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Improved radiative transfer corrections in helium emission lines

Oleg Kurichin " and Alexandre Ivanchik
loffe Institute, Polytechnicheskaya 26, 194021 Saint Petersburg, Russia

® (Received 25 September 2025; accepted 14 January 2026; published 6 February 2026)

We present a new detailed model of the He I collisional-recombination spectrum based on the most up-
to-date atomic data. The model accounts for radiative transfer effects and the influence of a nonzero optical
depth in Hel lines arising from transitions to the metastable 23S state. The model reveals substantial
deviations in the emissivities of the 23889 and 17065 lines in case of a nonzero optical depth, with previous
models systematically underestimating and overestimating them by 5% to 20%, respectively. In the
optically thin case, however, our results show good agreement with previous studies. Using the new model,
we compute optically thin emissivities for a wide set of UV, optical, and IR He I recombination lines over a
fine grid of electron densities and temperatures which are typical for H II regions and planetary nebulae
(1 <n, <10* cm™3, 8000 < T, < 22000 K). In addition, we present new fitting formulas for radiative
transfer corrections for several Hel lines relevant to optical and near-IR observations, covering 0 <
73339 < 10 within the same density and temperature ranges. The accuracy of the obtained approximations is
<0.1% within the specified parameter range. These results can be readily implemented in modern codes for
determining the primordial “He abundance and are also applicable to a broader range of spectroscopic

analyses of He I emission lines.

DOL: 10.1103/tf57-k9yj

I. INTRODUCTION

Analysis of helium emission lines is a powerful diag-
nostic tool for probing the physical conditions and chemi-
cal composition of a various astrophysical objects. In
particular, modeling the emission spectra of low-metallicity
blue compact dwarf galaxies has become the most reliable
method for obtaining independent estimates of the abun-
dance of primordial helium, Y ,. The combination of high-
quality spectroscopic data and advanced photoionization
models that take into account various systematic effects has
made it possible to determine Y, with remarkable accuracy
(<1.5%) [1-12]. Consequently, one of the major directions
of studies is the improvement of methods for quantifying
and correcting for systematic uncertainties in photoioniza-
tion models.

Among the most important sources of systematic uncer-
tainty are the theoretical emissivities of He I lines and the
treatment of radiative transfer effects. For many of the
strongest transitions associated with the metastable 23S
level of Hel, the optical depth is non-negligible. For
example, observational estimates of optical depth in the
He 113889 line (it corresponds to transition 33P — 23§ and
is one of the strongest He I emission lines in the optical
range) fall in the range 0 < 73559 < 5 [2,8,9]. The presence
of a nonzero optical depth leads to the attenuation of some
lines and the enhancement of others. Typically, line fluxes
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vary within ~1%-5%, but for some lines (like, e.g., 13889
or 17065) changes can reach values of ~30% at certain
values of optical depth [13]. If these effects are not properly
accounted for, they can introduce systematic shifts in the
derived helium abundances, and consequently bias the
estimates of Y ,.

The nonzero optical depth in some helium lines appears
for the following reason. Unlike hydrogen, helium has two
separate transition ladders: singlet ladder with total spin of
electrons § =0 and triplet ladder with S =1. The
transition from the first exited state 23S in triplet ladder
to the ground state 1'S (which is singlet) is strongly
forbidden with A = 1.27 x 107 sec™!' [14], making the
23S level metastable. As a result, photons emitted from
n3P — 23S radiative transitions can be efficiently reab-
sorbed, significantly altering the populations of the
affected levels. Through collisional mixing, these changes
propagate to many other levels, ultimately leading to
substantial deviations in the observed fluxes of several
Hel lines. To account for this effect, a so-called optical
depth function, f,, is included in photoionization models.
The optical depth function is defined as the ratio between
the emissivity calculated at a given optical depth 7 and the
emissivity in the optically thin case (e.g., Ref. [13]), as
follows:

E,(z#0,n,,T)

f,[(/ivne’T) :Ei(T:Ovne’T)' (1)
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In modern photoionization models used for primordial
helium studies, f, is implemented as a multiplicative
correction factor (see, e.g., Refs. [2,6,8,9]). All modern
models adopt the analytic function proposed in Ref. [13]:

T T 2 O
f,(/l,ne,T)zl—l——(a,l +——=x» b né), (2)
2\“ 107K ;

where 7 is the optical depth in the 13889 line, and a;. b\’
are fitting coefficients. Radiative transfer corrections for
different lines are calculated using optical depths normal-
ized to optical depth of this 43889 line [15].

Despite the wide use of function (2), it suffers from

several limitations:

(i) Function (2) assumes a linear dependence on t,
which does not always hold for different transitions.
For example, emissivity of the 17065 line corre-
sponding to 33S — 2°P transition shows strong
nonlinear dependence on 7 (see Ref. [13]), which
is not accounted for in function (2).

(ii) The formal applicability range of function (2) set
in Ref. [13] is limited to 1 <n, <300 cm™>,
12000 < T <20000 K, and 7<2. These con-
straints may be incompatible with the actual physical
conditions in low-metallicity dwarf galaxies. For
example, the object SBS 1135 + 581 studied in
Ref. [2] has the estimated temperature of
T =11226 £550 K, and the object SBS 0335-
052 has T = 21780 £ 3360 K. Objects JO519 +
0007 and SBS 1152 + 579 from the same paper
have estimated electron densities of 675+
143 cm™ and 452 + 197 cm™, respectively. Ob-
jects SBS 0335-052, J0519 + 0007, and Mrk 450
all have estimated optical depth z > 2. These exam-
ples clearly demonstrate that the physical conditions
in real galaxies may lie outside the applicability
range of function (2). Therefore, its usage “as it is”
for analysis of a large set of different galaxies with
different physical conditions may introduce a sys-
tematic bias into the results.

(iii) Function (2) was obtained as a fit of emissivities
computed with the simplified models of Hel re-
combination spectrum of Refs. [13,16], which rely
on atomic data, largely computed in the late 1980s
and early 1990s. The models are based on radiative
data and recombination cascades from Refs. [17,18],
combined with collisional data from Ref. [19]. The
only difference between the models of Refs. [16,13]
is the number of modeled levels: n,, =5 for
Ref. [16] and n,,, = 20 for Ref. [13]. In contrast,
modern models of He I emission make use of much
more accurate atomic data for all relevant processes
and explicitly include a substantially larger number
of LS-resolved levels. For instance, the model of

Ref. [20], which underlies essentially all recent
studies of primordial helium, treats levels up to
Nmax = 100 and includes an additional ‘“‘top-off”
pseudolevel to account for recombination into n >
100 levels. Similarly, the recent model of Ref. [21]
resolves LS-levels up to n = 40 and adds n-resolved
levels on top up to n = 100. Detailed comparisons
of the impact of updated atomic data on theoretical
emissivities were carried out in Refs. [20-22],
demonstrating systematic discrepancies of order
~1% — 2% between modern and older results for
all key emission lines.

The listed shortcomings of the method from Ref. [13] for
correction for radiative transfer in helium lines come from
its internal properties. However, there is also an external
problem with this method, related to its use in modern
analysis. The direct use of function (2) in its current form
may lead to uncontrollable systematic shifts in helium
abundance estimates. The reason for that is the uninten-
tional mixing of different atomic data when modeling the
observed fluxes of helium lines. In modern photoionization
codes, the helium-to-Hf line flux ratio is defined via the
equation

F(2)

i —y E(A,n,,T)

7 e 7
E(Hp.n,.T)

X fo(An, T)x[..]. (3)

Here, F is the line flux (helium or Hp), y™ is the helium-
to-hydrogen density ratio, E is the theoretical emissivity at
given electron density n, and temperature 7, and f, is the
optical depth function. The square bracket|[...] denotes
additional well-known systematic corrections such as
corrections for underlying stellar absorption, interstellar
reddening, etc. (a detailed discussion can be found in,
e.g., Ref. [8]).

Ideally, the product E(4,n,,T) X f.(A,n,,T) should
represent the emissivity of line 4 at the chosen optical
depth 7, provided that both terms are derived from the same
model of the Hel spectrum. In practice, however,
E(4,n,,T) is calculated using the emission model based
on modern atomic data [20,23], while f, relies on an
outdated one [16]. The systematic biases introduced by
combining emissivities from inconsistent spectrum models
have never been quantitatively assessed.

In the absence of a better alternative, function (2)
remains the universal choice in current primordial helium
studies. The only recent attempt to overcome its restrictions
is presented in Ref. [24], where the authors used the
original code of Ref. [13] to compute f, over a much
broader three-dimensional grid: log(n,/cm™3) = 0-6 in
0.25 dex steps, T = 5000-20000 K in 500 K steps, and
T3gg9 = 0—15 in steps of 1. Interpolation across this grid
provides values of f, beyond the original fitting range.
While this approach extends the practical use of the
function (2), it does not address the more fundamental
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issue of the model of Ref. [13]—the reliance on outdated
atomic data.

This study is aimed at developing a new model of the
He I recombination spectrum based on the most up-to-date
atomic data. Our primary goal is to construct this model and
compute a refined grid of emissivities tailored to primordial
helium studies. Equally important, we calculate a new
optical depth function that resolves the shortcomings of the
currently adopted prescription and, for the first time,
ensures full consistency with the new set of helium
emissivities. The key studies with which we compare
our results are Refs. [16,20,21]. For the optical depth
function, we compare our results with Ref. [13].

