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The high quiescent x-ray luminosity observed in some magnetars is widely attributed to the decay and
evolution of their ultrastrong magnetic fields. Several dissipation mechanisms have been proposed, each
operating with different efficiencies depending on the region of the star. In this context, ambipolar
diffusion, i.e., the relative motion of charged particles with respect to neutrons in the neutron star core, has
been proposed as a promising candidate due to its strong dependence on magnetic field strength and its
capacity to convert magnetic energy into heat. We perform axisymmetric magnetohydrodynamic
simulations to study the long-term magnetic evolution of a neutron star core composed of normal
(non-Cooper-paired) matter under the influence of ambipolar diffusion. The core is modeled as a two-fluid
system consisting of neutrons and a charged-particle fluid (protons and electrons), coupled to the magnetic
field. Simulations are performed both at constant and variable temperatures. In the latter case, a strategy that
decouples the magnetic and thermal evolution is employed, enabling efficient thermal modeling across a
range of initial magnetic field strengths. At constant temperature, we obtain the expected result where
neutrons reach diffusive equilibrium, the Lorentz force is balanced by chemical potential gradients of
charged particles, and the magnetic field satisfies a nonlinear Grad-Shafranov equation. When thermal
evolution is included, fields B > 5 x 10> G can balance ambipolar heating and neutrino cooling, delaying
the evolution over ~10°[B/(5 x 10'5 G)]=%/> yr. Although the surface luminosity is enhanced compared
with passive cooling, the heating from ambipolar diffusion alone is insufficient to fully explain the

persistent x-ray emission observed in magnetars.

DOI: 10.1103/16ny-kw3h

I. INTRODUCTION

Magnetars are a subclass of neutron stars (NSs) that
possess the strongest magnetic fields observed in the
Universe. Initially observed as soft gamma repeaters and
anomalous x-ray pulsars, the surface dipole magnetic field
strength inferred from their spindown can be as large as a
few times 10" G [1], with the possibility of even stronger
internal fields. The phenomenology exhibited by magnetars
—strong quiescent emission, short bursts, large outbursts,
giant flares, and quasiperiodic oscillations, often coupled
with intriguing timing behaviors [2]—makes them a major
focus of study. All of these phenomena are thought to be a
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direct consequence of the evolution and decay of an
ultrastrong magnetic field, which is believed to provide
the main energy budget [3,4].

In recent decades, significant advances in x-ray astronomy
have enabled more precise measurements of quiescent x-ray
luminosities, reducing uncertainties. Additionally, kinematic
ages have been determined for some sources, making the
problem of explaining the magnetar’s strong luminosity an
excellent opportunity to test and compare magnetothermal
simulations with observational data.

In this context, several mechanisms have been proposed
(see, e.g., Ref. [5]), with the magnetothermal evolution
focusing solely on the crust being particularly successful.
In the crust, ions have very restricted mobility, so the
evolution depends only on the motion of the electrons.

© 2025 American Physical Society
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Thus, the long-term mechanisms that control the magneto-
thermal evolution in this region are Ohmic diffusion, i.e.,
current dissipation by electric resistivity; and Hall drift,
which corresponds to advection of the magnetic field lines
by the electron fluid motion. Although the Hall drift by
itself does not dissipate magnetic energy, it changes the
magnetic field configuration, creating small-scale struc-
tures that dissipate more quickly [6], possibly explaining
the luminosities of some magnetars [7]. Additionally, the
anisotropy of heat conduction caused by strong magnetic
fields can account for the morphology of surface hot
spots [8,9], and when the presence of strong toroidal fields
is considered, not only can the surface luminosity be
explained, but phase-resolved light curves can also repro-
duce the observational data [10]. Despite these encouraging
results, determining the hot-spot morphology and light
curves remains a degenerate problem, as different magnetic
field configurations can produce similar surface luminos-
ities and phase-resolved light curves [9]. Furthermore, there
is a need to clarify the role that the core plays, as most of
these authors make simplified assumptions about the core’s
magnetic field, either assuming it has been completely
expelled (see, e.g., Ref. [11]) or that it remains frozen
throughout the evolution. In the former scenario, the
characteristic length scale of the magnetic field decreases,
leading to a stronger crustal field compared with the
external dipolar component. This intensifies Joule heating
and accelerates the overall crustal evolution [7,8,10,12—18].
Conversely, in the frozen-field approximation, the magnetic
field in the core has a stabilizing effect, significantly
slowing down the magnetic evolution in the crust and
resulting in minimal heating [7,15].

