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Modeling the Gravitational Wave Signal from the X-ray Pulsar Her X-1
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Abstract—The paper is devoted to modeling the gravitational waves from the X-ray pulsar Her X-1. The
neutron star is considered as a freely precessing ellipsoid. The gravitational wave signal is calculated in
the quadrupole approximation. The h× and h+ polarization profiles are constructed for the precession
parameters of the neutron star in Her X-1 measured in up-to-date works. The possibility of signal detection
with the DECIGO telescope is assessed. The formulas for the semi-analytical modeling of the gravitational
wave signal from precessing neutron stars by the method of perturbations in the small neutron star ellipticity
parameter are deduced.
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INTRODUCTION

X-ray pulsars are neutron stars (NSs) in binary
systems in which accretion from the companion star
onto the NS occurs. As a result of accretion, the
polar regions of the neutron star shine in X-rays, with
the X-ray light curve of such an object containing
pulsations due to the misalignment of the NS rotation
and magnetic axes. The pulsation periods for such
objects range from ∼0.1 s to several hundred seconds
(Mushtukov and Tsygankov 2022).

As a result of its rapid rotation, a NS that is not an
ideal sphere must be subject to precession. Precess-
ing NSs have been recognized as potential sources
of continuous gravitational waves (GWs) for decades
(Jones and Andersson 2002). In the works of Zim-
mermann and Szedenits (1979, 1980), which under-
went further development in Van Den Broeck (2005)
and Gao et al. (2020), the GW signal from a NS
was modeled in the quadrupole approximation, with
the NS having been considered as an absolutely rigid
ellipsoid.

The results of theoretical studies suggested that
the GW signal from precessing millisecond pulsars
could be detected with ground-based GW telescopes
of the existing or next generation. However, by now
the search for such a signal has not yielded a positive
result (Abac et al. 2025).

*E-mail: markozoviv@mail.ru

The NS to be discussed in this paper is a member
of the binary system Her X-1 and is observed as an
X-ray pulsar. The object is 7 kpc away from us and
has a pulsation period of 1.24 s and an orbital period
of 1.7 days (Tananbaum et al. 1972; Cherepashchuk
et al. 1972). The binary system also exhibits a su-
perorbital period of 35 days (Giacconi et al. 1973).
Owing to the wealth of observational data, includ-
ing X-ray polarimetry (Doroshenko et al. 2022), the
rotation parameters of the NS in Her X-1 and the
parameters of the accretion onto it are known, by the
standards of the accuracy of measurements for X-ray
pulsars, fairly well.

One of the possible explanations for the superor-
bital period of 35 days includes free NS precession
(Brecher 1972; Novikov 1973). The hypothesis of a
NS precessing with a period of 35 days in the pulsar
Her X-1 allows one to explain the up-to-date multi-
wavelength observational data (Postnov et al. 2013;
Kolesnikov et al. 2022) and the X-ray polarization
measurements for Her X-1 with the IXPE telescope
(Heyl et al. 2024). An alternative to it suggests
the precession of a warped accretion disk (see, e.g.,
Peterson 1977; Leahy and Frost 2025) and does not
deal with the NS precession.

In this paper we investigate the continuous GWs
from the pulsar Her X-1 that must result from the NS
precession in this binary system. We model the GW
signal in the quadrupole approximation (see Landau
and Lifshitz 1975) by approximately considering the
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NS as an ellipsoid. Based on the derived profiles of the
signal for the + and × polarizations, we discuss the
possibility of detecting these waves with the DECi-
hertz Interferometer Gravitational wave Observatory
(DECIGO) telescope.

NS PRECESSION

We consider the NS either as a precessing triaxial
ellipsoid or as a prolate axisymmetric ellipsoid, which
is a special case of the triaxial one. We assume the
rotation to be rigid and the precession to be free,
i.e., all torques to be compensated. The model of a
freely precessing uniaxial ellipsoid and the model of
a triaxial ellipsoid were used to explain the observa-
tional data in Postnov et al. (2013) and Kolenskikov
et al. (2022), respectively. Both these models were
considered when explaining the polarization data in
Heyl et al. (2024).

The precession is described by the Euler angles
φ, ψ, and θ, where φ is the precession angle, ψ is
the rotation angle, and θ is the wobble angle. The
letter designations φ, ψ, and θ were introduced in
Section 35 of the book by Landau and Lifshitz (1960).

