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Abstract

Radiation of X-ray pulsars is powered by accretion on the neutron star surface from a binary
companion under the influence of a strong magnetic field. We study the beaming of this
radiation in the case of subcritical X-ray pulsars, where it is formed in the accretion channel
close to the neutron star surface. We solve equations of the hydrodynamics and radiative
transfer of two coupled polarization modes in the accretion channel numerically, taking
into account resonant Compton scattering and vacuum polarization. The beaming patterns
are obtained for different accretion rates, photon energies, and polarizations, as well as for
different models of the neutron star surface radiation. The calculated beaming patterns
are converted into light curves for both the intensity and polarization, taking into account
the effects of General Relativity. These beaming patterns and light curves are found to be
strongly affected by the resonant Compton scattering for photon energies comparable with
the electron cyclotron energy. In particular, the angular redistribution of radiation near the
cyclotron resonance may reduce the light-curve modulation amplitude, which is consistent
with observational indications of a suppressed pulsed fraction at these energies.

Keywords: high energy astrophysical phenomena; radiative transfer; X-rays: binaries; stars:
neutron; pulsars: general

1. Introduction
X-ray pulsars (XRPs) are strongly magnetized accreting neutron stars (NSs) in close

binary systems (for a recent review, see [1]). In such systems, matter from the companion
star falls onto the NS surface through an accretion channel along the field lines around
magnetic poles. The kinetic energy of the accreting matter that hits the NS surface is mostly
converted into X-ray radiation. Because of a misalignment of the magnetic and rotation
axes of a NS, a remote observer detects a pulsating signal.

A typical field strength at the surface of an XRP is B ∼ 1012 − 1013 G. In such strong
fields, the electron cyclotron energy

Ecyc = h̄ωcyc =
h̄eB
mec

= 11.577 B12 keV (1)

reaches tens keV, causing distinct quantum-mechanical effects. In Equation (1), h̄ is the
reduced Planck constant, c the speed of light, e the elementary charge, me the electron
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mass, B12 ≡ B/1012 G and ωcyc is the electron cyclotron frequency. The mean free time
of electrons is much larger than ω−1

cyc at typical plasma densities in the accretion channel,
which effectively constrains the plasma motion to one dimension along B.

Observed X-ray luminosities of the XRPs vary over several orders of magnitude, from
LX ≲ 1033 to LX ≳ 1041 erg s−1 [1,2] (with the reservation that the apparent super-Eddington
luminosities of LX ≳ 1038 erg s−1 in the ultraluminous sources [3,4] may be overestimated
because of collimation [5–7], which is a hypothesis under debate – see, e.g., Ref. [8] and
references therein). At low luminosities LX ≲ 1034 erg s−1, the XRPs may undergo a slow
accretion from a cold disk [9,10] or no accretion due to the propeller effect [11]. Cyclotron
absorption lines have been observed in the spectra of nearly 40 XRPs, sometimes with
one or a few harmonics [12]. Recently, due to the Imaging X-ray Polarimetry Explorer
(IXPE) [13], it has become possible to measure the polarization of the X-ray radiation of the
XRPs in the band of 2–8 keV (see, e.g., [14,15]).

The bolometric luminosity measured by a distant observer is related to the mass
accretion rate Ṁ onto a NS with mass M and radius RNS as [16,17]

L =
zgṀc2

(1 + zg)2 = 1036 1.327
1 + zg/2

M/M⊙
R6

Ṁ16 erg s−1, (2)

where zg = (1 − 2GM/c2RNS)
−1/2 − 1 is the gravitational redshift, G is the Newtonian

constant of gravitation, M⊙ the solar mass, R6 = RNS/106 cm and Ṁ16 = Ṁ/1016 g s−1.
Here Ṁ is measured in the local reference frame at the NS surface; the accretion rate
measured by a remote observer is Ṁ∞ = Ṁ/(1 + zg). There is a critical value of luminosity
(Lcrit ∼ 1036 erg s−1 for a typical XRP), at which radiation pressure can stop plasma
motion [18]. XRPs with higher luminosities are called supercritical, while XRPs with lower
luminosities are called subcritical. In the supercritical XRPs, a radiation-dominated shock
is expected in the accretion channel [19]. The observed radiation of the supercritical XRPs
originates from the accretion column, made of a slow-moving dense hot plasma below the
shock front.

