
operator L̂ad, where the index k labels different eigenfunc-
tions (see also Refs. [29,34–36]),

ξðt; rÞ ¼
X
k

akðtÞξkðrÞ; ð46Þ

L̂adξk þ e−ν0=2w0ω
2
kξk ¼ 0;

ΔPadkjr¼R ¼ 0;

ξk is regular at r ¼ 0; ð47Þ

where R is the stellar radius. The numbers ωk represent
the eigenfrequencies of the freely oscillating neutron star,
and vectors ξk describe the spatial dependence of the
corresponding eigenfunctions (note that, in this basis, the
boundary conditions for ξ are satisfied automatically). In
what follows, for convenience, we normalize these func-
tions by the following condition:

Z
e−ν0=2w0ξ⋆k · ξk0dV ¼ δkk0 : ð48Þ

To find the k-mode amplitude akðtÞ, we expand ξ into
the introduced basis, multiply the Euler equation (42) by
ξ⋆k , integrate over the stellar volume, and, using the
orthogonality (48) of the basis, arrive at the following
equation for the coefficient ak:

äk þ ω2
kak ¼ GM0WlmQk

DðtÞlþ1
e−imΦðtÞ; ð49Þ
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Qk ¼
Z

dVeν0=2w0ξ
⋆
k · ∇½rlYlmðθ;φÞ�; ð50Þ

where m is the magnetic quantum number of the mode k.
To proceed further, we, following Ref. [34], introduce the
function bkðtÞ,

akðtÞ ¼ GM0WlmQkbkðtÞe−imΦðtÞ: ð51Þ

Defined this way, the functions bkðtÞ evolve on the time-
scale ∼DðtÞ=ḊðtÞ of the orbital evolution caused by GW
emission. Substituting Eq. (51) into Eq. (49), we then
obtain

b̈k− 2imΩḃkþðω2
k−m2Ω2− imΩ̇Þbk ¼

1

DðtÞlþ1
; ð52Þ

where we have replaced Φ̇ ¼ Ω. As long as mΩ ≪ ωk,
which holds at sufficiently large separation distancesD, the
asymptotic solution obtained by neglecting the d=dt terms
provides a good approximation,

bkðtÞ ¼
1

Dlþ1ðtÞ½ω2
k −m2Ω2ðtÞ� : ð53Þ

Further, one can use ξ, defined by Eqs. (46), (51), and (53),
to calculate the dissipation rate Ėdiss given by Eq. (39).
Noting that ξ is real valued (even though the basis
eigenfunctions are complex), we have

Ėdiss ¼ −
Z

ζðdivξ̇Þ2dV ¼ −
Z

ζdivξ̇divξ̇⋆dV

¼ −
X
kk0

ȧkðtÞȧ⋆k0 ðtÞ
Z

ζdivξkdivξ⋆k0dV; ð54Þ

Note that the cross terms in Eq. (54) do not vanish
unless the modes have different angular dependence
(e.g., [29]).
Strictly speaking, the accurate calculation of Ėdiss

requires summation over all modes k and k0. Such a
calculation is rather involved; below we simplify it by
adopting several approximations. First of all, we note that
the m ¼ 0 modes actually almost do not contribute to Ėdiss,
since they perturb the stellar matter on the slow timescale of
the binary evolution [see Eq. (51) with m ¼ 0]. Dissipation
caused by such slow perturbations is negligibly weak, since
they cannot significantly drive weak nonleptonic processes
out of equilibrium, which, therefore, remain equilibrated
[recall the discussion that accompanies Eq. (33)]. In
contrast, perturbations with m ¼ �2 occur much faster,
approximately at the frequency ω ¼ 2ΩðtÞ. Therefore, we
suggest simplifying the calculation by keeping only the
l ¼ 2 and m ¼ �2 modes.
Next, it is well known (see, e.g., [32,34]) that the leading

contribution to ξ comes from the so-called f modes, and

it is tempting to retain only f modes in the decomposition
of ξ (46). By doing this one can show that

divξjf-mode ∼ 0.1
ξ

R
; ð55Þ

where ξ is a typical magnitude of ξ, and the factor 0.1 arises
numerically due to well-known weak compressibility of
the f modes. This estimate, however, substantially differs
from the result known from the treatment not resorting to
eigenmode decomposition. Specifically, such calculation
reveals that, in nonbarotropic matter at low perturbation
frequency ω ¼ jmjΩ ¼ 2Ω, divξ is suppressed by a factor
∼ðω=N Þ2 ∼ ð2ΩÞ2=ω2