Let us also introduce the angular velocity vec-
tor (ω1, ω2, ω3) whose components are related to the
Euler angles as follows:

ω1 = φ̇ sin θ sinψ + θ̇ cosψ, (1)

ω2 = ψ̇ sin θ cosψ − θ̇ sinψ, (2)

ω3 = φ̇ cos θ + ψ̇. (3)

The evolution of the angular velocity with time is
described by the Euler dynamical equations

⎧
⎪⎨

⎪⎩

I1ẇ1 − (I2 − I3)w2w3 = 0

I2ẇ2 − (I3 − I1)w3w1 = 0

I3ẇ3 − (I1 − I2)w1w2 = 0,

(4)

where Ii are the principal moments of inertia and ωi

are the components of the angular velocity vector.
To completely describe the precession, we need to
know ωi and the Euler angles at each instant of time.
The angular velocities are obtained by integrating
the system of equations (4). This system has the
following integrals of motion: the angular momentum
J =

√
I21w

2
1 + I22w

2
2 + I23w

2
3 and the kinetic energy

E = (I1w
2
1 + I2w

2
2 + I3w

2
3)/2.

THE SOLVING TECHNIQUE

We relied on the technique for solving the Euler
equations described in Betsch and Siebert (2009) and
used to model the GWs from a precessing triaxial NS
in Gao et al. (2020).

For the angles, as for the angular velocities, there
exists a solution in quadratures, but its explicit cal-
culation is time consuming. Therefore, we decided
to obtain the values of these variables by numerically
integrating the dynamical equations. For this pur-
pose, we used the quaternion q = q0 + q1i+ q2j+ q3k
whose components are related to the Euler angles as
follows:

q0 = cos
θ

2
cos

(
1

2
(φ+ ψ)

)

, (5)

q1 = sin
θ

2
cos

(
1

2
(φ− ψ)

)

, (6)

q2 = sin
θ

2
sin

(
1

2
(φ− ψ)

)

, (7)

q3 = cos
θ

2
sin

(
1

2
(φ+ ψ)

)

. (8)

The rotation matrix R of the rotating body is ex-
pressed via this quaternion:

R11 = q20 + q21 − q22 − q23, R12 = 2q1q2 − 2q0q3,

R13 = 2q1q3 + 2q0q2, R21 = 2q1q2 + 2q0q3,

R22 = q20 − q21 + q22 − q23, R23 = 2q1q3 − 2q0q1,

R31 = 2q1q3 − 2q0q2, R32 = 2q2q3 + 2q0q1,

R33 = q20 − q21 − q22 + q23. (9)

The differential equation that defines the evolution
of the quaternion can be expressed as

dq
dt

=
1

2

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 −ω1 −ω2 −ω3

ω1 0 ω3 −ω2

ω2 −ω3 0 ω1

ω3 ω2 −ω1 0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

q0

q1

q2

q3

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (10)

Equations (4) and (10) are integrated simulta-
neously using the DifferentialEquations library of
the Julia programming language (https://docs.
sciml.ai/DiffEqDocs/stable/). As a method for
solving the system of equations, we chose the L-
stable Rosenbrock method; the relative accuracy of
the solution was specified to be 10−7.
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THE GW PROFILE

Within general relativity, the GWs are decom-
posed into the sum of two polarizations (see, e.g.,
Landau and Lifshitz 1975):

hTT = h+(ê1 ⊗ ê1 − ê2 ⊗ ê2)

+ h×(ê1 ⊗ ê2 + ê2 ⊗ ê1). (11)

Here, hTT is the GW signal in the transverse–
traceless gauge, ê1 and ê2 are two unit vectors lying
in a plane perpendicular to the wave propagation
direction. Suppose that the observer is in the Y Z
plane, where the Z axis is aligned with the direction
of the conserved angular momentum of a freely
precessing NS. In that case, if i is the angle between
the conserved angular momentum vector of the body
and the line of sight, then the profiles of the GW signal
from the two polarizations can be calculated using the
following formulas (Gao et al. 2020):

h+ = − G

rc4
[(R2k cos i+R3k sin i)

× (R2l cos i+R3l sin i)−R1kR1l]Akl, (12)

h× = −2G

rc4
(R2k cos i+R3k sin i)R1lAkl, (13)

where G, c, and r are the gravitational constant, the
speed of light, and the distance to the NS, respec-
tively, and R is the rotation matrix expressed via the
quaternions using Eqs. (9). The elements A11 and
A12 of the matrix A are represented by the formu-
las (14), (15)

A11 = 2(Δ2ω
2
2 −Δ3ω

2
3), (14)

A12 =

(

Δ1 −Δ2 +
Δ2

3

I3

)

, (15)

Δ1 ≡ I2 − I3, Δ2 ≡ I3 − I1, Δ3 ≡ I1 − I2.
(16)

From them we obtain the elements A22, A33, A13,
and A23 by cyclic permutations, with the matrix A
being symmetric (Zimmermann 1980).