For the subcritical XRPs, two fundamentally different accretion regimes have been
discussed. One of them is determined by Coulomb braking of the fast-moving plasma in
a relatively thin layer near the NS surface [20]. This process leads to formation of heated
atmosphere regions around the magnetic poles, from which the X-ray radiation emerges
(e.g., [21]). In the other regime [22–24], a collisionless shock wave appears, which plays the
crucial role in the accretion channel structure and radiation formation. In the present paper,
we focus on the subcritical XRPs in the shockless regime.

In a previous work [25], we constructed a model of the accretion channel and calculated
polarized radiation transfer in the electron-proton plasma approximation for the dielectric
tensor. The model included the resonant scattering of radiation in a strong magnetic field,
but neglected the damping of the electron cyclotron resonance, the ion cyclotron motion
and vacuum polarization effects. Besides, we considered only the case of a completely filled
accretion channel, which can probably be formed under the conditions of spherical accretion.
A more realistic geometry of disc accretion favors the formation of a hollow channel,
only partially filled with plasma [19]. A detailed study of the plasma hydrodynamics
and polarized radiation transfer in the accretion channels of the subcritical XRPs with
account of the vacuum polarization in both accretion channel geometries will be presented
elsewhere [26]. Here, we focus on the influence of radiative transfer in the hollow accretion
channel on the beaming of the outgoing radiation. As in the above-cited papers, the plasma
is assumed to be composed of fully ionized hydrogen.
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2. Physics Input and Numerical Methods
Propagation of electromagnetic waves in magnetized plasmas has been comprehen-

sively described in the monograph by Ginzburg [27]. At circular frequencies ω, which lie
sufficiently far from resonances and are much larger than the electron plasma frequency
ωpe =

(
4πe2ne/me

)1/2, where ne is the electron number density, radiation propagates in
the form of two normal modes. The normal mode whose electric vector oscillates along an
ellipse with a major axis lying in the plane formed by the photon wave vector k and mag-
netic field vector B is called ordinary (O-mode), and the normal mode whose polarization
ellipse has a major axis perpendicular to this plane is called extraordinary (X-mode). The
two modes have different absorption and scattering cross sections, which depend on the
angle θB between k and B, and interact with each other through scattering.

Gnedin and Pavlov [28] formulated the radiative transfer problem in terms of the
normal modes and specified the applicability conditions of such description. They showed
that in the conditions typical for strongly magnetized NSs, a strong Faraday depolarization
occurs at most photon energies E = h̄ω (except narrow frequency ranges near resonances),
which allows one to consider specific intensities of the two normal modes instead of the
four components of the Stokes vector.

The influence of the vacuum polarization on the NS radiation was first evalu-
ated in [29,30] and studied in detail in subsequent works, summarized by Pavlov and
Gnedin [31]. A further progress was made by Lai et al. [32–35], who used a more general
formalism and studied the effect of normal mode conversion for radiation propagating
in an inhomogeneous plasma across so-called vacuum resonance. At this resonance, the
vacuum and plasma polarization effects become equally important, and the normal mode
approximation is no longer valid. If the density variation is sufficiently gentle, the polariza-
tion of a photon evolves adiabatically, preserving the electric vector rotation direction, but
changing the direction of the major axis of the rotation ellipse relative to the k − B plane,
which means the conversion between the O-mode and X-mode. This occurs at a plasma
density ρvac ∼ 10−4B2

12(E/1 keV)2 g cm−3. Here, we follow the general formalism of Lai
and Ho [34], but neglect the mode conversion, because the subcritical accretion channel is
almost transparent to radiation at those relatively low photon energies, at which the plasma
density ρ in the channel can reach ρvac. The non-trivial effects of Compton scattering in
the accretion channel occur at higher E, where the X- and O-mode polarization vectors are
almost linear, being determined mostly by the vacuum polarization effects.