g, where N is the so-called Brunt-
Väisälä frequency, and ωg ∼N is the eigenfrequency of
the main l ¼ 2 g-mode harmonic [ωg=ð2πÞ ≈ 567 Hz
in our numerical model], see, e.g., [37] (their equation 62)
and [9,38]4:

divξ ∼
ω2

N 2

ξ

R
∼
ð2ΩÞ2
ω2
g

ξ

R
: ð56Þ

We verified this scaling by performing low-frequency
response calculations for a simplified stellar model and
for external potential frequencies of 1 Hz and higher. Away
from the resonances with high-order g modes, our numeri-
cal results confirm the suppression given by Eq. (56).
Equation (56) shows that an f-mode-only truncation would
overestimate the compressive part of the tide. In the full
nonbarotropic response, the f-mode contribution to divξ is
largely cancelled by contributions from the remaining
modes, yielding the scaling above. Dissipation driven by
divξ (e.g., bulk viscosity or diffusion) does not alter the
situation. It becomes evident from the consideration of a
limiting case of static tide, when divξ ¼ 0. In this case, the
solution to the dissipative equations coincides with that of
the nondissipative ones, as the dissipative term vanishes for
this solution. Based on the order-of-magnitude estimates
above, and combining Eqs. (55) and (56), we see that

divξ ∼ 10
ð2ΩÞ2
ω2
g

divξjf-mode: ð57Þ

To account approximately for this suppression of divξ
when calculating Ėdiss, we propose replacing the summa-
tion over all modes in Eq. (54) by a summation over the
f modes only, multiplied by a phenomenological reduction
factor RðΩÞ,

X
ðk;k0Þ∈ all modes

→ R
X

ðk;k0Þ∈ f-modes

; ð58Þ

4In this respect, dissipation due to diffusion at early stages of
the inspiral proposed in [29] is likely inefficient. The analysis
of [29] did not account for the suppression of divξ.
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where RðΩÞ is given by

RðΩÞ≡
8<
:

100
ð2ΩÞ4
ω4
g
; 100

ð2ΩÞ4
ω4
g

≤ 1;

1; 100
ð2ΩÞ4
ω4
g

> 1:
ð59Þ

Then, using this simplified approach, the energy dissipation
rate (54) can be estimated by the following formula:

Ėdiss ≈ −R
X
k

ȧkðtÞȧ⋆kðtÞ
Z

ζdivξkdivξ⋆kdV≡

≡R
X
k

ȧkðtÞȧ⋆kðtÞĖdissk; ð60Þ

where the summation runs solely over the l ¼ 2, m ¼ �2
f modes.

III. RESULTS OF NUMERICAL CALCULATIONS

We now turn to quantifying the impact of nonequilibrium
particle transformations during the inspiral. In our numeri-
cal calculations, we construct a hybrid stellar model. We
use the FSU2H EOS [39] for the stellar core and the
analytic fit to the BSk24 EOS [40] for the crust. The crust-
core interface is placed at the density at which the FSU2H
and BSk24 pressures coincide, ρ ¼ 2.45 × 1014 g cm−3. As
a reference configuration, we consider a general relativistic
neutron star model with central density ρc ≈ 1015 g cm−3,
radius R ≈ 1.3 × 106 cm, and mass M ¼ 1.85M⊙.

5 Such a
neutron star contains both Λ- and Ξ− hyperons in its inner
core. The hyperon core is relatively extended, with radius
and enclosed mass approximately equal to 0.56R and
0.34M, respectively. Concerning the bulk viscosity coef-
ficient ζ, it is calculated following [6]. Specifically, we use
Eq. (13) and the fitting formulas (15), (41), and (42) of
Ref. [6]. A correction factor of 1.4 is applied to the
parameter ζ0 entering equation (15) of [6], as described
at the end of their section V. Finally, the heat capacity C of
the hyperon core is calculated following [46], assuming
that all particle species contribute to C except for the
strongly superconducting Ξ− hyperons.
To estimate the stellar heating and the GW phase shift

caused by chemical reactions, we first calculate Ėdiss. In
the subthermal regime, which, as verified below, holds
during most of the inspiral, the dissipation rate Ėdiss can
be approximated by Eq. (60) (see also [26,47]). All
calculations below are performed for a companion mass