The collisional-recombination model of He I emissivities
presented in this paper represents a global overhaul of the
framework by Refs. [13,16], in which all relevant atomic
data have been replaced with modern values and the
number of modeled levels has been extended up to
Nmax = J0. The key distinction of our model compared
to more recent models of Refs. [20,21] lies in the treatment
of collisional transitions between the low-lying excited
states. In Refs. [20,21], the corresponding rates were
obtained by linear interpolation over temperature grids
of average collision strengths from Refs. [19,25] for
transitions between levels with n < 4. In our model, the
average collision strengths are instead calculated through
direct integration of the high-resolution collision strengths
data at a given temperature for transitions between levels
with n < 5. Furthermore, we take into account the temper-
ature dependence of the scaling factor used to calculate
recombination rates onto Rydberg states with [ < 2, which
has not been considered previously. Altogether, our new
model provides a more consistent and accurate description
of the Hel recombination spectrum, offering a solid
foundation for future studies.

The structure of this paper is as follows: Sec. II is
devoted to the atomic data employed in our emissivity
model. Section III describes the construction of the model
itself. In Sec. IV, we present the results of our emissivity
calculations, provide an updated optical depth function, and
compare our findings with those of the previous studies.
Finally, our conclusions are summarized in Sec. V.

II. ATOMIC DATA

We use the following atomic data to construct colli-
sional-recombination model of helium emissivities:

(1) Energy of LS-resolved sublevels E;

(2) Einstein coefficients for transitions between suble-

vels A

(3) Radiative recombination rates a;

(4) Collision (de-)excitation rates g;;, and

(5) Rates of collisional ionization C,(;"").

The main problem with the data is that for highly excited
LS-resolved states in helium, no direct atomic data are

available. In the subsections below, we provide all neces-
sary information on how different atomic data are handled.

In the model, we consider only single electron transitions
between excited levels with the second electron remaining
in the ground state. Hereafter, we will use the following
notation: by “level,” we mean the set of all sublevels with
the same value of the principal quantum number n, and
“sublevel” or “state” stands for an LS-resolved state within
a level. Throughout the paper, we characterize an excited
sublevel via the notation y, = [ny, I, s;], where n; is the
principal quantum number, /; is the azimuthal quantum
number, and s, = 25, + 1 is the multiplicity of the sublevel
k, which for helium can be either 1 for singlet ladder or 3
for triplet ladder. Also we use notation y, and y; or just
indices u and [ to distinguish upper and lower sublevels in a
transition respectively. The values of all fundamental
constants used throughout this paper are taken from the
Particle Data Group (PDG) 2024 review [26].

A. Energy levels

The extensive table of energies for L S-resolved sublevels
in the helium atom for n < 10 and [/ < 7 for both multi-
plicity ladders are presented in Ref. [27]. We use these
essentially exact values for lower-lying excited sublevels.
For sublevels with n > 10 and/or [ > 7, we calculate
energies from the Ritz quantum defect expansion as
described in Ref. [28]. Energies of Rydberg states are
expressed via the equation

Here, R, is the mass-corrected Rydberg constant, v is
the effective quantum number of a sublevel, and the term
AE} is used to account for relativistic and mass polarization
corrections in helium. The explicit form of the latter is
given via Eq. (11.54) in Ref. [28]. The effective quantum
number of a sublevel is calculated by iterative solution of
the equation

v=n-956). (5)

Here, §(v) is the quantum defect defined by Ritz expansion
[28,29], as follows:

5, 54

5(1/) :5o+(n_5)2+(n_5)4

T (6)

Coefficients §; are constant values for a specified quantum
numbers of / and s. For our model, we use coefficients from
Table 11.9 in Ref. [28]. A detailed discussion of how these
coefficients are calculated and why such expansion is
applicable to Rydberg states in helium atoms can be found
in Ref. [29]. It should be noted, that in this paper, we use
data from the 2006 edition of Springer’s Handbook of
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Atomic, Molecular, and Optical Physics [28], while there
are different editions from 1996, 2006, and 2023. One can
use any of these books, since all data tables and accom-
panying formulas and explanations are the same throughout
all editions, with the only difference being the number of
the chapter.

B. A-values

Einstein coefficients A,; for allowed radiative transitions
between excited states in helium atoms are taken from
Ref. [27]. As with the energy levels, in Ref. [27] only
transitions between sublevels with n < 10 and [ <7 are
considered. A-values for transitions involving sublevels
with n > 10 and/or [ > 7 are handled via one of the
following methods.

If a transition y, — y; occurs between sublevels with
Yu=[n,>10,1,<7,s,] and y, = [n; <7,1; £6,s/] we
calculate emission oscillator strength use extrapolation of
data from Ref. [27] using the series suggested in Ref. [30]:

In(vif,) =a+bx+cx? (7)

Here, v, is effective quantum number of the upper sublevel,
x=1In(E;/AE,), AE, =E,—E; Effective quantum
number and energies are calculated using the method
described in Sec. II A. Fit parameters a, b, ¢ are calculated
using a trust region reflective algorithm based on data from
Ref. [27]. Fit accuracy is better than 0.1% for the majority
of transitions under consideration. An example of such
extrapolation for the n! F — 4! D transition is presented in
Fig. 1. The values of fitting coefficients for all transitions
under consideration are presented in Appendix A.

If a transition y, — y; occurs between sublevels with
Yu=I[n,>10,1,<7,5,] and y,=[n, > 10,1, <7,s],
emission oscillator strengths are calculated using the
Coulomb approximation. Coulomb approximation is a
reliable and simple method to calculate transition proba-
bilities in multielectron atomic systems. It was first
proposed in Ref. [31]. The method assumes that the initial
and final states of the atom differ primarily in the wave
function of the transiting electron, which is approximated
by a Coulomb wave function with correct asymptotic
behavior at large radii. In multielectron atoms, wave
functions of initial and final states are often expressed in
terms of Whittaker functions, which are then integrated to
obtain transition probability. In-depth review and discus-
sion of the Coulomb approximation method can be found
in, e.g., Ref. [32].

In this paper, we calculate oscillator strength for a
transition y, — y, via the equation

1
(2J, 4+ 1)
(2Ll+1)(28u+1)§ !

AEul

fu = e
! E;, — E,||

Sr,-
(8)

¢ DM2007 data
4.5¢

—— Fit

In3fu)

2.0

0.2 0.4 0.6 0.8 1.0
x = In(E//AE )

FIG. 1. Extrapolation of oscillator strength data from Ref. [27]
(DM2007) using n'F — 4D transition as an example. Lower
values of x correspond to higher excited states.

Here, the summation is carried over all possible total
angular momenta within a multiplet with energy weights,
where AE,; represents average transition energy. The
oscillator strength for the individual members of the
multiplet is obtained from the corresponding line strength
S(J, Jp), as follows:

f _ 1 |EJu - EJI| S(Ju"]l)
W30, 41) heRy  dPe?

©)

Here, a = ag(m,/mpy, + 1) is the scaled Bohr radius.
Line strength is defined via the equation [32]

Sl/z (JM’JI) = <_1)¢5Kuk‘155“51 [Ju’Jl’Lu’Ll]l/z

L l, L, L
X{ uJu Su}{u u 1}P1ull- (10)

J, L; 1 L, ;1
Here, quantum numbers in upper case represent total
quantum numbers of multielectron system, while those in
lower case represent quantum numbers of initial and final
states of transiting electrons. L; represents the total
azimuthal quantum number of all electrons without the
transiting one. Phase factor is ¢ =S, +L;+J;,+ ;. In
Eq. (10), k represents the remaining electron configuration
of the atom without the transiting electron. Kronecker &
symbols are here to ensure that spin and electron configu-

ration remain unchanged during the transition. Other quan-
tities in Eq. (10) are defined via the following equations:

Vs d1s Lus L) = (20, + 1)(21, + 1) (2L, + 1) (2L, + 1).
(11)

Quantity P; ; represents transition probability, as follows:
Py, =—e(=1)"*"6, ) i/ LRy (12)

Here, [. = max(/,,[;). Kronecker § ensures that the
transition is dipole allowed. Value R, ; ,; 1s the radial
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integral for an electric dipole transition. In this paper, we
use R, ; ,; as given in Ref. [33]:

a U U vy Fu+2
Ry 1,1, Z?OKM / <yu—+lyl)
« F(I/u - l[ +2)F(I/u +l[ +3)
F(Uu -V +3)

Gmax

$ Y g Fy (~y =L+ L—y =Ly, —v+3-q:y).

q=0
(13)

Here, a, is the Bohr radius, Z is the electric charge, I
is the gamma function, and ,F is the Gaussian hyper-
geometric function. Hartree’s generalized normalization
factors K; are taken the same as in Refs. [31,33,34] and
defined via the equation

2\ 1
Ki(v_,) VAT + L+ Dl = 1) (14)

The hypergeometric function in Eq. (13) depends on

parameter y = (v, —v;)/(2v,). Series coefficients a, are

calculated recursively starting from ay =1 using the
relation taken from Ref. [32], as follows:

Yy =y, —3-qu,ty
- q 2y
L(l,+1)= (v, —q)(v,—q+1)
L+ ) - (=g + 2w —q+3) "

a

(15)

Summation in Eq. (13) is truncated at ¢, =
round(v, — [; + 1). The physical reasoning behind such
criteria for truncation can be found in Ref. [32].