Compton scattering in a strong magnetic field differs significantly from the field-free
one. We treat it by analogy with our previous papers [25,36], but with certain improvements
and corrections, as described in detail in [26]. We assume that an electron occupies the
ground Landau level before and after scattering, which is generally a good approximation
for the XRPs because of the quick radiative decay of the excited Landau states [37]. The
differential cross sections of photon scattering on an electron in a strong magnetic field is
adopted from Ref. [38], where it is given for an electron at rest and for the linear polariza-
tions of the incoming and scattered photons. We transform the cross sections to the elliptical
normal-mode polarization basis and average them over the relativistic thermal distribution
of electron momenta parallel to B (the one-dimensional Maxwell–Jüttner distribution—see,
e.g., Appendix A in Ref. [36]), using the Lorentz transformations of energies E and angles
θB for the incoming and scattered photons of the cross sections. These cross sections are
then employed in the numerical solutions of equations of radiation hydrodynamics for the
one-dimensional plasma motion along the magnetic field lines and stationary radiative
transfer equations for the two coupled normal modes. The stationary radiative transfer
approximation is applicable because the typical time of photon propagation inside the ac-
cretion channel is short on the hydrodynamic time scale. In solving the system of radiation
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hydrodynamics equations, we assume that electrons and protons have the same tempera-
ture T and apply an ideal gas equation of state (EoS), which is a good approximation at
the XRP conditions, because T ∼ a few keV is much higher than the hydrogen binding
energy at B ≲ 1013 G. This plasma EoS is supplemented by the EoS of ideal photon gas,
assuming the local thermodynamic equilibrium. However, as mentioned in Ref. [25], the
exact EoS form is unimportant for our model calculations, because the accretion flow is
mainly controlled by the gravity and radiation pressure, rather than by the EoS.

For a numerical solution of the problem, we use the time discretization and apply the
operator splitting method [39]. Each time step is divided into three substeps.

At the first substep, we solve the hydrodynamical system of equations, neglecting
the radiative terms. To solve this simplified system, we employ the open library VH-1
(‘Virginia Hydrodynamics-1’ [40]) (http://wonka.physics.ncsu.edu/pub/VH-1/ (accessed
on 5 November 2022)). The numerical grid is organized as a hollow cylinder with an
outer radius Rc, with inner radius Rc − dw (dw being the thickness of the cylindrical walls)
and height H, divided into a sufficient number of equal slices. We neglect variations
in all hydrodynamic variables along the radius of the cylinder, because we have found
previously [25] that these quantities do not significantly vary along the radial coordinate.
The magnetic field and the cylinder axis are perpendicular to the NS surface. In the
examples of calculations presented below, we have set M = 1.4 M⊙, RNS = 12 km. Rc =

0.5 km and dw = 15 m. The height H is chosen sufficiently large to exceed the height of the
zone where radiation pressure is significant, so that the plasma velocity at the upper face
of the cylinder almost coincides with the free-fall velocity. Nevertheless H ≪ RNS in the
subcritical regime [41]. The magnetic field strength B = 4.319 × 1012 G is chosen to provide
the cyclotron energy Ecyc = 50 keV, which is typical for the XRPs.

At the second substep, radiation transfer of the two coupled normal modes and
the plasma-radiation energy-momentum exchange are simulated by the Monte Carlo
method (see Ref. [36] for a detailed description of our Monte Carlo code). To accelerate
these simulations, we use precalculated tables of the total scattering cross sections and
cumulative distribution functions of probability of photon scattering into a given direction
and given normal mode with initial E and θB. These tables are based on the differential
cross sections and depend on ρ, T and Ecyc as parameters; their detailed description is
given in Ref. [26].

At the third substep, the contribution of the radiative terms, which have been neglected
at the first substep, is restored. The energy-momentum exchange between the electron-
proton plasma and the photons is described by a system of first-order differential equations
for time conservation of mass, energy, and momentum densities. These equations are
solved by the explicit Euler method, which has been found appropriate in the case of
subcritical pulsars.

We assume that the plasma is in the free-fall state at the top of the accretion channel and
set its inflow velocity equal to the free-fall velocity vff =

√
2GM/(RNS + H) ≈√

2GM/RNS.
The plasma density at the top boundary is determined by this velocity, the mass accretion
rate Ṁ and the channel cross-section area 2πRcdw, that is ρ(H) = Ṁ/2πRcdwvff.