M0 ¼ 1.4M⊙. We use Eq. (60) with the asymptotic sol-
utions of the mode amplitudes ak, computed adopting
Eqs. (51) and (53). The required eigenmodes ξk and their
frequencies ωk are determined as solutions of the eigen-
value problem (47). The time-dependence of the orbital
frequency ΩðtÞ that enters these equations is calculated
within the point-mass approximation. Below, we express
the evolution of the system (in particular, the stellar heating
and accumulated phase shift) in terms of the frequency
νGW ¼ 2Ω=2π of the emitted gravitational waves, rather
than the time t.
In general, the eigenfunctions ξk appearing in the

expression for Ėdiss depend on the rate of nonleptonic
reactions through the adiabatic index γ. Once the particle
sources ΔΓk are specified, the continuity equations (10)
with thermodynamic relations (11), (12), and (15) allow
one to determine γ at arbitrary reaction rates, as was done
in [25]. Here, however, we do not follow this rigorous
approach and instead employ a simplified treatment.
Specifically, we evaluate ξk in two limiting cases: (i) when
the nonleptonic reactions (1)–(3) are slow and thus almost
do not alter the composition, and (ii) when they are fast, so
that the stellar matter remains nearly in equilibrium with
respect to these reactions. We then calculate the dissipation
rate Ėdissk in these two limits and interpolate between them,
as described below.
To determine the appropriate interpolation, we first note

that the transition between the slow- and fast-reaction
regimes is governed locally by the dimensionless ratio
τ−1eq =ω [25], where ω is the perturbation frequency (in our
case, ω ≈ 2Ω) and τ−1eq ≡ Bλ is the chemical equilibration
rate with B being the appropriate thermodynamic suscep-
tibility (in the notation of Ref. [6], B ¼ n−1b j∂δμ=∂ysj). This
rate is often denoted by γ in the bulk-viscosity literature
(see, e.g., [48]); we use τ−1eq here to avoid confusion with the
chemically modified adiabatic index γ. The slow- and fast-
reaction limits correspond to τ−1eq ≪ ω and τ−1eq ≫ ω,
respectively. In other words, the eigenmodes obtained as
solutions of the eigenvalue problem (47) with the chemi-
cally modified adiabatic index γ depend on the total
reaction rate λ only through the ratio τ−1eq =ω.
In degenerate matter, B is temperature-independent,

while the weak nonleptonic reaction rate satisfies λ ∝ T2 ∝
ðT∞Þ2 (see, e.g., [6]). Thus, the transition can equivalently
be parametrized by the dimensional variable

v≡ ðT∞=108 KÞ2=ω¼ ðT∞=108 KÞ2=ð2ΩÞ; ð61Þ

where T∞ and T are the redshifted and local stellar
temperatures, respectively. Note that, since the stellar
matter is treated as degenerate, the temperature dependence
of the eigenmodes is caused solely by that of the total
reaction rate λ and, therefore, can also be entirely described
in terms of the transition parameter v.

5Although neutron stars as massive as 1.85M⊙ have not yet
been observed in Galactic double neutron star systems, such
systems cannot be ruled out. For instance, a neutron star with a
mass of 1.65M⊙ (PSR J1913þ 1102) has already been detected
[41,42]. Moreover, the mass distributions of Galactic double
neutron stars and merging double neutron stars may differ [43].
The high total mass of the binary system that produced
GW190425 also supports this possibility [44,45].
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Further, we note that the dependence of the bulk
viscosity coefficient ζ on T∞ and ω can be parametrized
as ω−1FðvÞ, where FðvÞ is some function of the parameter
v (see equation 13 in [6]). Consequently, keeping in mind
that the temperature dependence of the eigenmodes is also
parametrized by v, we can write Ėdissk ∝ ω−1F̃ðvÞ, where
F̃ðvÞ is a function of v. This result suggests that the
quantity ωĖdissk ∝ F̃ðvÞ can be considered as a function of
a single parameter v. We therefore evaluate ωĖdiss;k for a
range of v values in the slow- and fast-reaction limits and fit
the result with