RESULTS OF OUR NUMERICAL
SIMULATIONS

The variable parameters of our model are the fol-
lowing: θ0 is the minimum value of the Euler angle θ
and the inertia tensor components I1 and I2. We ev-
erywhere take the quantity I3 to be I3 = 1045 g cm2.
We consider four sets (two for the triaxial ellipsoid and
two for the axisymmetric one) of parameters for the
NS in Her X-1:

• Model 1:
I3 − I1

I1
= 6.7× 10−7,

I2 − I1
I1

=

2.7 × 10−7, θ0 = 50◦ (Kolesnikov et al. 2022).

• Model 2:
I3 − I1

I1
= 6.7× 10−7,

I2 − I1
I1

=

2.7 × 10−7, θ0 = 9.5◦ (Heyl et al. 2024).

• Model 3:
I1 − I3

I3
=

I2 − I3
I3

= 6.4× 10−7,

θ0 = 50◦ (Postnov et al. 2013).

• Model 4:
I1 − I3

I3
=

I2 − I3
I3

= 4.2× 10−7,

θ0 = 11◦ (Heyl et al. 2024).

In addition, in all our models we assume the incli-
nation angle of the NS angular momentum to the line
of sight to be i = 110◦ (Heyl et al. 2024).

The evolution of the Euler angles and the angular
velocities is calculated for the following initial data:
θ = θ0, φ = 0, ψ = π/2, ω1 = a, ω2 = 0, and ω3 = b.
In turn, a and b are related to the angle θ0 and the
precession period T via Eqs. (17) and (18):

tan θ0 =
I1a

I3b
, (17)

T =
4K(m)

b

[
I1I2

(I3 − I1)(I3 − I2)

]1/2

, (18)

m =
(I2 − I1)I1a

2

(I3 − I2)I3b2
. (19)

In Eq. (18) K(m) is the complete elliptic integral
of the first kind.

The simulated profiles of the GW signal in the two
polarizations are presented in Fig. 1. Figure 2 con-
tains their frequency spectrum. In our calculations
we assumed the distance to the source to be 7 kpc
and the NS spin period to be 1.24 s. The signal shape
is seen to be sensitive to the values of the parameters.
In addition, for the model of an axisymmetric ellipsoid
there are two multiple harmonics in the spectrum that
depend on nothing but the frequency, while for the
nonaxisymmetric models the spectra differ, depending
on the angle θ0.

THE POSSIBILITY OF SIGNAL DETECTION

According to Gao et al. (2020), when expanding
the GW signal from a precessing ellipsoid in fre-
quencies, two fundamental harmonics must be dis-
tinguished at frequencies approximately equal to frot
and 2frot, where frot is the rotation frequency. For
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Fig. 1. GW profiles as a function of time for h+ (dashed line) and h× (dotted line): (a) I3−I1
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(d) I1−I3
I3
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Her X-1 2frot = 1.6 Hz. Such waves can be ob-
served with the Deci-hertz Interferometer Gravita-
tional wave Observatory (DECIGO) telescope and
its test version named B-DECIGO that are planned
to be launched in the 2030s. The operating range
of these two telescopes will be from 0.1 to 10 Hz
(Yagi and Seto 2011). Apart from the DECIGO and
B-DECIGO missions, there is also the Big Bang
Observer (BBO) project of a spaceborne GW detector
for the operation in this range; its launch data is
undetermined even approximately due to its technical
complexity. Therefore, in our analysis we will focus on
the DECIGO telescope, since it will be more powerful
than B-DECIGO and, in contrast to BBO, its launch
has already been planed. The main parameter respon-
sible for whether a particular signal can be observed
with the GW telescope is its sensitivity. According
to Yagi and Seto (2011), the sensitivity curve for
DECIGO is approximated by the expression

SDECIGO
n (f) = 7.05 × 10−48

[

1.0 +

(
f

7.36 Hz

)2
]

+ 4.08 × 10−51

(
f

1 Hz

)−4 1

1.0 +
(

f
7.36 Hz

)2

+ 5.33 × 10−52

(
f

1 Hz

)

Hz−1. (20)

For a cumulative GW signal the signal-to-noise
ratio is (Tamanini and Danielski 2019)

SNR2 =
2

Sn(f0)

∑

i

T0∫

0

h2i (t)dt, (21)

where T0 is the signal accumulation time, f0 is the
signal frequency, i is the number of the channel in-
volved in the signal accumulation, and hi is the signal
amplitude in the ith channel. As follows from Yagi
and Seto (2011), for DECIGO the number of chan-
nels is 2.

Let us estimate how much time it will take for the
observations for the signal-to-noise ratio to become 1
in order of magnitude. Let us take an upper limit on
the signal semi-amplitude: 〈h〉 ≈ 10−31. By approxi-

mating the integral in (21) as
T0∫

0

h2i (t)dt ≈ 〈h〉2T0, we

find that it will take≈1.5× 106 years for the DESIGO
telescope to reach a signal-to-noise ratio equal to 1.
We added the factor 4 to Eq. (21), since the telescope
will consist of four clusters of satellites, three satel-
lites in each cluster.