The boundary conditions at the bottom of the channel are not so obvious. In our
model, the bottom is placed at the NS surface. Therefore the proper bottom boundary
conditions are determined by the physics of the interaction of the accreting plasma and
radiation with the NS surface or the atmosphere, which is a complex, not completely solved
problem. In the examples of simulations presented below, we assume that the total (plasma
and radiation) energy that enters the NS surface is re-emitted by electromagnetic radiation
with a specific intensity IE(θ), where θ is an angle between the wave vector k and the NS
surface normal. We assume that the surface radiation has the blackbody spectrum with a
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uniform temperature determined by the energy balance within the emitting ring, but we
allow for possibly non-trivial initial polarization or beaming. For the polarization, we test
the three extreme cases of non-polarized surface radiation (i.e., equal numbers of X- and
O-photons of the same energy) and the radiation polarized entirely in either the X-mode or
the O-mode. For the initial beaming, we apply the simplest non-isotropic model

IE(θ) ∝ 1 + b cos θ, (3)

where b ≥ −1 is a free parameter. Then the radiant intensity (the energy per unit solid angle
emitted by the hot spot of area S at the NS surface) QE = S⊥ IE(θ) = SIE(θ) cos θ, where
S⊥ = S cos θ is the projected transverse hot-spot area, follows the Lambert law QE ∝ cos θ

at b = 0, while it is suppressed along the normal to the surface at b < 0 and more elongated
at b > 0.

3. Results
3.1. General Features of Beaming

In the left panels of Figures 1–3 we present the calculated θ-dependencies of the
radiation outgoing from the accretion channel at different photon energies. In the right
panels, we show the corresponding beaming patterns in the polar coordinates. The surface
radiation is assumed unpolarized. Each function QE(θ) is normalized to its maximum, in
order to focus on the angular dependence. It should be noted that the parts of the curves
with θ ≥ 90◦ cannot be observed: since the radius and height of the accretion channel are
small compared with the NS radius, the radiation that comes out at these angles goes back
to the NS surface and contributes to its heating.

0 25 50 75 100 125 150 175

θ◦

0.0

0.2

0.4

0.6

0.8

1.0

n
or
m
al
iz
ed

in
te
n
si
ty
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Figure 1. Dependence of the normalized radiant intensity QE on the polar angle θ (left panel) and
corresponding beam pattern (right panel) at accretion rate Ṁ = 1015 g s−1 for photon energies
E = 0.2Ecyc (dotted orange lines), 0.4Ecyc (solid red lines), Ecyc (dashed green lines) and 1.5Ecyc

(dot-dashed blue lines). The specific intensity IE(θ) at the surface is assumed constant (parameter
b = 0). Each curve is normalized to its maximum.
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Figure 2. Same as in Figure 1 but for Ṁ = 2.5 × 1015 g s−1.
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Figure 3. Same as in Figures 1 and 2 but for Ṁ = 5 × 1015 g s−1.

At the lowest energy E = 0.2Ecyc, the optical thickness of the accretion channel is
small; therefore, the corresponding (dotted) line is close to the initial surface beaming,
which in this case was assumed isotropic (parameter b in Equation (3) is zero). At all other
energies shown in the figure, including the rather low value E = 0.4Ecyc, the beaming of
the outgoing radiation is strongly anisotropic, unlike the initial one, which means that this
pattern is formed due to the scattering in the accretion channel.

The fan-like pattern at E = 0.4Ecyc with strongly suppressed intensity around the
normal to the surface appears due to the large optical depth for the photons propagating at
small angles θ nearly along the cylindrical walls. The wall thickness dw is much smaller
than the cylinder height, so that the photons with large inclination angles escape easily.

For E = Ecyc, the resonant Compton scattering diverts most photons back to the NS
surface, which explains their concentration at θ > 90◦.

At a higher energy E = 1.5Ecyc, multiple non-resonant scattering in the channel is
substantial. At a low accretion rate Ṁ = 1015 g s−1 (Figure 1), the beaming pattern still
resembles the pattern at the resonance, although a significant (albeit minor) fraction of
photons escapes in the upper hemisphere θ < 90◦. With increasing Ṁ (Figures 2 and 3),
the plasma density in the channel increases, the mean free path of a photon decreases,
respectively, and the multiple scattering becomes more important. In these cases, we
observe a broad angular distribution, slightly suppressed around the normal.