ωĖdissk ¼ −k1v=ð1þ k2v2Þ; ð62Þ

which smoothly interpolates between the two limits.6 Here,
k1 and k2 are fitting parameters specific for each mode k.
For each of the l ¼ 2, m ¼ �2 f modes we found
k1¼ 1.94 × 1054 erg= sec and k2¼ 4.23 × 107 sec−2 [note,
that Ėdissk has units erg sec, see Eq. (60)]. Notably, the
values of eigenfrequencies and overlap integrals almost
coincide in the two limits and are equal to ωk ≈ 1.37 ×
104 s−1 and Qk ≈ 0.36 in our numerical model. Using the
resulting fits, together with the explicit expressions for the
mode amplitudes ak and the reduction factor R (59), we
determine with Eq. (60) the energy dissipation rate Ėdiss ¼
ĖdissðΩ; T∞Þ as a function of the redshifted temperature T∞

and orbital frequency ΩðtÞ.
We now compute the stellar heating and the GW phase

shift. To this end, we replace Ėdiss with its approximate
form given by Eq. (60), where, as announced above, we use
analytic fits (62) for Ėdissk and adopt ωðtÞ ¼ 2ΩðtÞ. To
calculate the reduction factor R entering Eq. (60), we
determine ωg, and evaluate Eq. (59).7 The resulting
dependence of the reduction factor R on the frequency
νGW of the emitted gravitational waves is shown in Fig. 1.
Once the function ĖdissðΩ; T∞Þ is determined, we can
proceed to finding the temperature evolution T∞ðtÞ. We
specify initial stellar temperature at a large orbital separa-
tion, where dissipative heating does not yet affect the
thermal state (at νGW¼ 0.1 Hz in our numerical calcula-
tions). Solving Eq. (40) then gives the time evolution of
the redshifted temperature of the hyperon core, T∞ðtÞ.
This, in turn, allows us to calculate the phase shift Δϕdiss

by substituting the approximation (60) for ĖdissðtÞ≡
ĖdissðΩðtÞ; T∞ðtÞÞ into Eq. (41). Since the functions

T∞ðtÞ and ΩðtÞ are already known, Eq. (41) can be readily
integrated.
The resulting dependence of the redshifted temperature

T∞ on the frequency νGW of the emitted gravitational
waves is shown in Fig. 2 by solid lines for three
initial values of T∞ (at νGW¼ 0.1 Hz): T∞ ¼ 106 K,
T∞ ¼ 3 × 106 K, and T∞ ¼ 107 K. Dotted and dashed
lines are discussed at the end of this Section. At the early
stages of the inspiral (10 Hz≲ νGW ≲ 10 Hz), the temper-
ature is still low, so that the system is in the slow-reaction
regime. During this stage, T∞ increases exponentially with

FIG. 1. Reduction factor R as a function of the emitted
gravitational wave frequency.

FIG. 2. Redshifted hyperon-core temperature as a function of
νGW for the three initial stellar temperatures: 106 K, 3 × 106 K,
and 107 K (solid lines). Dotted lines show the corresponding
results for R ¼ 1, while dashed lines show the effect of neutron
superfluidity. Numbers next to the dashed curves indicate the
assumed uniform redshifted neutron critical temperature, nor-
malized to 108 K. See text for details.

6One can show [25] that in these limits the eigenmodes weakly
depend on v, and the v-dependence of Ėdissk is determined by
that of bulk viscosity, whose asymptotic behavior in the consid-
ered limits matches that of the suggested interpolation formula.

7To evaluate ωg we work in the limit of slow reactions (1)–(3),
since, as Fig. 1 suggests, R differs from unity at rather early
stages of the inspiral, when hyperon-core temperature is still
sufficiently low (see Fig. 2), so that reactions (1)–(3) are slow. As
we mentioned earlier, ωg=ð2πÞ ≈ 567 Hz:
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ν16=3GW and remains sensitive to its initial value. After the
transition to the fast-reaction regime, which occurs at
νGW ∼ 150 Hz, T∞ becomes insensitive to the initial
temperature and follows the scaling T∞ ∝ ν5=6GW [the reduc-
tion factor in Eq. (60) equals unity at this late stage of
the inspiral, see Fig. 1]. During the inspiral, the stellar
temperature reaches several times 108 K, significantly
higher than the typical values ∼107 K obtained in previous
calculations [29,34,49,50].
Our calculations are valid only in the subthermal regime,

where δμ ≪ T. To verify that the inspiral indeed proceeds
in this regime, we introduce the averaged redshifted
chemical imbalance, defined as

˜δμ∞ ≡ ð−Ėdiss=IλÞ1=2; Iλ ¼
Z

λdV: ð63Þ

This definition of ˜δμ∞ is motivated by the general for-
mula (33) for the energy dissipation, valid beyond the
subthermal regime, and the definition (34) of the total
reaction rate λ, introduced in the subthermal regime. In
Fig. 3, we plot ˜δμ∞=ð2πT∞Þ as a function of νGW.8 The fact
that this quantity remains below unity for almost the entire
inspiral9 confirms the validity of our assumption that the
inspiral proceeds in the subthermal regime.
At first glance, this result may seem to contradict