We sum Eq. (8) over total angular momenta J,, and J; to
obtain total multiplet oscillator strength. Summation over J
can be easily done using the equality from Ref. [35], as
follows:

L, J, S,)\2
Z(zJu+1)(2J,+1){ }—ZSM—H. (16)
~ J; L1

Thus, we obtain the following equation for oscillator
strength averaged over multiplet:

Lu L] 2
} R%uluvnlll‘ (17)

ful: L L 1

1 AE,; IL(2L,+1) (I,
3hcRy, a’

The remaining Wigner 6j-symbol can be easily calcu-
lated analytically, since we are modeling transitions in a
two-electron helium atom. This means that the remaining
electron is in the ground state; therefore, total azimuthal
momentum is defined solely by the momentum of the

transiting electron: L, = [, and L; = /;, and also L; = 0.
For the electric dipole transition, we have [, = [, £ 1, and
using exact formulas for Wigner 6j-symbols from
Ref. [36], we obtain the following expressions for them:

(21, +2)?

L 1, O (=1)%
{1, I 1}_ 2 \/(lu+1)(21u+1)(21,,+3)’ (18)

L L, 0 (=1)% 4
{ll ll 1 } N 2 \/(2114 — 1)(2114 + 1)' (19)

Equation (18) is for the case [; = [, + 1, and Eq. (19) is
forl;=1,-1.

The resulting form of oscillator strength for electric
dipole transitions in Coulomb approximation in helium
atoms is defined via the equation

_l AEul l>(21u + 1)
~ 3hcRy, a’

ful "V2 R2 (20)

6" n, il
Here, a is again the scaled Bohr radius, Wg; is defined via
Egs. (18) and (19), and the radial integral is defined
via Eq. (13).

We calculate A-value from oscillator strength obtained
via either of methods using Eq. (6.20) from Ref. [37], as
follows:

0.6670 cm? s~! g,
T

ul u

Aul = ful' (21)

Here, 1,, is the wavelength of the emitted photon in
centimeters, and g; is the statistical weight of the i sublevel.
If a transition y, — y; occurs between sublevels with
both [, > 7 and [; > 7, then A-values are calculated using
hydrogenic approximation, since sublevels with / > 7 are
essentially degenerate. The main difference from pure
hydrogen transitions comes from the different mass of
the helium atom and its electric charge. We calculate
A-values using the algorithm described in Ref. [38]. In
the paper, the authors present a fast and efficient iterative
scheme for evaluation of hydrogenic line strength for
arbitrary values of n and [. We created a Python 3 program
based on this scheme to calculate hydrogenic A-values.

The general algorithm for evaluation of A-values is
summarized in the flowchart presented in Fig. 2.

In the calculation, we use Case B approximation and thus
set all A-values for transitions n' P — 11§ to zero. On top
of A-values of the allowed transitions described above, we
add some important A-values for forbidden transitions
between lower-lying excited states. They include two-
photon decay 2'S — 1'S with A =50.94s"" from
Ref. [39], forbidden transition 23S — 1S with A = 1.27 x
10~*s~! from Ref. [14], and forbidden transition 2°P —
1'S with A = 177.6s7! from Ref. [27].
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Specify v & v,

Set A, = 0 as in Case B

Get A, from DM2007

Use extrapolation of D1\12007‘

Use Coulomb approximation

Use hydrogenic approximation

FIG. 2. Flowchart describing the algorithm for calculation of
A-values for dipole-allowed transitions in helium atoms.
DM?2007 corresponds to Ref. [27].

C. Radiative recombination rates

Radiative recombination rates for LS-resolved sublevels
in HeI are calculated using Eq. (14.2) from Ref. [37], as
follows:

E E E
7[—}7/16 A Grr.y(E) ﬁexp (— ﬁ) dﬁ . (22)

Here, T is temperature in K, and o,, ,(E) is the radiative
recombination cross section to sublevel y.

We calculate radiative recombination rates to sublevels
with n < 25 and / < 4 using a direct integration of a large
modern set of recombination cross sections from Ref. [30].
It should be noted that in Ref. [30], the authors present a set
of photoionization cross sections. We obtain recombination
cross sections from these data using the Milne relation.

We calculate radiative recombination rates to levels with
n > 25 and/or [ > 4 via the following methods. As noted in
Ref. [30], there is a relation between He recombination
rates and pure hydrogenic recombination rates for sublevels
with [ > 4, as follows:

a,(T) = 2 x ay (T, n, 1). (23)

Here, s is multiplicity of a sublevel, and ay (T, n,1) is the
pure hydrogenic recombination rate calculated for suble-
vels with the specified values of n, [. We use this relation to
calculate radiative recombination rates to all levels with
[ > 4. We calculate hydrogenic recombination rates using
Eq. (22), where the radiative recombination cross section is

0.96

0.94

0.92 -

ay/ay

0.90

T=2.0x10*K

=
S
= 0.88 [
T=15x10*K
0.86 -
o4l T=1.0x10¢K
é 1‘0 1‘5 2‘0 2‘5 3‘0 3‘5
Principal qunatum number
FIG. 3. Scaling factor f(T,y) for calculation of radiative

recombination rate to levels n'P for 7 = 10* 1.5 x 10*, and
2 x 10* K. Blue circles represent exact data on ratio a,/ay. Red
line represents fit defined in Eq. (B2).

computed using the algorithm described in Ref. [38]
(similar to one used for evaluation of hydrogenic A-values).

For levels with n > 25 and [ < 2, we use a generalization
of Eq. (23), as follows:

a,(T) = f(T.y) x au(T. n). (24)

Here, f(T,y) is a scaling term defined via the following
equation:

7. = 0+ a1) (25)

Here, a,;(T) are fit coefficients. Their dependence on
temperature is determined by a fourth-degree polynomial
with temperature 7 in K, as follows:

~oo(_ T
(T) = b ——) . 26
) =3 (i) (26)
Fit parameters b;i) are calculated using a trust region
reflective algorithm based on data from Ref. [30]. Accuracy
of the fit is better than 1% for 5000 < T < 25000 K. An
example of such a fit for radiative recombination rates to
levels n! P for different temperatures is presented in Fig. 3.
Fitting coefficients for the scaling term are presented in
Appendix B.

D. Collisional transition rates

Calculation of collisional rates for transitions y; — y; is
one of the most challenging aspects of the model, both
computationally and physically, and must be approached
with great care. Several types of collisional transitions can
occur, and for some of them, direct and accurate atomic
data are lacking. In such cases, one must rely on approxi-
mate methods of varying accuracy. Under the physical
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conditions typical of the interstellar medium in H II
regions, the uncertainties introduced by these approxima-
tions are expected to be small, since the electron densities in
such environments are relatively low (~10-1000 cm™).
Nevertheless, this does not imply that collisional transitions
can be neglected, as they have a substantial impact on many
important optical and near-IR Hel lines (e.g., 47065 and
A10830). The influence of including collisional transitions
on the resulting HeI line emissivities can be assessed by
comparing the models of He I spectrum from Refs. [40,22].
The former is a pure radiative-recombination model in
which collisions are not included, whereas the latter is a full
collisional-recombination model. In the collisionless model
of Ref. [40], the resulting emissivities are generally lower
by 1% to 2% compared to those obtained in Ref. [22]. Lines
strongly affected by collisional transitions exhibit even
larger differences; for example, the emissivity of 110830 is
18% lower in the collisionless model. This clearly dem-
onstrates the importance of rigorous treatment of collisional
processes in helium atomic models.

From a computational standpoint, implementing a full
collisional scheme is challenging, since the number of
possible collisional transitions between sublevels in the
helium atom increases rapidly with the number of modeled
levels: each sublevel is collisionally coupled to all other
sublevels.

In our He I emission model we distinguish several types
of collisional transitions. Each type of transition is treated
by a dedicated method, as described below.

For transitions y; — y,, between sublevels with n < 5, we
calculate collisional excitation (transition [ — u) and de-
excitation (transition u — [) rates using the standard for-
mulas from Ref. [41]:

8.629 x 1076 1,,/(T) < AEM,)
u = ex - s 27

_8.629 % 10°°Y,(T)
T =7 9

Here, T is temperature in K, g; and g, are statistical
weights of the corresponding sublevels, and Y ,;(T) is the
effective collision strength of the transition. We calculate
the effective collision strength using direct integration of
collision strength Q(E) for the specified temperature 7', as

follows:
T,(T) = A * Q(E) exp (- k%)d(%) (29)

Integration is carried out over an energy grid using the
linear interpolation method described in Ref. [42]. The
tabulated values of collision strengths as a function of
energy E were derived from high-resolution collisional
cross section data. The cross section data were computed
using the convergent close-coupling method [43,44] and

(28)

provided by Igor Bray (private communication). This
constitutes an important distinction between our helium
model and the previous studies. Other independent studies
[20-22,45] rely on collisional data from Ref. [25], which is
a widely used source of atomic data for collisional
transitions between sublevels with n; <2 and n, <5 in
the helium atom. In the paper, the authors present extensive
tables of thermally averaged collision strengths on a
temperature grid. In previous helium atom models, the
effective collision strengths were obtained via linear
interpolation on this grid, which is relatively sparse in
very important range ~10* — 2 x 10* K. Furthermore, for
transitions not included in Ref. [25], other studies adopt
values from Ref. [19], where a different computational
method was used and the data are presented on a different
temperature grid. The complementing dataset from
Ref. [19] covers transitions between levels up to n = 4.