3.2. Influence of Boundary Conditions

Figures 4 and 5 show beaming of the outgoing radiation calculated assuming different
boundary conditions. Figure 4 demonstrates the case where the radiation that enters the
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accretion channel from the NS surface is polarized. The left panel presents the case where
the initial polarization is completely in the X-mode, and the right panel corresponds to the
initial O-mode. Here, the accretion rate Ṁ = 2.5 × 1015 g s−1 is assumed, as in Figure 2.
We see that this change in boundary conditions affects the beaming noticeably, but not
crucially. The beaming patterns at the different energies remain similar to those in Figure 2,
although they are somewhat broader in the case where the initial polarization is ordinary
compared with the opposite case of extraordinary initial polarization. The most significant
difference occurs at the energy above the cyclotron resonance, where the broadening of the
beaming pattern is significantly more anisotropic in the case of the initial X-mode.
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Figure 4. Polar diagram of outgoing radiation at Ṁ = 2.5 × 1015 g s−1 (as in Figure 2) for separate
polarizations of NS surface radiation: incoming X-mode (left panel) and incoming O-mode (right
panel).
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Figure 5. Polar diagram of beaming of outgoing radiation at Ṁ = 2.5× 1015 g s−1 for the unpolarized
NS surface radiation, suppressed near the normal to the surface according to Equation (3) with
parameter b = −1 (left panel) or b = −0.75 (right panel).

Figure 5 demonstrates beaming of the anisotropic radiation, coming into the bottom
of the accretion channel from the NS surface according to Equation (3) with negative
parameter b. This model corresponds to the initial beam pattern suppressed along the
normal to the surface, as expected at very low accretion rates [21,42]. Here the incoming
surface radiation is unpolarized, and the accretion rate is Ṁ = 2.5 × 1015 g s−1, as in
Figure 2. The right panel presents the case of moderate initial anisotropy with b = −0.75
and the left panel shows the extreme case of b = −1. We see that the scattering in the
accretion channel strongly modifies the beaming at not too low photon energies E ≥ 0.4Ecyc.
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Still, the beaming pattern retains traces of the initial angular distribution. In particular,
the radiation remains completely suppressed in the normal direction θ = 0 in the case of
b = −1.

3.3. Importance of Vacuum Polarization

In the previous paper [25], we simulated the radiation outgoing from the accretion
channels of subcritical XRPs, taking into account the birefringence of strongly magnetized
plasma, but neglecting the quantum-electrodynamical effect of vacuum polarization [31].
Recently, Sokolova-Lapa et al. [43] argued that this effect should be important for the
formation of XRP spectra. Our new simulations fully take the vacuum polarization into
account following the formalism of Ref. [34] (full details of our treatment are given in
Ref. [26]). We show that the vacuum polarization effect is important not only for the spectra,
but also for the beaming. It can be seen from a comparison of Figure 4 with Figure 6, the
latter being different from the former one by neglecting the vacuum polarization effects.
The comparison reveals pronounced differences in the beaming patterns. A more complex
beaming is formed if the vacuum polarization is neglected, in which case the normal mode
polarization ellipses are less elongated. The sharpest difference is observed in the case
where the NS surface radiation is polarized in the O-mode (compare the right panels of
Figures 4 and 6).
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Figure 6. Same as in Figure 4, but in the “plasma approximation” where the vacuum polarization
effects are neglected.

3.4. Polarization-Resolved Beaming

In Section 3.2, we considered the influence of polarization of the incoming radiation
on the beaming of the outgoing radiation, summed over its polarization states. Let us
now consider the beaming patterns separately for each of the two outgoing normal modes.
Figure 7 shows the results for the case of Ṁ = 2.5× 1015 g s−1, to be compared with Figure 2.
We can notice a moderate difference in the beaming of the two modes at E = 0.4Ecyc and a
significant difference at the higher energies E ≥ Ecyc, despite the incoming radiation was
assumed unpolarized. This difference shows that the scattering in the accretion channel
substantially affects the formation of the polarization of the XRP radiation (a more extensive
study and discussion of the effects of the in-channel scattering on the polarization is given
in Ref. [26]).

https://doi.org/10.3390/particles9020049

https://doi.org/10.3390/particles9020049


Particles 2026, 9, 49 9 of 17

0 25 50 75 100 125 150 175

θ◦

0.0

0.2

0.4

0.6

0.8

1.0

n
or
m
al
iz
ed

in
te
n
si
ty
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Figure 7. Same as in Figure 2, but separately for the outgoing X-mode (upper panels) and O-mode
(lower panels).