Ref. [9], which considered NSs composed of neutrons,
protons, and leptons. That reference found that the

chemical potential imbalance greatly exceeds the stellar
temperature during the inspiral. In fact, however, there is no
contradiction: hyperon nonleptonic reactions are much
faster than the Urca processes considered in Ref. [9] and
thus efficiently relax the chemical potential imbalances,
keeping the system in the subthermal regime. This is
illustrated in Fig. 4, where we show the ratio of the stellar
hyperon core temperature to the transition temperature T tr
defined as the temperature corresponding to the maximum
of jĖdissj at a given perturbation frequency [the maximum
arises due to nonmonotonic behavior of the bulk viscosity ζ
as a function of the total reaction rate λ, see, e.g., [25],
and in our numerical implementation corresponds to
T tr ¼ 108

ffiffiffiffiffiffi
2Ω

p
=k1=42 K, see Eq. (62)]. At temperatures well

below T tr, oscillations proceed with an almost frozen
composition, so the chemical imbalances generated by
the perturbations do not relax efficiently (as in [9]), while at
temperatures well above T tr, the chemical composition
remains nearly equilibrated throughout the oscillation
cycle. Figure 4 indicates that, at the final stages of the
inspiral, when strong departures from chemical equilibrium
due to stellar deformations could in principle occur, the
system actually resides in the latter regime. This resolves
the apparent discrepancy with [9].
The phase shift ΔϕdissðνGWÞ, calculated using Eq. (41),

is shown in Fig. 5. Solid lines correspond to the three initial
temperatures, discussed above. Other curves are discussed
at the end of this Section. The arbitrary additive constant in
the phase shift is chosen so that ΔϕdissðνGW ¼ 1 HzÞ ¼ 0.
The figure shows that the bulk-viscosity contribution to the
phase is ≲10−3 rad, well below the sensitivity of the LIGO
and Virgo detectors. Moreover, because this contribution is
degenerate with other physical effects, it is unlikely to be

FIG. 3. Ratio ˜δμ∞=ð2πT∞Þ as a function of the gravitational-
wave frequency νGW for three initial stellar temperatures: 106 K,
3 × 106 K, and 107 K (labeled in the plot). See text for details.

FIG. 4. Ratio of the stellar hyperon core temperature to the
temperature T tr (at which the bulk viscosity reaches its maximum
efficiency) as a function of νGW for three initial stellar temper-
atures, 106 K, 3 × 106 K, and 107 K (labeled in the plot). See text
for details.

8In general, ΔΓ ¼ λδμ½1þ δμ2=ð2πTÞ2�, see Eq. (40) of
[6,51]. Thus the true smallness parameter is δμ=ð2πTÞ.

9It slightly exceeds unity at the early stage of the inspiral in our
example with the initial temperature T∞ ¼ 106 K. A more
accurate treatment beyond the subthermal regime would lead
to somewhat faster heating at 100 Hz≲ νGW ≲ 100 Hz, but this
is not expected to significantly affect our results.
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measured and disentangled observationally. These findings
are consistent with the estimates of Ref. [10], but are in
strong tension with the recent results of Ref. [12], who
reported much higher stellar temperatures and significantly
larger phase shifts for inspiraling hyperonic stars.
Further, in order to test the sensitivity of our results to the

adopted assumptions, we performed additional calcula-
tions. First, we considered the case R ¼ 1 to illustrate the
role of the reduction factor R. This choice deliberately
removes the low-frequency suppression of divξ discussed
in Sec. II D. The corresponding results, shown by dotted
lines in Figs. 2 and 5 for three initial temperatures,
demonstrate that increasingR allows dissipation to become
more efficient at earlier stages of the inspiral and, con-
sequently, leads to a larger accumulated phase shift.
Nevertheless, even for R ¼ 1, the resulting phase shift
remains at the level of only a few times 10−3 rad.
In addition, we carried out calculations for the case