Rather than combining heterogeneous datasets and using
the linear interpolation approach applied in earlier works,
we integrate the collision strengths directly. This yields a
more accurate and internally consistent treatment of colli-
sional transitions between sublevels up to n = 5 over the
full range of temperatures typical for the interstellar
medium of H II regions.

For transitions between sublevels n; < 5 and n,, > 4, we
use scaled collision strengths calculated via the relation
from Ref. [46], as follows:

fna,
Q(Yl’wa) :fyly Q(},l’yS’E)' (30)
RS

Here, y5 = [5,1,, s,,]. Oscillator strengths are calculated
as described in Sec. II B. In case no oscillator strength is
available for a transition (this is the case for, e.g., dipole-
forbidden transitions), we replace ratio f, , /f,,,, with
ratio (5/n,)*, which follows from Born approximation.

For transitions between sublevels with n; >5 and
n, =5, the two possible types of transitions are briefly
described below. It is important to note that both of these
processes are extremely important because they redistribute
the populations of Rydberg states toward local thermody-
namic equilibrium (LTE).

Transitions occurring between sublevels with the same
principal quantum number are called /-changing or Stark
collisions. Such collisions modify the orbital angular
momentum [ of an electron within a fixed principal
quantum number n through Stark mixing induced by the
electric fields of protons or other heavy charged particles
[47,48]. The interaction with the electric field of a heavy
particle lifts the energy degeneracy of highly excited
sublevels within the n-shell, enabling collisional transitions
to take place. Since the energy separation between these
sublevels is small, even a low-energy heavy particle can
induce a change from one sublevel to another. The slower
the particle, the longer the interaction time, and therefore at
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lower temperatures the probability of transitions induced by
heavy particles increases due to the prolonged action of the
particle’s electric field on the atomic shell. For /-mixing
collisions, the main colliders are heavy particles such as
protons and ions of He. A great in-depth review of the
underlying physics of the process and ways to evaluate the
corresponding rates can be found in Refs. [49-51].

Transitions between sublevels with different principal
quantum numbers are referred to as n-changing. Since levels
with different n are separated by significant energy gaps,
only fast-moving electrons can induce collisional transitions
between them. A comprehensive review of the underlying
physics, along with a comparison of different approxima-
tions for collisional rates, is provided in Ref. [52].

We compute the rates of /-changing collisions using the
Lmixing package for Python 3 [53]. This package is designed
to calculate the rate coefficients for angular momentum
mixing of Rydberg atoms in collisions with heavy particles
in astrophysical plasmas. In the model, we consider two
types of heavy particles: protons and single-ionized helium
atoms with number density ny,+ = 0.1n,. Following the
recommendations from the authors of the package, we
employ the full quantum-mechanical transition probabil-
ities from Refs. [48,54] to evaluate dipole transition rates
for levels with n < 30. For levels with n > 30, we adopt the
semiclassical approach of Ref. [55]. A limitation of the
semiclassical method, however, is that it operates within an
unresolved framework and returns only the total collision
rate, as follows:

Gni = D1 + Dutni—1 = @ + G- (31)

We obtain resolved rates from the unresolved ones using
the reciprocity condition from Ref. [51]:

L 2043
9n = 21+ 1 9l

(32)

Rates are obtained iteratively starting from the sublevel
with [ = n — 1, since there is no sublevel with [ = n and
thus ¢,,_, =0 and q,,| = q,,_;-

In addition to the dipole [-changing collisions, we
incorporate quadrupole /-changing collisions in our model.
The rate of these collisions is calculated using Eq. (C1)
from Ref. [56].

We calculate rate of n-changing collisions using straight
trajectory Born approximation using the method from
Ref. [57] as suggested in Ref. [52]. The rate is calculated
via the equation

Gun = g—"2\/7_m%acn

33
9n' ( )

Z(n'—n)| O

Here, g, and g, are statistical weights of levels, a is the
Bohr radius, and « is the fine structure constant. Variable
0 = kT/(Z*1y), and f(6) are given by

[ n rf(Q)d)

In (1 4+l )
Z(n'—n)V0+2.5
£(0) = v (34)
In (1+524%)

Function ¢ is defined via the following equation:

2n/2n2
(n' + n)*(n' — n)?

X [A(n = n) — 1] exp <f—T> E, (f—T)

8n’
(n/ 4 n)Z(n/ _ n)n2n/2

X (1 =1 —0.6) G 2 n))

E E E
-2 TNE (2], 35
<) eeld)m () o
Here, E,, is energy of n-level, E; is the first exponential
integral. The drawback of the rate defined via Eq. (34) is
that it returns an unresolved collision rate. To obtain

resolved rates, we average over the statistical weight of
the initial and final levels as in Ref. [58], as follows:

¢ =

2 +1

Gunin't = T 9nn' - (36)

The general algorithm for calculation of collision rates is
summarized in the flowchart presented in Fig. 4.

E. Collisional ionization rates

Collisional ionization rates are calculated using the
equation

Specify v & 7.,

Use direct integration

Use scaled collision strength

Use Lmixing package

Use LB1998

FIG. 4. Flowchart describing the algorithm for calculation of
collisional rates in helium atoms. LB1998 corresponds to the
collision rate from Ref. [57].
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(ion) 8kT /oo (ion) E E E

T) =,/ E)—exp | —— |d—.

G AT) mm, Ji, or )kTeXp kT dkT
(37)

Cross sections for collisional ionization were taken from
Ref. [46]. In the paper, the authors provide analytical
formulas for the collisional ionization cross sections for
levels with n <4, which are easily integrable. For levels
with n >4, we use the following extrapolation from
Ref. [46]:

ion R 2 -1
ol =232 x 10—16<_y) (xx2 >1n(1.25x) cm?.

n
n>4

(38)

Here, Ry is the Rydberg energy, variable x = E/E, .4, and
E is the kinetic energy of the colliding electron.

In the model, we do not account for dielectronic
recombination, since for the typical physical conditions
of H II regions, the rate of this process is 3 to 4 orders of
magnitude lower compared to the radiative recombination
rate as shown in Ref. [45].

F. Optical depth and photon escape
probability

The transition 23S — 11§ is strongly forbidden with A =
1.27 x 10~*s~! [14]. The 23S sublevel is metastable, and
an absorption of photons from n3P — 23S transitions may
become quite a significant effect when modeling emissiv-
ities of helium lines. This is due to the long lifetime of the
238 sublevel, which leads to the emergence of a nonzero
optical depth in such lines. We account for radiative transfer
effects by replacing A-values for transitions n3P — 23§
with the expression

A(nPP - 238) — e(r)A(n*P — 235).  (39)

Here, ¢(r) is the mean photon escape probability and
7 is the optical depth in the specified line. We calculate
escape probability using the formula from Ref. [13], as
follows:

1.72

‘=17

(40)

Since optical depth in every transition n3P — 23S is
defined by population of metastable 23S sublevel, it is
convenient to parametrize optical depth of any line in terms
of optical depth of some reference line. As a reference line,
we use the 43889 line, which corresponds to the transition
33P — 33S (same as done in Ref. [13]). Optical depth
T3ggo = 7 1s an additional parameter in the model of helium
atoms alongside electron density n, and temperature 7.

Optical depths of other lines and the corresponding escape
probabilities are calculated using the relation

2 A

T) = s T. 41
47 38892 Asggo (41)

G. Recombination reminder

If one aims to compute the exact population of a given
sublevel in the helium atom (or any other atom), then,
strictly speaking, an infinite number of levels would need to
be modeled. This is, of course, impossible in practice.
Instead, the model must be truncated at some maximum
principal quantum number n,,,,, while the contribution of
levels with n > n,,, must be accounted for separately.
Radiative and collisional transitions from such highly
excited levels provide an additional and non-negligible
channel for populating lower states.

We account for this effect following the approach of
Ref. [40]. Specifically, we introduce the recombination
reminder o, as an explicit addition to the direct
recombination of the LS-resolved sublevels with
N = A, The recombination reminder is defined as the
convergent sum of radiative recombination rates into levels
with n > ng,,. We evaluate a,., using the method of
Ref. [59], as follows:

0

arem(nmamT) = Z a,

N=Nmax

1 n
—3DZVa [x— S, (D) +o, (D] (42)

nmax

Here, n,,, is the maximum modeled level, Z is the
electric charge, and other quantities are defined via the
following equations:

64 [

D == §a4ca(2) =5.197 x 107" ecm? 57!,
heRy 22 72
A =" 157800 x 2= where Tis in K.
kT T
A
Xy = - (43)
n

Functions §,, and o, are determined via the following
equations:

Sn</1) _ /oo gll(n’e) exp(_'xnu) du, U= l’l2€, (44)
0 1+u

0u(1) = / " S (). (45)

The recombination reminder calculated in this way is
then explicitly added to the direct recombination rates of
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sublevel in n,,, level according to their statistical weights,
as follows:

a(”maxa l,s, T) -— a(”max’ l,s, T)

21+ 1)(2s + 1)

R

arem (nmax ’ T) * (46)

III. MODEL OF HELIUM I EMISSION SPECTRUM

We calculate populations of sublevels in helium atoms as
a function of the following parameters: n,, electron density;
T,, temperature; and 7, optical depth in the 13889 line. The
general form of the detailed balance equation for popula-
tion of sublevel y; follows the standard form that can be
found in, e.g., Ref. [16], as follows:

NNy + ZniAik(T) + z Z nxn;qjk

i~k Xk
= [neC,(cmm + ZAki(T) + Z Z ”X%] . (47)
i<k X

In this equation, the left-hand part includes all processes
that populate sublevel y,, and the right-hand part includes
all depopulation processes. Population processes include
radiative recombination, radiative decay from upper levels
relative to y;, and collisional transitions of all types from all
other levels. Depopulation processes include collisional
ionization, radiative decays to lower levels, and again
collisional transitions to all other levels from level y,.
Details on calculation of atomic data are provided in Sec. II.
We write down similar equations for every sublevel under
consideration and solve the obtained system for sublevel
populations using the matrix inversion method.