3.5. Beaming as a Function of Photon Energy and Direction

In Figure 8, the intensity of radiation, normalized to its maximum as a function of θ at
each E, is coded with color and shown in the θ–E plane. The bright yellow color corresponds
to the maximum of intensity, and the dark violet to its minimum. The incoming radiation
was assumed unpolarized and isotropic. This figure clarifies the origin of the differences
between beaming patterns at different energies observed in Figures 1–3 and 7. The values
of these energies are marked by the horizontal lines.

The upper panels in Figure 8 present the maps for the total intensity at two different
accretion rates, and the lower panels present them separately for the X- and O-modes at
an intermediate mass accretion rate. We see that there are two strips of clear maxima at
different energies with a minimum in between, which drift from lower to higher E with
increasing θ. At some energies, both strips can be crossed by corresponding horizontal lines,
giving a complex beaming pattern like the dot-dashed line on the right panel of Figure 6.
In addition, there is a local maximum at a nearly constant energy close to E = Ecyc, which
is more clearly seen in the upper-left and lower-right panels of Figure 8.

The wide dark valleys between the pairs of brighter strips, directed toward higher
energies at larger angles θ, map phase regions in which the scattering optical thickness
becomes greater than one. Thus scattering processes effectively remove the original photons
from the phase region of the directions and energies corresponding to the dark valleys,
which leads to the angular dependencies shown in Figures 1–3 and 7. These angular
dependencies can be easily traced at each photon energy E by following the corresponding
horizontal lines in Figure 8.
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Figure 8. Color maps of the normalized intensity of outgoing radiation as functions of the angle
to the NS surface normal θ (the horizontal axis, in degrees) and photon energy E (the vertical axis,
in keV). Upper panels: total intensity for both normal modes for accretion rates Ṁ = 1015 g s−1

(left panel) and Ṁ = 5 × 1015 g s−1 (right panel). Lower panels: the outgoing radiation polarized
in the X-mode (left panel) and the O-mode (right panel) at the intermediate mass accretion rate
Ṁ = 2.5 × 1015 g s−1. The horizontal lines are drawn at the energies for which the curves of the same
types are plotted in the other figures.

3.6. Light Curves

The beaming patterns presented above determine the light curves of spectral flux and
polarization of an XRP. Below, we present examples of such light curves, calculated in
several approximations. First, we neglect the effects specific to NS rotation: shape flattening,
general-relativistic frame dragging, Doppler boosting, and relativistic aberration [44–46].
This is a good approximation for the typical (not millisecond) X-ray pulsars. Second, we
neglect the size of the emission region compared with the NS radius. Third, we assume
that the X-ray photons that have escaped from this region propagate in the empty space.
Then, each photon trajectory is a flat curve, which is accurately described by the analytical
approximation of Poutanen [47], which gives the angle θ between the wave vector k and
normal n to the NS surface in terms of elementary functions of the angle ψ between n and
the direction to a distant observer.

For an infinitely narrow bundle of light rays with transverse cross section dS⊥ that
reach a distant observer, the observed spectral flux density equals dF∞

E = I∞
E dΩ, where I∞

E is
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the observed specific intensity and dΩ is the solid angle that the element dS⊥ occupies in the
observer’s sky. Since the ratio IE/E3 is invariant (see, e.g., Section 22.6 in Ref. [48]) and the
photon energy at infinity is decreased by the redshift factor (1+ zg)−1, the specific intensity
in the local reference frame at the NS surface is IE = I∞

E (1 + zg)3. On the other hand,
dΩ = DdS⊥/D2, where D is the distance and D = (1 + zg)2 d cos θ/d cos ψ ≈ 1 is the
lensing factor, which is also accurately represented as a function of ψ by the approximation
of Poutanen [47]. Thus,

F∞
E (ψ) =

D(ψ)QE(θ(ψ))

D2 (1 + zg)3 , (4)

where QE =
∫

S⊥
IEdS⊥ is the radiant intensity at the polar angle θ in the local reference

frame. Since the backward radiation is intercepted by the NS surface, we set F∞
E (ψ) = 0

whenever θ(ψ) ≥ 90◦.
Since we neglect the size and geometry of the emitting zone, the angle ψ coincides

with the angle between the magnetic axis of the star and the line of sight. Let α and ζ

be the angles that the spin axis makes with the magnetic axis and with the line of sight,
respectively. Then the light curve from a single accretion channel is given by Equation (4)
with

cos ψ = sin ζ sin α cos(ϕ − ϕ0) + cos ζ cos α, (5)

where ϕ is the rotational phase and ϕ0 is an arbitrary constant phase shift. To add an
identical antipodal emitting area, one can use Equation (4) with ψ replaced by ψ + π.