The magnetothermal evolution in the core is much more
complicated than in the crust, as the physics behind it is poorly
understood. The NS core is a mixture of neutrons (mostly),
protons, and electrons, joined by muons and possibly other
more exotic species at increasing densities. Also, neutrons
and protons are likely to become superfluid and super-
conducting, respectively, relatively early in the star’s life at
core temperatures 7 ~ 108-10'° K (as first suggested by
Ref. [19]; see, e.g., Ref. [20] for a review). The presence of
superfluidity and superconductivity leads to very complex
dynamics as a result of the macroscopic manifestation of the
interactions between quantized neutron vortices and magnetic
flux tubes [21-24]. However, in the present work, we consider
the case of a “normal” core, i.e., nonsuperconducting and
nonsuperfluid, which is likely to be realistic for young
magnetars with high temperatures and strong magnetic fields.

The magnetic field in an NS reaches an equilibrium
configuration shortly after the proto—neutron star phase
(see, e.g., Refs. [25,26]). Because of frequent collisions
between different species of particles, the matter in the NS
core initially behaves as a single fluid that is stably
stratified due to a radial gradient of the relative abundances,
which causes buoyancy forces opposing convective

motions [6,27,28]. On the other hand, due to the high
electrical conductivity, the magnetic field lines are effec-
tively frozen into the fluid [29].

In order for the magnetic field to evolve, the charged
particles must move, overcoming the stable stratification.
As explained in Ref. [30], this can happen by two different
mechanisms, each of which dominates in a different
temperature range.

(1) Strong coupling regime: At high core temperatures
(T = 5 x 10® K), frequent collisions strongly couple
all particle species, causing charged particles and
neutrons to move as a single fluid, whose buoyancy
forces are overcome by “Urca reactions” [31] that
convert neutrons into protons and electrons and vice
versa, adjusting the chemical composition [32-34].
Contrary to simplified models extensively used in
the literature [5,6,35-38], this bulk motion does not
depend on a relative motion of neutrons and charged
particles and is therefore not affected by interparticle
collisions.

Numerical simulations in axial symmetry [30]
show that, in principle, the NS core will evolve to a
state in which the matter is in chemical equilibrium
and the magnetic field satisfies the Grad-Shafranov
(GS) equation. However, when the thermal evolution
is considered together with the magnetic field
evolution, it is found that the rapid decline of the
Urca reaction rates does not allow this state to be
reached. Even for magnetar-strength fields, the
magnetic feedback on the thermal evolution in this
regime is negligible, and the magnetic field remains
essentially in its initial equilibrium state.

(2) Weak coupling regime: At lower core temperatures
(T £5x 103 K), Urca reaction rates drop signifi-
cantly, but the reduced collisional coupling allows
ambipolar diffusion (relative motion between
charged particles and neutrons) [6,30,33,35,39,40].
This relative motion is critical to allow further
evolution of the magnetic field, although the latter
remains dominated by the bulk motion [34,40]. This
process is likely critical to understanding magnetar
activity, due to its dependence on magnetic field
intensity [3,4]. The weak coupling regime, particu-
larly its magnetothermal evolution, is the primary
focus of this study.