Thus, we see that the signal from Her X-1 is
unobservable in the near future.

EXPANSION IN TERMS OF THE NS
ELLIPTICITY

A typical ellipticity for NSs is ε =
I3 − I1

I1
∼

10−7–10−6. Therefore, ε is a natural candidate for
the solution of the problem of GW modeling based

on the perturbation theory. The quantity δ =
I2 − I1
I3 − I2

,

which shows the degree of deviation of the NS from
axial symmetry, acts as an additional parameter.

The Euler equations expressed via the parameters
ε and δ are rewritten as follows:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ẇ1 = − ε

(1 + δ)
w2w3

ẇ2 =
ε

(1 + δε
1+δ )

w1w3

ẇ3 = − εδ

(1 + δ)(1 + ε)
w1w2.

(22)

Let us represent the angular velocities as series in ε

(wi =
∞∑

n=0
wn
i ε

n) and expand the right-hand sides of

the Euler equations. We will obtain
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẇ1
n+1 = −

n∑

m=0
wm
2 wn−m

3

(1 + δ)

ẇ2
n+1 = −

n∑

n′=0

n′∑

m=0

(

− δ

1 + δ

)n−n′

wn′−m
1 wm

3

(1 + δ)

ẇ3
n+1 = − δ

1 + δ

×
n∑

n′=0

n′
∑

m=0
(−1)n−n′

wn′−m
1 wm

2 .

(23)

The solution of Eqs. (23) for the nth order must be

a polynomial of degree n: wn
i =

n∑

k=0

wn
i,kt

k. In the

zeroth order the solution will give constant angular
velocities w0

1, w0
2, and w0

3. In addition, since we can
choose the initial data so that w2(t = 0) = 0, we have
w0
2 = 0. Therefore, as follows from (23), in the first or-

der in ε there will be no parameter δ, i.e., the deviation
from axial symmetry is an effect of the second order of
smallness in ellipticity. Hence, the expressions in the
first order in ε must coincide with the results obtained
when expanding the solution for an axisymmetric top
into a series in the same parameter. The solution
for an axisymmetric top is expressed via elementary
functions (see, e.g., Section 36 in the book by Landau
and Lifshitz (1960)). Substituting the solutions in
the form of polynomials into system (23), we find the
recurrence relations for wn+1

i,k+1 via the coefficients in
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the corresponding polynomials for the lowest orders
in ε:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

wn+1
1,k+1 = −

k∑

j=0

n−k+j∑

m=j
wm
2,jw

n−m
3,k−j

(k + 1)(1 + δ)

wn+1
2,k+1 =

1

k + 1

×
n∑

n′=k

k∑

j=0

n′−k+j∑

m=j

(

− δ

1 + δ

)n−n′

×wm
1,jw

n′−m
3,k−j

wn+1
3,k+1 = − δ

(k + 1)(1 + δ)

×
n∑

n′=k

k∑

j=0

n′−k+j∑

m=j
(−1)n−n′

wm
1,jw

n′−m
3,k−j .

(24)

It can be made sure through direct calculations that in
the first order the expansion of the angular velocities
will coincide with the analogous expansion of the
solution for an axisymmetric top.

The quaternion components are the next ingredi-
ent of the problem. Let us introduce the following
notation: we will index the values from 0 to 3 by
Greek letters and those from 1 to 3 by Latin letters.
The differential equations (10) in a compact form are
rewritten as

q̇μ = fμνiwiqν , (25)

where on the right-hand side the summation over the
repetitive indices μ and ν is implied, while fμνi are the
numerical coefficients that are read from the matrix in
system (10). We will also solve Eqs. (25) based on the
perturbation theory by representing the quaternion

components as a series in ε: qμ =
∞∑

n=0
qnμε

n. The sys-

tem of equations for the nth order of the perturbation
theory is written as

q̇μ
n = fμνiw

0
i q

n
ν +

n∑

n′=1

fμνiw
n′
i qn−n′

ν . (26)

System (26) is a linear inhomogeneous system (LIS)
with constant coefficients for qnμ , with the homoge-
neous part being specified via fμνiw

0
i and, in matrix

form, being coincident with the matrix from sys-
tem (10). This matrix for the homogeneous part is
diagonalized with the eigenvalues ±

√
(w0

1)
2 + (w0

3)
2

(given that w0
2 = 0) located on the diagonal. Denote

w =
√

(w0
1)

2 + (w0
3)

2 and set up the Cauchy prob-
lem with the following initial data: q0(t = 0) = q00,
q1(t = 0) = q11, q2(t = 0) = −q11, and q3(t = 0) =
q00, corresponding to the choice of the initial Euler
angles φ(t = 0) = 0 and ψ(t = 0) = π/2. Let us first
present the solution of the unperturbed equation for

the quaternions, i.e., the solution in the zeroth order
in ε: ⎧

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

q00 −
(
q10

w1

ω
+ q00

ω3

ω

)
sin

(
ωt

2

)

+q00 cos

(
ωt

2

)

q01 =
(
q00

w1

w
− q10

w3

w

)
sin

(
wt

2

)

+q10 cos

(
wt

2

)

q02 = −q10 cos

(
wt

2

)

+
(
q10

w3

w
− q00

w1

w

)
sin

(
wt
2

)

q03q00 cos

(
wt

2

)

+
(
q00

w3

w
+ q10

w1

w

)
sin

(
wt

2

)

.