Figure 9 shows examples of light curves for the intensity and polarization degree. To
produce them, we have applied Equations (4) and (5) to the beaming of radiant intensities
of the X- and O-modes, QE = QX

E(θ) and QE = QO
E (θ), respectively, shown in Figure 7.

As stated above, we replace the real distribution of the outgoing photons over the surface
of the accretion channel by a point source. This model is relevant within the scope of the
present paper because it elucidates the clean effect of the beaming pattern, which is the
main focus of study here, separated from such subtle factors as complex geometry of the
emission zone. It is expected to be acceptable for the subcritical X-ray pulsars, because their
emission zones have both the radii Rc and heights H much smaller than RNS [41]. We have
put ϕ0 = 0 in Equation (5), which means that the viewing angle of the primary emission
zone is minimal at ϕ = 0. The calculations have been done at four values of the emitted
photon energy E = 10 keV, 20 keV, 50 keV and 75 keV, the same as in Figures 1–7, which
correspond to the observed photon energies E∞ = E/(1 + zg) = 8.1 keV, 16.2 keV, 40.5 keV
and 60.7 keV. The light curves produced by a single emission zone are shown by the thin
lines, and the thick lines are given by the model of two symmetrical antipodal hot spots.

The light curves for the intensity present the sum of the flux densities F∞
E for the X-

and O-modes, which we denote respectively FX
E (ϕ) and FO

E (ϕ), calculated as functions of
the rotation phase (ϕ/2π) and normalized to the mean value according to the formula

fE(ϕ) =
FX

E (ϕ) + FO
E (ϕ)∫ 2π

0

[
FX

E (ϕ
′) + FO

E (ϕ′)
]

dϕ′/2π
. (6)

We see that there can be a large variety of shapes of the light curves, depending on the
geometry settings and photon energy. It is easy to trace the origin of the properties (minima
and maxima) of each light curve in the beaming pattern of the corresponding total radiant
intensity QX

E(θ) + QO
E (θ) near the NS surface, shown in Figure 2. In particular, for the

lowest photon energy E = 0.2Ecyc (the dotted orange curve) fE in Figure 9 has a maximum
at ϕ = 0, which corresponds to the maximum of the initial radiant intensity QE at θ = 0,
while for E = 0.4Ecyc (the solid red line) fE has a minimum at ϕ = 0 and a maximum at an
intermediate phase, which correspond to the fan-type beaming pattern of QE at this E value.
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In Figure 10, in contrast, the low-energy curve has a minimum at ϕ = 0, corresponding to
the minimum of the initial intensity at θ = 0. In the extreme case of α = ζ = 90◦, each light
curve in the model with two opposite hot spots displays an apparent period equal to one
half of the true rotation period, because of the alternating appearance of the two identical
antipodal emission zones. The jumps (vertical segments of the light curves) in this model
occur at the phase values, where both hot spots become visible simultaneously due to the
light bending (the jumps up) where one of them becomes invisible behind the horizon
(the jumps down). These jumps would be smeared over a narrow but finite phase interval
were the finite size of each emission zone taken into account. The light curves produced
by a single spot trace the beaming pattern more directly, while in the two-spot model the
secondary maximum on the light curve, produced by the second spot at an intermediate
phase, may override the primary minimum related to the beaming—compare, for instance,
the thick and thin red lines in the case of (α, ζ) = (30◦, 60◦) in both Figures 9 and 10.

Figure 9. Light curves for the intensity and polarization degree, corresponding to the beaming
patterns shown in Figure 7 (M = 1.4 M⊙, RNS = 12 km, Ṁ = 2.5 × 1015 g s−1, input beaming
parameter b = 0) for different combinations of the angles α and ζ that the spin axis makes with the
magnetic axis and the line of sight. Different line types correspond to different energies of outgoing
photons in the local NS reference frame. The thick and thin lines of the same type show the models
with two antipodal emission spots and with a single spot, respectively.
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Figure 10. Same as in Figure 9 but for the fan-like input beaming with parameter b = −1.