A cornerstone in constructing such systems of detailed
balance equations is the choice of the maximum number of
explicitly modeled sublevels. Previous studies adopted
different truncation limits, ranging from n,, =35 in
Ref. [16] to as many as 40 LS-resolved and 100 n-resolved
levels on top of the LS-resolved manifold in Ref. [21]. In
this paper, we chose the number of modeled levels
according to the methodology proposed in Ref. [58].
The authors provide simple criteria to estimate the maxi-
mum number of LS-resolved Rydberg states for which
radiative decay rates still dominate over collisional ones.
Once collisional processes become faster than radiative
decays, the corresponding levels are assumed to be popu-
lated according to their statistical weights.

In addition, Ref. [58] investigated the number of explic-
itly modeled LS-resolved levels required to achieve con-
vergence of the full radiative-recombination cascade. Their
results show that, within the relevant range of densities and
temperatures, convergence at the < 1% level requires
Nmax = 25. To guide the choice of n,,,,, the authors propose
the following rule:

max = 1° + 10, (48)

where n* is the principal quantum number of the level for
which the critical electron density ng; equals the model
parameter n,. The critical density is estimated using the
empirical relation from Ref. [58]:

Nerie = 7.599 x 1013 . p=8675, (49)

We tested the convergence of our model as a function of
the number of explicitly modeled sublevels and found good
agreement with the results of Ref. [58]. To ensure robust-
ness and avoid potential convergence issues, we adopted a
conservative choice of n.,, = 50, which exceeds the value
recommended by the empirical criterion from Ref. [58].

The populations of LS-resolved levels and the emissiv-
ities of spectral lines at given values of temperature 7,
electron density n,, and optical depth 7 are calculated using
a dedicated Python 3 code, which we developed especially
for this problem. In order to improve performance effi-
ciency of the model, we have precomputed all needed
A-values and oscillator strengths for all transitions under
consideration and stored them in separate files.
Additionally, we have done the same for all energies
and effective quantum numbers of LS-resolved sublevels
up to specified n,,,,. It allowed us to save about 70% of
computational time per a combination of n,, 7, and 7
parameters. The total execution time for calculating the
sublevel populations was ~150 — 170 seconds for one set
of parameters on an AMD Ryzen 7 8845HS CPU in single
thread mode. Testing showed that majority of computa-
tional time is spent on calculation of n-changing colli-
sional rates.

IV. RESULTS

A. Emissivities of He I lines

We compute the populations of all LS-resolved sublevels
of the helium atom up to n,, = 50 using the model
described above, for the following grids of electron
densities and temperatures. For electron densities, we adopt
a linear grid in the range 1 < n, <500 cm™ with incre-
ments of 10 cm™3, and a logarithmic grid with steps of 0.05
dex in the range 500 <n, <1000 cm™>. For range
1000 < n, < 10000 cm™, we adopt a logarithmic grid
with increments of 0.25 dex. The fine spacing in the
low-density range is motivated by observational estimates
of electron densities in compact blue dwarf galaxies, which
typically fall within ~10-300 cm™3. Modern photoioniza-
tion models used to infer that helium abundances in H II
regions [2,5,6,8-10] employ bilinear interpolation over
emissivity grids; hence, a finer density grid improves the
accuracy and reliability of the derived observational con-
straints. For the temperature, we adopt a linear grid
spanning 8000 < 7" < 22000 K with increments of 250 K.
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TABLE 1. Emissivities (1072° erg cm?® sec™!) of the strongest
helium lines, for n, = 10> cm™ and T = 10000 K. BSS99
stands for Ref. [16], P12 for Ref. [20], and D-Z22 for Ref. [21].

TABLE II.  Emissivities (1072° erg cm® sec™!) of the strongest
helium lines, for n, = 10> cm™ and T = 20000 K. BSS99
stands for Ref. [16], P12 for Ref. [20], and D-Z22 for Ref. [21].

A Terms BSS99 P12  D-Z22  This work A Terms BSS99 P12  D-Z22  This work
2945 53p - 23§ 2.70 2.70 2.70 2.70 2945 53p - 238 1.68 1.69 1.68 1.69
3188 483p—-238 5.62 5.62 5.61 5.62 3188 43p—238 3.53 3.50 348 3.50
3889 3¥3p-23§ 13.7 14.0 14.0 14.0 3889 33p-23§ 8.53 8.61 8.59 8.62
3965 4'p-2's 1.39 1.42 1.41 1.41 3965 4'p-2's 0.81 0.84  0.82 0.83
4026 53D -23p 2.86 2.91 2.91 2.92 4026 53D -23p 1.44 1.48 1.47 1.49
4388 5'D-2'p 0.76 0.77 0.77 0.77 4388 5'p-2lp 0.38 0.39 0.38 0.38
4471 43p - 23p 6.16 6.12 6.13 6.14 4471 43p - 23p 3.11 3.05 3.03 3.05
4713 435 —23p 0.65 0.64 0.65 0.65 4713 435 - 23p 0.51 0.49 0.49 0.49
4922 4'p -2'p 1.64 1.65 1.65 1.66 4922 4'p -2lp 0.80 0.82 0.80 0.80
5016 3lp—2ls 3.49 3.56 3.55 3.55 5016 3lp-21g 2.01 2.06 2.03 2.04
5876 33D -23p 16.9 16.9 17.0 16.9 5876 3*D -23p 8.06 8.13 8.00 7.98
6678 3'p-2'p 4.79 4.80 4.83 4.79 6678 3'p-2'p 2.18 2.30 2.18 2.18
7065 33§ -23p 2.96 2.98 2.98 2.97 7065 335 -23p 2.22 2.18 2.18 2.18
7281 3ls—2lp 0.90 0.90 0.90 0.90 7281 3ls —2lp 0.61 0.61 0.61 0.61
10830 23p —-23§ 34.0 334 33.6 33.6 10830 23p —23§ 24.6 23.8 23.6 24.0
18685 43F —-33D 2.22 2.20 2.23 2.18 18685 43F -3°D 0.92 0.94 0.92 0.90
20587 2'p-2'§ 4.13 4.15 4.17 4.16 20587 2'p-2l§ 2.24 2.29 2.24 2.25

The emissivity of a helium line A4 corresponding to a
transition from sublevel y; to sublevel y; is calculated as

4”.]-& _ ni(ne’ T)

(n., T) =

NeNyet NeNyet AUEU‘ (50)
Here n;(n,, T) is the population of the upper sublevel y;,
A;; is the Einstein coefficient for the transition, and Ej; is
the energy difference between the initial and final sub-
levels. Thus, the density and temperature dependence of
line emissivities is governed by the corresponding depend-
ence of the sublevel populations, which are obtained from
the helium atom model at a given values of n, and 7.

We compare our resulting emissivities with the ones
presented in literature for a set of so-called “benchmark”
lines. This set includes the strongest lines ranging from
near-UV to near infrared ranges, and is often used in
literature to compare different models of the helium
recombination spectrum. The results for n, = 100 cm™,
T = 10000 K and n, = 100 cm™3, T = 20000 K are pre-
sented in Tables I and II. These tables are directly
comparable to the Tables 1 and A3 from Ref. [21].

The comparison of emissivities presented in the tables
shows excellent agreement between our results and those of
previous studies. The average difference with the emissiv-
ities reported in Ref. [20] for the majority of lines is
~0.32% at T = 10000 K and ~1.16% at T = 20000 K,
while the corresponding differences with Ref. [21] are
~0.32% and ~0.57%, respectively. The observed discrep-
ancies arise from the use of different atomic datasets for the
calculation of collisional rates, as already noted in Sec. II D.

It is important to note that a significant systematic
discrepancy was found when comparing the emissivities
of the HeI 210830 line with the results of Refs. [20,23].
The emissivity of 110830 from these papers is systemati-
cally underestimated, with the magnitude of the offset
growing as the electron density n, increases. In addition,
the tabulated emissivities presented in Ref. [23] (computed
using the model from Ref. [20] on a much finer parameter
grid) exhibit a visible kink, which becomes more pro-
nounced at higher n,. These effects are illustrated in Fig. 5.

44

42

40

ne, =100 cm™—3 ne =300 cm™3

L L L N L 38 L L s s
12000 16000 20000 12000 16000 20000

82

1

1 1

) 1 1

£ 66 ! 80 !
5

= 65 : 1

B et e !