where, besides strongly superconducting Ξ− hyperons,
neutrons are also moderately superfluid. In this case, we
accounted for the suppression of reactions (1)–(3) using
the superfluid reduction factors calculated in Ref. [25],
included the suppression of the neutron heat capacity using
the fit from Ref. [46], and modified the fitting formula (62).
The results of these calculations are shown in Figs. 2 and 5
by dashed lines. Next to each curve, we indicate the
redshifted critical neutron temperature, in units of 108 K,
assumed to be constant throughout the hyperonic core. The
initial temperature was taken to be 107 K. As seen from the
figures, neutron superfluidity delays the onset of efficient
dissipation and, consequently, reduces the accumulated
phase shift. In turn, proton superconductivity, if present,
would further delay the onset of efficient dissipation and
would therefore reduce the accumulated phase shift even
more. It should be noted, however, that in these calcula-
tions we assumed δμ ≪ T, which, strictly speaking, is not

satisfied throughout the inspiral in the presence of neutron
superfluidity. A fully self-consistent treatment would lead
to less delayed dissipation, followed by the temperature
approaching an asymptotic value. We leave such calcu-
lations beyond the scope of the present work.
Finally, to assess the maximum possible impact of

hyperon bulk viscosity within the present framework, we
performed an additional conservative calculation. In this
calculation, we treated neutrons as nonsuperfluid, set
R ¼ 1 in Eq. (60), and adopted the maximum absolute
value of Ėdiss;k at each orbital frequency ω ¼ 2ΩðtÞ, corre-
sponding to T ¼ T tr. Thus, the calculation simultaneously
removes the low-frequency reduction of divξ and maximizes
the bulk-viscous dissipation at every stage of the inspiral.
The resulting phase shift may therefore be regarded as an
upper-limit estimate within our model. Integrating Eq. (41)
under these assumptions yieldsΔϕdiss ¼ −7.7 × 10−3 rad at
νGW ¼ 1000 Hz for our reference 1.85M⊙—1.4M⊙ binary.
Notably, we find that our upper-limit estimate is much

smaller than the phase shift reported in Ref. [12]. To
examine whether the mass asymmetry is responsible for the
discrepancy with Ref. [12], we repeated the described
maximally conservative calculation for an equal-mass
1.85M⊙—1.85M⊙ binary, accounting for bulk-viscous
dissipation in both stars. In this case we obtain Δϕdiss ≃
−1.0 × 10−2 rad at νGW ¼ 1000 Hz. Thus, removing the
mass asymmetry changes the upper-limit estimate only
moderately and cannot account for the substantially larger
phase shifts reported in Ref. [12]. Likewise, the difference
between the bulk viscosity coefficients used in the two
calculations is also insufficient to explain the discrepancy
fully. At nb ¼ 2.5n0 and matched perturbation frequencies,
the peak values of the bulk viscosity inferred from Fig. 3
of Ref. [12] are approximately a factor of 2–3 larger
than the corresponding values obtained with the FSU2H-
based viscosity prescription adopted here. Although this
difference may contribute to the discrepancy, it is still not
pronounced enough to explain it completely. Unfortunately,
a definitive comparison of the two calculations is hindered
by the fact that some details required to reconstruct the
dissipation rate of Ref. [12] are not specified.

IV. CONCLUSIONS

During binary neutron star inspiral, tidal forces drive the
stellar matter out of mechanical and chemical equilibrium.
The resulting nonequilibrium perturbations can be damped
by various dissipative mechanisms, which convert part of
the orbital energy into heat inside the star. In this study, we
examined the effect of particle reactions in hyperonic
neutron-star matter, usually described in terms of hyperon
bulk viscosity. Contrary to what might be expected from the
estimates of Ref. [12], we find that hyperon bulk viscosity
has only a very small effect on the gravitational-wave
phase of inspiraling neutron stars. In our models, the

FIG. 5. Phase shift due to bulk viscosity as a function of νGW.
Notations are the same as in Fig. 2.
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corresponding phase shift does not exceed a few times
10−3 rad (see Fig. 5), even though the adopted stellar
model possesses a relatively extended hyperon core.
Importantly, this small phase shift is not a consequence
of the reduction factor (59) introduced to model the low-
frequency suppression of divξ: even a maximally con-
servative calculation with R ¼ 1 gives jΔϕdissj≲ 10−2 rad
up to νGW ¼ 1000 Hz. This is far below the sensitivity
of currently operating gravitational-wave detectors and is
likely too small to be disentangled even with next-
generation observatories, especially in view of other theo-
retical and astrophysical uncertainties. At the same time,
hyperon bulk viscosity can noticeably affect the thermal
evolution of the hyperonic core. In particular, in the models
considered here, viscous heating can raise the core temper-
ature up to approximately 5 × 108 K; see Fig. 2.
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