The polarization curves are calculated according to

PO−X(ϕ) =
FO

E (ϕ)− FX
E (ϕ)

FO
E (ϕ) + FX

E (ϕ)
. (7)

Taking into account that the linear polarization degree equals

PL =
IO − IX

IO + IX
p1, (8)

where IO is the O-mode intensity, IX is the X-mode intensity and p1 is the linear polarization
degree of a single normal mode, we see that PO−X is close to the observed PL, provided that
p1 ≈ 1, which is indeed the case if the normal mode ellipticity is dominated by the vacuum
polarization. Although the initial radiation from the NS surface was taken unpolarized in
the shown examples, the observed polarization degree is significant at some phases for
sufficiently high photon energies and especially at E = Ecyc, which highlights the effect of
the resonant Compton scattering in the accretion channel at such E values.

3.7. Connection to Observations

Although we do not perform a direct calculation of pulse profiles or the pulsed fraction
(PF) as a function of photon energy, our results allow for a qualitative comparison with
observational data.
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Observational studies of accreting X-ray pulsars indicate that both the pulse profile
and the pulsed fraction depend on photon energy. In particular, a local minimum or,
more generally, a distinct feature in PF(E) near the cyclotron resonance energy has been
reported for a number of subcritical sources (see, e.g., [49,50]). Such behavior is observed,
for instance, in sources like V 0332+53, 4U 0115+63 and Her X-1. Our simulations show a
qualitatively similar behavior in most (although not all) of the considered geometries. In
the vicinity of E ∼ Ecyc, resonant Compton scattering redistributes photons over angles,
leading to a less anisotropic emission pattern. As a result, the light curve amplitude
decreases, which implies a reduction in the pulsed fraction. This effect is evident from
Figures 9 and 10, where the modulation amplitude of the simulated light curves is smaller
at the cyclotron energy Ecyc than at the neighboring energies (0.4 Ecyc and 1.5 Ecyc) in three
of the four combinations of angles (α, ζ) for the model of two symmetric hot spots, if an
isotropic surface radiation is assumed (i.e., the anisotropy parameter b = 0, the thick curves
in Figure 9), and for all considered combinations of (α, ζ) and both one- and two-spot
models, if the surface radiation is assumed to be suppressed near the normal (b = −1,
Figure 10).

The fact that the cyclotron suppression of the pulsed fraction is present not for all
parameter sets in our calculations is consistent with observational results showing that the
behavior of PF(E) near the cyclotron energy is not universal. A quantitative analysis of the
simulated PF(E) and its detailed comparison with observations is beyond the scope of the
present work.

4. Conclusions
We have studied beaming patterns and light curves of subcritical XRPs. For typical

parameters of such XRPs, we have numerically solved the radiation hydrodynamics equa-
tions for the structure of the accretion channel and performed Monte Carlo simulations of
radiative transfer in this channel. The resulting beaming patterns for the outgoing radiation
at photon energies E ≥ 0.4Ecyc differ drastically from the beaming pattern of the radiation
injected into the accretion channel from the NS surface. In particular, the beaming pattern
is strongly anisotropic and polarized even for an isotropic unpolarized surface emission.
There is a moderate dependence of the resulting beaming pattern on the boundary condi-
tions (the polarization and beaming of the incoming surface radiation) at E ≥ 0.4Ecyc and
a stronger dependence on the accretion rate at E > Ecyc. We have demonstrated that the
account of the vacuum polarization is necessary for a correct simulation of the beaming:
were it neglected, the beaming pattern would be very different.

The calculated beaming patterns have been implemented in modeling light curves of
the subcritical XRPs. Manifestations of properties of the beaming pattern have been demon-
strated on examples for the dependencies of the observable flux density and polarization
degree on the rotational phase of an XRP.

Our results also provide a qualitative link to observational studies of energy-dependent
pulse profiles. The angular redistribution of radiation caused by resonant Compton scatter-
ing near E ∼ Ecyc reduces the anisotropy of the emerging emission and, consequently, the
modulation amplitude of the light curves. This behavior is consistent with observational
indications that the pulsed fraction may exhibit a local decrease or a distinct feature near
the cyclotron resonance energy in some subcritical X-ray pulsars [50].
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