1 1

~ 1 76 1

63F n.=700cm™3 | ne=1000 cm™ |

1 1 1 1 1 1 1 1 1 1
12000 16000 20000 12000 16000 20000
Temperature, K Temperature, K
FIG. 5. Emissivities of Hel A10830 line in units

10726 erg cm® sec™!, calculated for different electron densities

as a function of temperature. Orange lines represent emissivity
calculated using our model. Blue lines represent emissivity from
Refs. [20,23]. Red dashed lines represent T = 10*?° = 17783 K
corresponding to the interpolation node on the grid of averaged
collision strengths from Ref. [25] (see text).
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Optical depth T3gg9

Optical depth 73839

FIG. 6. Optical depth correction function for selected optical lines for cases with electron density 7, = 100 cm™ and temperature
T = 10000 K (left panel) and 20000 K (right panel). Solid lines represent the correction function calculated using our model of He I
recombination spectrum, while dashed lines represent results of Ref. [13].

The position of the kink nearly coincides with one of the
grid nodes used for linear interpolation of averaged
collision strengths from Ref. [25]: the grid node corre-
sponds to T = 10*2> = 17783 K, while the kink appears at
T = 17750 K. At lower densities (n, <100 cm™), the
discrepancy between results is not very noticeable.
However, as the density increases, so does the discrepancy.
This suggests that in the model of Ref. [20] there is a
possible issue with the algorithm used to compute colli-
sional rates for transitions involving the 2° P level, which is
the upper level of the transition corresponding to the
A10830 line. Similar problem with 4110830 emissivity from
Refs. [20,23] was previously noted and discussed in
Ref. [21], where the authors concluded that the differences
stem from variations in the treatment of atomic data for
collisional rates between low-lying excited levels. Since
the 4110830 line is crucial in modern determinations of the
primordial “He abundance—being a key diagnostic of the
electron density in galaxies—it must be recognized that
the use of emissivity of the 410830 line from Refs. [20,23]
may introduce a systematic bias into the results.

More pronounced deviations are found when comparing
our results with those of Ref. [16], where the differences
reach ~1%—-5% for some lines. This highlights the impact
of updated atomic data underlying our model, since all
relevant atomic processes included here and in Ref. [16]
have been recalculated with newer datasets. This distinction
is particularly important, as the present research is focused
on radiative transfer corrections for helium lines, while the
previously adopted correction function was based on the
modified model of Ref. [16]. Accordingly, we may expect
similar differences to appear in the optical depth correction
function f, that would be derived in next subsection.

The complete set of helium emissivities computed over
the specified n, and T grids is too extensive to be published
in full, but is available from Zenodo [60].

B. Optical depth correction function

We calculate optical depth correction function using the
equation

E,(t#0,n,,T)
ff(/17ne’T) _E,l(T:Ovan)‘ (51)

The correction function was calculated on the same
grid of temperatures and densities as the emissivities. For
the optical depth grid, we chose 0 <7 <10 with 0.5
increments.

We compare our results with the results presented in
Ref. [13]. To do that, we fully recreated the model of an He
atom described in Refs. [13,16] and repeated the entire
cycle of calculations from these papers. We compare our
results with those of Ref. [13] in two ways. The first is the
general dependence of the correction function on the
optical depth for a set of selected helium lines. For this
we calculated the correction function for 0 < z < 100, n, =
100 cm™ and T = 10000 K and 20000 K. The depend-
ence of correction functions on optical depth 7 for different
helium lines is presented on Fig. 6. The figure is directly
comparable with Fig. 2 from Ref. [13]. In Fig. 6, results of
Ref. [13] are denoted with dashed lines, while our results
are denoted with solid ones.

The dependence of the correction functions on optical
depth for all lines exhibits a generally similar trend in both
models, yet noticeable differences arise and increase with
optical depth. For a more quantitative comparison, we plot
the relative difference

_ fBSS(/17 T) - fnew(l’ T)
fss(4,7)

The function §(4,7) is presented in Fig. 7. The figure
shows that the correction functions for lines originating

6(4,7)

(52)
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FIG. 7. Relative difference 5(4,7) = (fgss(4, 7) — frew(4: 7))/ f5ss(4,7) in percent for cases with electron density 1, = 100 cm™
and temperature 7 = 10000 K (left panel) and 20000 K (right panel).

from the n®P — 23S transitions (12945, 13189, 13889,
A10830) remain essentially identical, with deviations < 1%.
In contrast, the correction functions for other lines (e.g.,
44122 and A7065) differ by several percent even in the low
optical depth region. This discrepancy is significant in the
context of observational data analysis, since line fluxes are
typically measured with an accuracy of only a few percent.
The observed differences arise because our model is built
upon a more advanced and accurate atomic data.

It should also be noted that radiative transfer effects are
significant primarily for triplet transitions. For singlet
transitions, the influence of the relatively high population
of the metastable level is negligible: the deviations of f,
from unity are ~1073 — 107*. These small deviations arise
due to collisional mixing between the singlet and triplet
ladders. Under the temperatures and densities considered

10!

E(A,ne, T) X f2(T, ne, T)

4 6
Optical depth T3gg9

Difference 6, %

here, this mixing remains weak, which explains the
minimal departure from unity.

We compare the theoretical emissivities at a given optical
depth, calculated with our model, against values expressed
as E(A,n,,T) X fpss(4,7,n,,T). As is customary in all
recent studies, the theoretical emissivities E(4, n,, T) were
adopted from Ref. [23] and optical depth function
fBss(4,7,n,,T) is taken from Ref. [13]. The results for
7<10, n, = 100 cm~3, and 7 = 10000 K and 20000 K
are shown in Figs. 8 and 9.

Figures 8 and 9 illustrates the deviations between the
Hel line emissivities obtained in the present study and
those predicted by the commonly used approximation
E(A,n,,T) X fpss(4,7,n,,T) as a function of optical
depth. For most transitions, the discrepancies remain
within 1%-2%, but for the A3889 and 47065 Ilines

10-0 T T T T

= 13889
— 24471
[[e=— A5876 N
m— 27065
410830

5.0r 1

7.5

2.5r 1

0.0

—2.5F 1

-5.0

—7.5f 1

4 6
Optical depth T3gg9

-10.0

10

FIG. 8. Emissivities of several He I lines with incorporated radiative transfer corrections as a function of optical depth. Emissivities are
calculated for electron density 7, = 100 cm™ and temperature 7 = 10000 K. Solid lines represent emissivities calculated using our
model He I recombination spectrum. Dashed lines represent product E(, n,, T) X fpss(4, 7, n,, T) based on previous studies (see text).
Left panel: absolute values of emissivities in units 10%® erg cm? sec™!. Right panel: percentage difference between them.
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FIG. 9. Same as Fig. 8, but emissivities are calculated for electron density n, = 100 cm™ and temperature 7 = 20000 K.

discrepancies are substantially larger. Specifically, usage
of the correction function from Ref. [13] leads to sys-
tematic underestimation of the emissivity of 13889 (by up
to ~20% or more with increasing optical depth) and
overestimation of the emissivity of 17065 by a comparable
amount. Even within the physically realistic range of
7 <5, the disagreement persists at the 5%-10% level,
which is significant for diagnostic applications of
these lines.

Such pronounced discrepancies in 413889 and 17065 arise
primarily from the linear dependence on optical depth
adopted in correction function from Ref. [13]. Clearly, this
dependence is valid only in the limit of small optical depths
(r £ 1), which is not always satisfied in realistic conditions.
In addition, the previously discussed 1-2% deviations
resulting from the use of more advanced atomic data
further contribute to this discrepancy. Taken together, these
factors lead to a substantial overall disagreement, which
must be carefully considered in future studies and in the
analysis of helium emission lines.

C. Approximation of the correction function

For practical use in line diagnostics, calculation of
optical depth correction function using full interpolation
over the three-dimensional parameter grid of n,, T, and 7 is
somewhat inconvenient. This is due to performance issues
that arise during the analyses of observational data, since
the parameter grids are quite extensive. A reasonable way
out in this case is to obtain approximation formulas, similar
to the ones from Ref. [13], which would be based on the
results of our updated model.

We derive approximation formulas for the following
Hel lines: 12945, 13188, 13889, 14026, 14471, 14713,
158760, 17065, and A10830. The choice of lines is
governed by these lines being the strongest triplet lines
of He I in near-UV, visible, and near-IR ranges. As noted
previously, for singlet lines, the correction function equals

unity with the accuracy of ~107* — 10~*. We approximate
optical depth correction function f,(n,,T) using the
following relation:

1+a(n,T)xzt
felne.T) = == (53)

Here, parameter a is a smooth function of electron
density and temperature, and b is constant. This form of
approximation function was chosen because (i) it exactly
equals to 1 for 7 =0 and (ii) it depends on 7z almost
linearly in the region 7 < 1, i.e., demonstrates the same
behavior as the approximation from Ref. [13], while
allowing for smooth nonlinear behavior at higher optical
depths.

As shown previously, accounting for radiative transfer
may lead to either a decrease or an increase in the
emissivities of Hel lines. A decrease in emissivity with
increasing optical depth is typical for the n’P — 23§
transitions, with the exception of the 110830 line corre-
sponding to 2°P — 23S. In contrast, other lines from the
triplet transition ladder exhibit enhanced emissivity as
optical depth grows.