(27)

The equations for all the succeeding orders of the per-
turbation theory will be linear inhomogeneous equa-
tions with a resonance of multiplicity 1. Its general
solution can be found as a sum of the general solution
of the linear homogeneous system (LHS) and the
particular solution of the LIS. By induction, it can
be shown that the particular solution of the LIS for
order n will be presented in the form

qn,pμ = cos

(
wt

2

) 2n∑

k=0

q
n,p,c
μ,k tk

+ sin

(
wt

2

) 2n∑

k=0

q
n,p,s
μ,k tk, (28)

where q
n,p,s
μ,k and q

n,p,c
μ,k are the numerical coefficients.

These coefficients can be found by solving the system
of linear algebraic equations obtained by substituting
the solution (28) into system (26):
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

q
n,p,s
μ,2n

w

2
− fμνiw

0
i q

n,p,c
ν,2n = 0

q
n,p,c
μ,2n

w

2
+ fμνiw

0
i q

n,p,s
ν,2n = 0

q
n,p,s
μ,k

w

2
+ q

n,p,c
μ,k+1(k + 1)− fμνiw

0
i q

n,p,c
ν,k

= fμνi
k∑

j=1

n−j∑

n′=k//2

q
n,p,c
ν,k−jw

n−n′
i,j ,

0 ≤ k < 2n

−q
n,p,c
μ,k

w

2
+ q

n,p,s
μ,k+1(k + 1)− fμνiw

0
i q

n,p,s
ν,k

= fμνi
k∑

j=1

n−j∑

n′=k//2

q
n,p,s
ν,k−jw

n−n′
i,j

0 ≤ k < 2n.

(29)

ASTRONOMY LETTERS Vol. 52 No. 3 2026



MODELING THE GRAVITATIONAL WAVE SIGNAL 135

Here and below, we define k//2 as follows:
{
k//2 = k/2, k ∈ 0, 2, 4, 6, ...,

k//2 = (k + 1)/2, k ∈ 1, 3, 5, 7, ....
(30)

Unfortunately, we failed to find the solution
of Eqs. (29) in a closed form in the case of an arbitrary
order n. However, for each specific order n it can
be solved, for example, by the Gaussian method.
It should be noted that since there is a resonance
of multiplicity 1 in the original LIS, not all of the
equations written above are algebraically indepen-
dent. Two equations will be dependent on all of the
remaining ones, leaving the arbitrary free coefficients
when solving the system.

When the particular solution of the inhomoge-
neous system has been constructed, i.e., the coeffi-
cients q

n,p,s
μ,k and q

n,p,c
μ,k have been found, the next step

is to find the solution of the Cauchy problem with
the initial data qnμ(t = 0) = 0 (n > 0). We set the
conditions based on the fact that q0μ satisfies the initial
data following from the initial data for the Euler an-
gles. The general solution of the linear homogeneous
system is written as

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

qu
0 = C1

w0
1

w3
cos

(
wt
2

)
+ C2

w0
1

w0
3

sin

(
wt

2

)

−C3
w

w0
3

sin

(
wt

2

)

+ C4
w

w0
3

cos

(
wt

2

)

qu
1 = C1

w

w0
3

sin

(
wt

2

)

− C2
w

w0
3

cos

(
wt

2

)

+C3
w0
1

w0
3

cos

(
wt

2

)

+ C4
w0
1

w0
3

sin

(
wt

2

)

qu
2 = C1 cos

(
wt

2

)

+ C2 sin

(
wt

2

)

qu
3 = C3 cos

(
wt

2

)

+ C4 sin

(
wt

2

)

,

(31)

where C1...4 are the constants of integration. In or-
der n in ε the components qnμ are expressed as

qnμ = cos

(
wt

2

) 2n∑

k=0

qn,cμ,kt
k

+ sin

(
wt

2

) 2n∑

k=0

qn,sμ,kt
k, (32)

where qn,cμ,0 = 0, qn,s0,0 = q
n,p,s
0,0 + q

n,p,c
3,0 w0

3/w, qn,s1,0 =

q
n,p,s
1,0 − q

n,p,c
2,0 w0

3/w, qn,s2,0 = q
n,p,s
2,0 − q

n,p,c
3,0 w0

1/w, qn,s3,0 =

q
n,p,s
3,0 + q

n,p,c
2,0 w0

1/w, while the following is true for the
remaining coefficients: qn,cμ,k = q

n,p,c
μ,k and qn,sμ,k = q

n,p,s
μ,k .