In the development of magnetar models, Thompson and
Duncan [3,4] first highlighted the potentiality of ambipolar
diffusion to explain a magnetar’s quiescent luminosity
through its strong dependence on magnetic field strength
and through its ability to convert magnetic energy into
internal energy, thereby heating the NS core. Later, Hoyos
et al. [35,41] conducted the first one-dimensional simula-
tions that evolved both the magnetic field and the small
density perturbations it induces in charged particles and
neutrons, driven by ambipolar diffusion and nonequilibrium
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Urca reactions within the NS core at constant temperature.
Subsequently, Castillo et al. [42] reported the first axially
symmetric simulations of the magnetic field evolution due to
ambipolar diffusion, using a one-fluid model in which the
neutrons are fixed and only the charged particles can move.
This work showed that the magnetic field is transported by a
large-scale, mostly solenoidal flow of the charged particles
controlled by their collisions against the neutrons. Although
it considered a more realistic spherical geometry, it ignored
Urca reactions and assumed the friction coefficients to be
constant in time (implying a constant temperature) and did
not accurately capture the multifluid nature of the core by
neglecting the motion of the neutrons. Later, Castillo et al.
[40] addressed these limitations by incorporating the motion
of the neutrons and distinct density profiles for neutrons and
charged particles [using a toy-model equation of state
(EoS)], accounting for stable stratification. Again, the
magnetic field is transported by a solenoidal flow of the
charged particles, but now accompanied by a very similar
flow of the neutrons, causing a faster evolution, as was
predicted in Ref. [34]. However, neither the effect of Urca
reactions nor the thermal evolution were considered in
this work.

Recently, the first three-dimensional simulations of
ambipolar diffusion within the one-fluid model were
reported in Ref. [37], partially accounting for crustal effects
by incorporating a thin shell dominated by Ohmic dis-
sipation. Their study focused on a purely poloidal magnetic
field, which was found to be unstable. Similarly, the
coupled magnetic evolution of the core and crust at a
constant temperature, accounting for the interplay between
ambipolar diffusion and the Hall effect, was investigated in
Ref. [38]. However, this study was also conducted within
the one-fluid model framework.

The inclusion of the thermal evolution was addressed in
Refs. [5] and [43] within a simplified one-dimensional,
one-fluid model with fixed neutrons. This model cannot
capture the multifluid nature of the core and the large-scale,
mostly solenoidal flows of stellar matter that naturally
emerge in the two-fluid model in two (and potentially three)
dimensions. Consequently, the conclusions drawn from the
one-fluid model require reconsideration, which is the
purpose of the present work.

The present article can be considered as a continuation of
Moraga et al. [30], where we reported the first simulations
of the strong-coupling regime using a new numerical
scheme within the anelastic approximation, where time
derivatives in the continuity equations are neglected. We
note that the inertial terms in the Euler equations had
already been neglected in previous work, replacing them
with a fictitious friction force [30,35,40—42,44].1 The

'Unknown to these authors, this method had been used
as a ‘“‘magneto-frictional method” in different contexts by
Refs. [45-47] and [48].

validity of this scheme was thoroughly studied in
Ref. [44], who compared its results with rigorous semi-
analytical calculations and found good convergence in the
limit where the fictitious friction force is negligible. These
approximations eliminate sound and Alfvén waves, which
are damped on time scales much shorter than the times
of interest for NS field evolution. Here, we apply this
approach to the regime of weak coupling, which is
astrophysically more interesting than the strong-coupling
regime. As in Ref. [30], this leaves only two relevant time
scales in the problem, in this case, the physically relevant
ambipolar diffusion time, ,;, « B~2, and a fictitious friction
time, which can be chosen to be a fixed small fraction of the
former. This choice allows us to scale a given simulation to
different magnetic field strengths by just rescaling time.
It furthermore leaves the collisional coupling strength as
the only temperature-dependent physical parameter in the
magnetic field evolution, allowing us to decouple the
calculation of the magnetic and thermal evolution and
obtain the magnetothermal behavior based on the results
obtained from constant-temperature simulations.

This paper is organized as follows. In Sec. II, we present
the main equations and assumptions governing the physical
model and discuss the time scales associated with the
problem. In Sec. III, we describe the application of the
numerical scheme to simulate the weak-coupling regime. In
Sec. IV, we present the outcomes of our simulations at
constant temperature, characterizing and analyzing the final
equilibrium state. Then, in Sec. V, we describe the same
strategy already implemented in Ref. [30] to include the
thermal evolution and present the outcomes of the mag-
netothermal evolution. Finally, in Sec. VI, we summarize
our results and outline the main conclusions.