We fit the parameter a as function of the electron density
n, and temperature 7 using the following relation:

5
. n
a(n,,T) = A;(T)x', x=1lg <4e_) (54)
; 10?2 ¢cm™3

Here, fit parameters A;(T) are smooth functions of T
defined via the following equation:

3
N T
AM =3B, 1= lg<1o4K>‘ (55)

J=0

Overall, the optical depth correction function described
by Eq. (53) has 25 fit parameter for each line: b, which

043012-14



IMPROVED RADIATIVE TRANSFER CORRECTIONS IN HELIUM ...

PHYS. REV. D 113, 043012 (2026)

TABLE III. Fitting parameters b and B;i) for optical depth correction function defined via Eq. (53) for a set of He I triplet emission

lines.
By B B, Bj By B B, Bs

2945, b = 3.409% 10792 J4713, b = 4.276x1072

Ay 4241 x 107 6739 x 1079 —1.184x10™% 5959 x 10795 7.655 x 10792 —1.828x107%2  —1.008x10792  1.350 x 10792

A, 1.287 x 107 —1.141x107%*  1.408 x 107  —1.418x107%  —-5368x10~%  —6.202x1073  —1.149x107%2  2.845 x 10702

Ay =9.949x107%  1.660 x 107%*  —9.626x107%  —7.987x107%  —9.923x10%*  —7.100x10"% = —1.264x10792  4.160 x 10792

Ay —6.162x107% 3444 x 1079 —1.365x107%*  —1.267x107%*  —8407x10~*  —2.651x10"%  1.107 x 1072 —2.577x10™%

Ay 5217 x 1079 —1.052x107%  —4.027x107% 6978 x 107%  —6.045%x 109 1.257 %1079 1.165 x 10792 —2.130x 10792

As  =5.697x107% 2270 x 107 2522 x 1079 4756 x 1079 1.820 x 107% 3486 x 107  —5.104x10"% 5.408 %1079
23188, b = 5.131x 1072 15876, b = 4.068x 10~

Ay 6495 x 107" —5338x107%  5.681 x 107  —2.681x10"%*  4.507 x 102 3.753x107% 1.882x107% —1.899x 109

A —6.749x107% 5945 x 107 —2.085x 107 1430 x 107  —2264x10~%  —1.975x107%*  —1.024x10"%  —5.707x 109

Ay 4537 x 107 —7.174x107% 5522 x 107 —2.628x107%* 8758 x 1079 —3.356x10"%  —1.676x10"%  —5.033x10"%

As; 2958 x 100" —3411x10~%  —1.921x107%* 3284 x 107 9324 x 107  —3.737x10~* —1.951x10"% 4.196x109

A, =2.650x107% 3628 x 107"  —5278x107™  4.049 x 100  —7.755x107%  —8.592x107% = —3.971x10"%  4.138x10%

As 3416 x 100  —-5223x107%  1.909 x 10  —1.719x107%* 1304 x 10 8815 x 107® 5352 x 107  —1.834x107%
13889, b = 5.854x 1072 27065, b = 5.461x 10~

Ayg 7399 x107%* 2506 x 107%*  —2.762x107%  1.422 x 107™ 2.361x 107 —8.759%1072  —5.182x10792 8783 x 1072

A; 1806 x 107 —3.057x107%*  —8.839x10™%  1.853 x107™  —1.132x1072  —6.569%x10792  —2.734x 1072 1.896x 107!

A, —9546x107% 1822 x 107 —3319x10~™ 2257 x 107**  —1.440x1072  -7.036x107%% 5927 x 10792 1.441x 1070

A3 —9.595x107%  —3434x107%  —2.756x107%  4.107 x 10°%*  —6.555x10"  6.632x107% 1.216x 1079 —1.965x 107!

Ay 4975 x 1079 —1.233x107% 2953 x 1079 1.700 x 10~ 1.941 %1079 3.070 x 10792 1.702 x 1072 —1.396x 10~

As  —2.042x107% 4591 x 107 4476 x 10795  —1.138x10"%*  9.679 x 10~ 8.075x107% 3.082 x 10792 7.805 x 10792
24026, b = —9.988x10~% 210830, b = 6.368x 10~

Ag —9.095x107% 7274 x 107 3.047 x 107 —7.155x107%  7.667 x 1072 = —5.558x10"  —6.043x107%%  1.144 x 1072

A 1.007 x 107%  —7.632x107% 9,027 x 1079 —4.993x107%* = —5435x10"%  —1.455x1072  1.262 x 1072 3.525%x 1079

Ay 3797 x 107 —5135x107%  1.064 x 107%*  —6.808x10~*  —3.630x 10" 1.509x 10793 3.039 x 10792 —3.820x 10792

Ay =3394x107%  1.106 x 107 —1.811x10™™  —-3.631x107% 1.018x 109 7.582x 1079 —8.689%x 1072  —3.769x 1079

Ay 1486 x 1079 —2.175x107%  —1.611x10~%  1.065 x 107%* 1.281x 1079 —4.800x107%  —1.722x107%% 2311 x 10~

As  —1.713x107% 4692 x 107%°  6.341 x 1079 7705 x 10"  —4.396x107%*  —-9.710x107% 6.709x 1079 —6.684 %1079
4471, b =2.118x 1079

Ay 4.204x1079 0.874 x 107 8248 x 107  —3.394x107%

A =5567x107% 4938 x 107" —4.527x107"  —8.866x107%

Ay 4332x 1079 —4.700x107%  8.129 x 107 —1.352x107%

Ay 1922 x 1079 —2217x107™  —6.444x107%  —4.032x10"*

A, —8242x107% 5455 x 1079  —2957x107% 4713 x 10~*

As 7268 x107% 5672 x107%  9.692 x 107  —2.058x107%

determines the dependence on optical depth 7, and 24

parameters BY), which govern the temperature and density
dependence.

We calculate fit parameters for each line on a three-

dimensional grid of n,, T, and 7 using a trust reflective
algorithm. Resulting fit parameters are summarized in
Table III. The obtained approximation formulas repro-
duce the directly calculated correction function with
an accuracy of <0.1% within the following param-
eter range: 1<n, <10* cm™3, 8000 < T < 22000 K,
0<r<10.

V. CONCLUSIONS

In this paper, He I line emissivities and the optical depth
correction functions for a selected set of the strongest
emission lines in the UV, optical, and IR ranges are
calculated. The results are obtained using a new colli-
sional-radiative model of the He I recombination spectrum,
which is based on modern and accurate atomic data.

The key distinction of the present He I spectrum model,
compared to earlier ones, lies in the explicit treatment of
nonunity escape probability of photons emerging from
transitions to the metastable 23S level. Efficient absorption
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of photons at the metastable level with a non-negligible
population leads to a noticeable redistribution of the
populations of other levels in the helium atom. Explicit
accounting for this effect allows us to incorporate
radiative transfer effects directly into the calculated
emissivities.

A new set of Hel emissivities for the strongest
emission lines was calculated for the following electron
density and temperature ranges: 1 < n, < 10* cm~3 and
8000 < T < 22000 K. The calculated emissivities of He I
emission lines in the optically thin case show very good
agreement with previous studies. Minor deviations
(50.5%) are explained by the treatment of collisional rates
in earlier models, where linear interpolation over a pre-
computed grid of thermally averaged collision strengths
(restricted to transitions up to n = 4) was used. In contrast,
in the present work the averaged collision strengths are
obtained by direct integration for a larger set of transitions,
extending up to n = 5.

Using the new model of the Hel recombination
spectrum, a correction function to account for radiative
transfer effects in Hel lines is computed. Compared to
the function of Ref. [13], obtained with a simplified
model, the new function shows systematic deviations
of ~1%-2% within a realistic range of optical depths.
These deviations arise from the use of a more
advanced model based on modern and more accurate
atomic data.

Noticeably larger deviations (up to ~10% within a
realistic parameter range) are found for the product
E(A,n,,T) x f.(4,n,,T), which is widely used to describe
the emissivity of Hel lines at nonzero optical depth. Such
significant discrepancies are due to three main reasons:

(1) the new model is based on more recent atomic data
and includes a larger number of levels;

(2) the optical-depth function from Ref. [13] relies on a
linear dependence on 7, which breaks down forz = 1
for some important lines; and

(3) in current photoionization models, the product
E(A,n,,T)x f.(A,n,,T) inadvertently  mixes
atomic datasets: E(4,n,,T) is computed with
modern atomic data [20], while f.(1,n,,T) still
relies on outdated datasets [13].

To overcome the limited applicability of the function
from Ref. [13] and achieve better consistency between the
correction function and theoretical He I emissivities, we
propose a new fitting function, f.(4,7,n,,T). The
function smoothly covers the following ranges of param-
eters: electron density 1 <n, < 10* cm™3, temperature

8000 < T < 22000 K, and optical depth 0 <7 < 10. The
fitting function has the accuracy of <0.1% within the
specified parameter domain.