Next, it is necessary to present the expansion of
the rotation matrix Rij into a series in ε: Rij =

∞∑

n=0
Rn

ijε
n. The structure of the element Rij is Rij =

gijμνqμqν , where the summation is over the repetitive
indices μ and ν, while gijμν are the constant coeffi-
cients that are read from the matrix (9). As a result of
some calculations, we obtain

Rn
ij =

sin(wt)

2

2n∑

k=0

Rn,s
ij,kt

k

+
cos(wt)

2

2n∑

k=0

Rn,c
ij,kt

k

+

2n∑

k=0

Rn,f
ij,kt

k, (33)

where the coefficients Rn,s
ij,k, Rn,c

ij,k, and Rn,f
ij,k are ex-

pressed as follows:

Rn,c
ij,k = gijμν

×
n∑

n′=k//2

k∑

j′=0

(
qn

′,c
μ,j′q

n−n′,c
ν,k−j′ − qn

′,s
μ,j′q

n−n′,s
ν,k−j′

)
,

Rn,s
ij,k = gijμν

×
n∑

n′=k//2

k∑

j′=0

(
qn

′,c
μ,j′q

n−n′,s
ν,k−j′ + qn

′,s
μ,j′q

n−n′,c
ν,k−j′

)
,

Rn,f
ij,k =

gijμν
2

×
n∑

n′=k//2

k∑

j′=0

(
qn

′,c
μ,j′q

n−n′,c
ν,k−j′ + qn

′,s
μ,j′q

n−n′,s
ν,k−j′

)
, (34)

the summation over the repetitive indices μ and ν is
implied.

Next, let us represent the quantities Δi as series in
ε using their definition:

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

Δ1 = I2 − I3 =
I3

1 + δ

∞∑

n=1
(−1)nεn

Δ2 = I3 − I1 = I3
∞∑

n=1
(−1)n−1εn

Δ3 =
δI3
1 + δ

∞∑

n=1
(−1)nεn.

(35)

Thereafter, let us present the components Aij in the

form of series: Aij = ε
∞∑

n=0
An

ijε
n. Here, one factor ε

was specially taken outside the summation sign. It
arises because the series for Δk begin from the first
term. Since only the products of Δk and the angular
velocities, which, in turn, are expanded into series in
ε with the coefficients of the series representable as
polynomials in t, enter into the expression for Aij , the
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coefficients An
ij can also be written as polynomials

in t: An+1
ij =

n∑

k=0

An+1
ij,k t

k. The expressions for the

diagonal components are

An+1
11,k = 2I3

⎛

⎝
n∑

n′=k

(−1)n−n′
k∑

j=0

n′−k+j∑

n′′=j

wn′′
2,jw

n′−n′′

2,k−j

− δ

1 + δ

n∑

n′=k

(−1)n−n′+1
k∑

j=0

n′−k+j∑

n′′=j

wn′′
3,jw

n′−n′′

3,k−j

⎞

⎠ ,

(36)

An+1
22,k =

2I3
1 + δ

(

δ

n∑

n′=k

(−1)n−n′+1

×
k∑

j=0

n′−k+j∑

n′′=j

wn′′
3,jw

n′−n′′

3,k−j

−
n∑

n′=k

(−1)n−n′+1
k∑

j=0

n′−k+j∑

n′′=j

wn′′
1,jw

n′−n′′

1,k−j

⎞

⎠ , (37)

An+1
33,k = 2I3

(
1

1 + δ

n∑

n′=k

(−1)n−n′+1

k∑

j=0

n′−k+j∑

n′′=j

wn′′
1,jw

n′−n′′

1,k−j

−
n∑

n′=k

(−1)n−n′
k∑

j=0

n′−k+j∑

n′′=j

wn′′
2,jw

n′−n′′

2,k−j

⎞

⎠ , (38)

An+1
12,k = I3

(
2 + δ

1 + δ

n∑

n′=k

(−1)n−n′+1

×
k∑

j=0

n′−k+j∑

n′′=j

wn′′
1,jw

n′−n′′

2,k−j +Dn+1
3,k

⎞

⎠ , (39)

An+1
13,k = I3

(
1− δ

1 + δ

n∑

n′=k

(−1)n−n′+1

×
k∑

j=0

n′−k+j∑

n′′=j

wn′′
1,jw

n′−n′′

3,k−j +Dn+1
2,k

⎞

⎠ , (40)

An+1
23,k = I3

(
1 + 2δ

1 + δ

n∑

n′=k

(−1)n−n′

×
k∑

j=0

n′−k+j∑

n′′=j

wn′′
2,jw

n′−n′′

3,k−j +Dn+1
1,k

⎞

⎠ , (41)

An+1
21,k = An+1

12,k , An+1
32,k = An+1

23,k ,

An+1
31,k = An+1

13,k . (42)

Here, D0
1 = D1

1 = D0
2 = D1

2 = D0
3 = D1

3 = 0 and
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Dn+2
3,k =

δ2

(1 + δ)2

n∑

n′=k

(
n−n′
∑

n′′=0

(−1)n−n′

)

×
(

k∑

j=0

n′−k+j∑

n′′=j

wn′′
1,jw

n′−n′′

2,k−j

)

Dn+2
2,k =

n∑

n′=k

(
n−n′∑

n′′=0

(−1)n−n′

)

×
(

k∑

j=0

n′−k+j∑

n′′=j

wn′′
1,jw

n′−n′′

3,k−j

)

Dn+2
1,k =

1

(1 + δ)2

n∑

n′=k

(
n−n′
∑

n′′=0

(−1)n−n′

)

×
(

k∑

j=0

n′−k+j∑

n′′=j

wn′′
2,jw

n′−n′′

3,k−j

)

.

(43)

When the expansions into series in ε have been
found for the matrices Rij and Aij , we can write
the expression for the GW amplitudes also as a se-
ries in variable ε. Let λ index the GW polariza-
tions: hλ ∈ {h+, h×}. The general structure for hλ
is hλ = RikRjlAklg̃

λ
ij , where the summation over all

repetitive indices is implied and g̃λij are the numerical
coefficients that are related to the angle i between the
observer’s line of sight and the angular momentum
vector and are read from Eqs. (12) and (13). We will
seek an expansion for hλ in the form

hλ = ε
∞∑

n=0

hnλε
n. (44)

Note that in this case one factor ε is outside the
summation sign, i.e., the summation begins from the
first order in this variable. This follows from the fact
that in the expansion for Akl the summation starts
from the first order. Hence it follows that a rotating
spherically symmetric NS (ε = 0) does not emit any
GWs. In addition, as has already been said above, the
deviation from axial symmetry δ arises only in the next
order in ε, i.e., the leading contribution will coincide
with that from an axisymmetric top.

Since the product RikRjl enters into the expres-
sion for hλ, the coefficient hnλ will have the following
structure:

hnλ = cos(2wt)

2n∑

k′=0

hn,2c
λ,k′ t

k′ + sin(2wt)

2n∑

k′=0

hn,2s
λ,k′ t

k′
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+ cos(wt)

2n∑

k′=0

hn,cλ,k′t
k′ + sin(wt)

2n∑

k′=0

hn,sλ,k′t
k′

+

2n∑

k′=0

hn,fλ,k′t
k′. (45)

The contributions from two harmonics, 2wt and wt,
will be present in this expression. Both harmonics will
not disappear even in the first order of smallness in
ε, consistent with the non-perturbative analysis per-
formed by Zimmermann and Szedenits (1979). The
coefficients of these harmonics will be polynomials in
t of degree 2n. Let us present the expressions for the
numerical coefficients of these polynomials:

hn,2c
λ,k′ =

g̃ij
2

k′∑

j′=0

n+1−(k′−j′)//2∑

n′=k′//2

An+1−n′

kl

×
j′∑

j′′=0

n′−(j′−j′′)//2∑

n′′=j′//2

(
Rn′,c

ik,j′′R
n′−n′′,c
jl,j′−j′′

−Rn′,s
ik,j′′R

n′−n′′,s
jl,j′−j′′

)
, (46)

hn,2s
λ,k′ =

g̃ij
2

k′∑

j′=0

n+1−(k′−j′)//2∑

n′=k′//2

An+1−n′

kl

×
j′∑

j′′=0

n′−(j′−j′′)//2∑

n′′=j′//2

(
Rn′,c

ik,j′′R
n′−n′′,s
jl,j′−j′′

+Rn′,s
ik,j′′R

n′−n′′,c
jl,j′−j′′

)
, (47)

hn,cλ,k′ = g̃ij

k′∑

j′=0

n+1−(k′−j′)//2∑

n′=k′//2

An+1−n′

kl

×
j′∑

j′′=0

n′−(j′−j′′)//2∑

n′′=j′//2

(
Rn′,c

ik,j′′R
n′−n′′,f
jl,j′−j′′

+Rn′,f
ik,j′′R

n′−n′′,c
jl,j′−j′′

)
, (48)