The obtained results can be easily implemented in all
modern studies of the primordial helium abundance as well
as in other studies concerned with the analysis of Hel
emission lines.
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APPENDIX A: FITTING COEFFICIENTS
FOR A-VALUES

This appendix describes fitting coefficients for the
oscillator strengths of different transitions of the form
(n,l,s) — (n',l',s). The values of quantum numbers
for the lower level are denoted with a prime and are
considered fixed. The Einstein coefficient for an allowed
transition is determined by the formula

0.667 cm? sec™! g,y

Apisnr = 2 Efnl—»n’l" (Al)
Oscillator strength is calculated via equation
! 2
fnl—»n’l’ = ?exp (ax +bx + C)' (A2)

Here, v is the effective quantum number of the (n, [, s)
level, which is calculated using quantum defects,
x =In(E,p,/AE), where AE = E,;; — E, . Fitting coef-
ficients a, b, c¢ are given in Table IV.
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TABLEIV. Fitting coefficients a, b, c used to calculate A-values for dipole allowed transitions in He atoms via the
extrapolation of transition data from Ref. [27].

Transition a b c Transition a b c

n'P - 2l§ —0.5212 1.4980 0.8258 P - 238 —1.2552 0.9575 0.3055
nls - 21p —0.0667 2.3183 —1.4292 n3S — 23p —0.0062 2.3165 —1.3656
n'D = 2lp —0.2041 3.1697 1.1341 n’D — 23P —0.1696 2.8455 1.3102
n'P—3ls —-0.3629 1.6108 1.2713 P - 338 —0.8665 1.2341 0.6799
n'S - 3'p —0.0569 2.3246 —0.3603 n3S — 33p —-0.0115 2.3183 —0.2894
n'D - 3'p —0.2200 2.4906 1.7920 n3D — 33p —0.2697 2.2448 1.8427
n'P - 3'D —0.3660 2.9286 —2.6734 n’P - 3D —0.2400 2.7619 —-1.9216
n'F - 3D —0.1381 3.0896 1.2853 n’F = 3°D —0.1943 3.3380 1.4267
n'P—4ls —0.3006 1.7246 1.6071 n’P — 43§ —0.7341 1.4638 0.9610
n'S - 4'p —0.0467 2.3228 0.3040 n3S — 43p —0.0078 2.3139 0.3696
n'D - 4lp —0.1468 2.2748 2.1984 n’D - 43p —0.1985 2.0782 2.1801
n'P = 4D —0.2738 2.7738 —1.4383 3P — 43D —0.1814 2.6539 —0.7813
n'F — 4D —0.2268 2.5973 1.9472 n3F - 43D —0.2575 2.7239 2.0930
n'D — 4'F —-0.3916 3.3412 —3.3231 n’D — 43F —0.3843 3.3271 —2.9957
n'G = 4'F -0.2711 3.7808 1.5045 n’G — 43F -0.2721 3.7828 1.5314
nlP - 5§ —0.2758 1.8294 1.8733 nP - 538 —0.6850 1.6723 1.1762
n'S — s5'p —0.0408 2.3223 0.7859 n3S — 53p —0.0054 2.3102 0.8460
n'D - 5'p —0.1065 2.1902 2.5024 n’D — 5P —0.1575 2.0307 2.4379
n'P - 5D —0.2243 2.6910 —0.6640 n3P — 5D —0.1469 2.5900 —0.0655
n'F - 5'D —0.1675 2.3629 2.3354 n’F = 5°D —0.1887 2.4414 24813
n'D — 5'F —0.3040 3.1131 —1.9805 n3D — 33F —0.3021 3.1079 —1.7250
nlG - 5'F -0.3177 3.1087 2.2473 n3G - 5°F -0.3182 3.1100 2.2861
n'F - 5'G —0.4604 3.8089 —3.4727 nF - 53G 0.0 2.9204 -3.0172
n'H - 5'G —0.3193 4.1129 1.4451 n*H - 53G —0.3180 4.1104 1.4591
n'P > 6'S —0.2647 1.9245 2.0906 P > 638 —0.6805 1.8866 1.3347
nlS —» 6P —0.0359 2.3203 1.1646 n3S - 63P —0.0014 2.3024 1.2210
n'D - 6'P —0.0887 2.1630 2.7455 n’D - 6P —0.1439 2.0427 2.6420
n'P - 6'D —0.1928 2.6388 —0.1011 nP - 6D —0.1262 2.5514 0.4557
n'F - 6'D —0.1287 2.2530 2.6123 n3F - 63D —0.1398 2.2988 2.7609
n'D = 6'F —0.2540 2.9795 —1.1413 n*D - 63F —0.2505 2.9720 —0.9195
nlG - 6'F —0.2374 2.7265 2.6690 n3G — 63F —0.2382 2.7281 2.7173
n'F - 6'G —-0.3637 3.4985 —2.1657 n’F - 63G —0.3553 3.4705 —2.0873
n'H - 6'G —0.3608 3.4253 2.3087 nH - 63G —0.3609 3.4253 2.3218
n'G - 6'H —0.4846 4.1284 —3.8739 G - 63H —0.4846 4.1384 —3.8739
n'l - 6'H —0.3591 4.4223 1.2858 nl - 63H —0.3607 4.4249 1.2940
n'P 17§ —0.2675 2.0248 2.2657 P - 738 -0.7162 2.1488 1.4243
n'S - 7'p —0.0359 2.3203 1.1646 n3S — 3P 0.0007 2.2974 1.5292
n'D - 7'p —0.0765 2.1523 2.9516 n’D - 7°P 0.0 1.7561 2.9838
n'P = 7'D —0.1745 2.6098 0.3368 n3P = 73D —0.1105 2.5211 0.8670
n'F—7'D —-0.1002 2.1876 2.8356 n’F - 7°D —0.1111 2.2258 2.9811
n'D - 7'F -0.2189 2.8875 —0.5330 n3D — BF 0.0 2.3661 —0.0380
n'G - 17F —0.1744 2.5022 2.9645 n’G - T°F —0.1744 2.5023 3.0202
n'F - 17G —-0.2992 3.2931 —1.3247 nF - 173G —0.2958 3.2783 —1.2494
n'H—-7'G —0.2744 2.9744 2.8118 n*H - 713G -0.2722 2.9693 2.8277
n'G—7'H —0.3931 3.7817 —2.5038 3G - 7°H 0.0 2.8458 —1.9605
n'l - 7'H —-0.3976 3.7215 2.2533 n3l — TPH —-0.3976 3.7215 2.2533
n'H—7'1 —-0.5194 4.4687 —4.3716 nH — 731 —0.5194 4.4749 —4.3716
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APPENDIX B: FITTING COEFFICIENTS FOR
SCALING FACTOR

Fitting coefficients for scaling factor f(7,y), which is
used to calculate radiative recombination rate to sublevel
y = [n, 1, s], are as follows:

a(T) = (T.7) x an(T.n.1). (B1)

Scaling factor f(T,y) is defined via the following
equation:

70 =0 4 ().

(B2)

Here, a;(T) are fit coefficients. Their dependence on
temperature is determined by a fourth-degree polynomial

with temperature 7" in K with fitting coefficients by) being
presented in Table V, as follows:

ai(T) = 24: b (104TK>j. (B3)

J=0

TABLE V. Fitting coefficients used to calculate scaling term for radiative recombination rate to sublevels in He

atoms with / <2 and s = 1, 3.

by b, b, b, bo
1=0,s5s=1

a, 3.84 x10703 —2.75 x 10792 7.72 x 10702 —9.76 x 10792 1.72 x1070!
a, 1.34 x 10792 —9.85 x 10702 2.89 10701 —4.09 x 10701 1.24 x10+00
as —6.69 x 107% 5.34 x10793 —1.86 x 10702 4.71 x 10702 1.28 x1070!
I=0,5s=3

a 1.62 x 10792 —1.16 x 107 3.21 x10791 —3.53 x 107" 6.98 x1079!
a, 1.65 x 10702 —1.22 107" 3.56 x1079! —4.96 x 1079 1.36 10100
a, —1.98 x 10793 1.60 x 10702 —5.67 x 1072 1.56x107! 1.89 x1070!
I=1,5=1

a, —-1.95 x 1079 1.30 x 10792 —3.48 x 10702 4.73 x 10702 —9.39 x 10792
a, 8.52x107% —4.67 x 10792 8.96 x 10792 —5.46 x 10792 1.26 x10100
a, 2.69 x 10~ —2.13 x 1079 6.96 x10703 —1.38 x 10792 2.77 x107!
[=1,5=3

a 3.36 x10793 —2.87 x 10792 9.56 x 10792 —1.48 x 107 5.49 x 107!
a, —-1.95 x 107% —5.29 x 1079 3.62 x 10702 —8.47 x 10792 1.16 10100
as —1.65 x 10793 1.32 x 10792 —4.62 x 10702 1.18 x1070! 7.41 x1070!
[=2,5s=1

a, 1.49 x10793 -9.16 x 1079 2.17 x 10792 —2.57 x 10792 2.57 x 10792
a, 8.49 x 10702 —4.94 x 107 1.07 x10100 —1.03x101%0 1.47 x10100
as 1.99 x 1070 —1.26x10"% —4.23 x 1070 1.44x10793 2.47 x1070!
I1=2,5=3

a, 2.30 x10793 —1.24 x 10792 2.40 x 10792 —2.12 x 10792 —4.22 x 1079
a, —6.50 x 10702 4.08 x1070! —1.00 x 10100 1.30 x 10100 2.49 x1070!
a, 8.27 x 1004 —5.62 x 10793 1.47 x 10702 —1.72 x 10702 7.99 x1070!
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