hn,sλ,k′ = g̃ij

k′∑

j′=0

n+1−(k′−j′)//2∑

n′=k′//2

An+1−n′

kl

×
j′∑

j′′=0

n′−(j′−j′′)//2∑

n′′=j′//2

(
Rn′,s

ik,j′′R
n′−n′′,f
jl,j′−j′′

+Rn′,f
ik,j′′R

n′−n′′,s
jl,j′−j′′

)
, (49)

hn,fλ,k′ =
g̃ij
2

k′∑

j′=0

n+1−(k′−j′)//2∑

n′=k′//2

An+1−n′

kl

×
j′∑

j′′=0

n′−(j′−j′′)//2∑

n′′=j′//2

(
Rn′,c

ik,j′′R
n′−n′′,c
jl,j′−j′′

+Rn′,s
ik,j′′R

n′−n′′,s
jl,j′−j′′ + 2Rn′,f

ik,j′′R
n′−n′′,f
jl,j′−j′′

)
. (50)

In this section we successively deduced the ana-
lytical recurrence formulas for the coefficients of the
expansion in ε for all of the quantities important for
the construction of the GW front. Unfortunately,
we failed to obtain them in a closed form, since this
requires solving the system of linear equations (30),
for the components of which we failed to select the
general formula. In contrast to the picture of a purely
oscillatory process, in which the GW frequency is
twice the frequency of the system, the GW signal
from a nonspherical precessing body contains two
harmonics with frequencies w and 2w and an anhar-
monic part. It is also clearly seen that the rotating
body must be nonspherical for the generation of GWs,
while the deviation from axial symmetry makes a con-
tribution from the second order of smallness in ε.

Note that, as far as we know, these expressions
are the first attempt to solve the problem of GW front
modeling by the analytical method of perturbations
in ε. Previously, Zimmermann (1980), Van Den
Broeck (2005), and Gao et al. (2020) derived the an-
alytical expressions through the expansion into series
in small parameters δ and γ = tan (θmin). The choice
of these parameters allows one to present compact
expressions, which we failed to achieve. However,
these parameters per se for NSs may not be small.
For example, in the Her X-1 precession models con-
sidered in this paper the parameter γ takes values of
0.2 and 1.2, while δ for the nonaxisymmetric case
is 0.7. Thus, the parameter ε is a more suitable
candidate for constructing the perturbation theory.
Our formulas are applicable not only to the GWs
from the pulsar Her X-1, but also to other NSs, for
example, the millisecond pulsar Sco X-1, which is
one of the candidates for the search of continuous
GWs with ground-based detectors of the second and
third generations (see, e.g., Riles 2023).

CONCLUSIONS

Our paper is devoted to studying the GW signal
produced by the NS precession in the pulsar Her X-1.
The signal profile was constructed in the quadrupole
approximation and depends strongly on the preces-
sion parameters with regard to which there are dis-
agreements in the currently available works. Based
on the derived amplitude of GWs, we estimate their
potential observability. We established that although
the GW frequencies fall into the range of DECIGO,
B-DECIGO, and BBO observations, none of these
telescopes can detect the GW signal.
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In this paper we did not consider the effects as-
sociated with the nonrigidity of the NS rotation, in-
cluding the possibility of the rotation of a superfluid
component around an axis that is misaligned with the
stellar rotation axis (Jones 2010). We also ignored
the NS eigenmodes; in particular, it is known that
the r-modes can lead to the emission of GWs at fre-
quencies comparable to the rotation frequency (see,
e.g., Riles 2023), which potentially is able to affect
the overall signal shape. In addition, the change in
the precession period due to accretion was ignored
in the model, whereas, according to the estimates
of Postnov et al. (2013), the corresponding rate of
change is Ṫ = 4× 10−5. Allowance for the listed
effects can lead to a refinement of the quantitative
signal characteristics.

The amplitude of GWs from a precessing ellip-
soid is proportional to the square of the rotation fre-
quency and inversely proportional to the distance to
the source. Her X-1 has one of the shortest NS spin
periods among the X-ray pulsars (see, e.g., Bildsten
et al. 1997) and is one of the best-studied sources
of this type. The fact that the GWs from the NS
precession in Her X-1 remain unobservable even in
the presence of independent constraints on the pre-
cession parameters from X-ray data suggests that
at the current detector sensitivity level they are ex-
tremely difficult to detect. In the foreseeable future,
apparently, X-ray pulsars of this type can hardly be
expected to serve as promising sources for GW ob-
servations.

Apart from the calculations for the pulsar Her X-1
based on the numerical solution of the problem of the
rotation of an absolutely rigid body, we constructed
the GW profile through an expansion in terms of the
small NS ellipticity parameter. We derived the recur-
rence relations that allow one to determine the profile
of the GW signal from precessing NSs in an arbitrary
order of the perturbation theory. These formulas can
be used to speed up the calculations in problems
related to the search for GWs from precessing NSs
with millisecond periods that, as expected, can be
detected already in the near future.
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