II. MAIN EQUATIONS
A. Background stellar model

After the supernova explosion and the proto—neutron star
phase, the magnetic field settles into a hydromagnetic
equilibrium configuration (see, e.g., the simulations
reported in Refs. [25] and [26]), within a few Alfvén
crossing time scales

4zp)'2R
tAlfN—( ; (1)

R p \:/10° G
~Tx 1072 [ . 2
) <12 km) ( HUC> < B ; ( )

where p represents the stellar mass density, pp,c = 2.8 X
10'* gem™ is the nuclear saturation mass density, R
denotes the stellar radius, and B is the magnetic field
strength. The NS structure in this hydromagnetic equilib-
rium state differs only slightly from the spherically sym-
metric, unmagnetized equilibrium state since the ratio
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between the magnetic pressure and the typical fluid
pressure P in an NS is B?/8zP < 107°(B/10% G)? [33].
Hence, we can consider a background stellar model where
we adopt the standard static and spherically symmetric
metric, defined through the space-time interval

ds? = =20/ d? + 2\ dr? + 2de? + rsin® 0dg?,
(3)

where e = [1 —2Gm(r)/(c?r)]~"/2, m(r) is the gravi-
tational mass enclosed within a radius r, i.e.,

m(r) = 4z /O " p(F)PdF, 4)

p is the mass density, c¢ is the speed of light, and G is the

&(r)/c?

gravitational constant. The lapse function e accounts

for redshift factors and is determined by

3 -1
+4ﬂ2r P) <] B 2C§m> (5)
cm c’r

with the boundary condition e*®®)/<* = 1-2GM/(c*R),
where M = m(R) is the total gravitational mass of the star.
We note that ®(r) reduces to the gravitational potential in
the Newtonian limit (|®| < ¢2, ie., e®/ met ~ 1). We
take the composition of this background model to consist
only of electrons (e), protons (p), and neutrons (n) in
chemical and hydrostatic equilibrium, i.e.,

o _ Gm
dr 2

Hp(r) + pe(r) = py(r) = pu(r), (6)
du*=(r) _
dr 0, ()

where u; (i = n, p, e) represent the chemical potentials of
the three particle species and the superscript co denotes
quantities redshifted to infinity; here, u® = e®()/< u(r).
Equation (7) is equivalent to the Tolman-Oppenheimer-
Volkoff equation [49,50],

d_P__e+Pd£
dr ¢z odr’

(8)

to which it reduces with the aid of the thermodynamic
relations

e+ P = Z nili, )
i=n,p.e

dP = ) mdy;. (10)
i=n,p.e

valid for strongly degenerate matter, in addition to the
condition of charge neutrality, n,(r) = n,(r) = n.(r).

Here, n; and & = pc? correspond to the number density
of each particle species and the energy density, respectively.

Thus, the chemical potentials and particle number
densities of the magnetized star can be split into a time-
independent, spherically symmetric background and a
much smaller, time-dependent perturbation induced by
the magnetic field:

ni(r,t) = n;(r) + én;(r, 1), (i=mn,c), (11)

pR(rt) = p(r) +op(r 1), (i=n.c),  (12)
where we again used the condition of local charge
neutrality,

n,(r.t) =n,(r.t) =n.(rt), (13)

and defined 6y, = p), + 6p,. In Egs. (11) and (12), the
number density perturbations are related to the chemical
potential perturbations by

<5nc)_<ch Kcn>_]<5:uc>’ (14)
5”” KCVL KVH‘! 5””
where K;; = du;/on; = K;(i, j = n,c).

In this work, we use the same microphysical input as in
[30], i.e., we use the HHJ EoS [51] for an NS with a
total mass M = 1.4M; radius R = 12.2 km; core radius
Reoe = 11.2 km; central mass density py=9.3x
10" gecm™3; central pressure Py = 1.2 x 10% ergem™;
central number densities 7,0 = 4.7 x 10°® cm™ and n,, =
4.2 x 10" cm™3; and central matrix elements K., =
45x 107 ergem®, K, 0 =1.3x 107 ergem®, and
Ko = Kepo =73 %10 ergem?.

The perturbations in Eq. (11) are also subject to the
global constraint of total baryon number conservation,

SN, = / snydV =0, (15)

where énj, = én, + én,, and dV = 2ze )2 sinO dr d6 is
the proper volume. When weak interactions are neglected,
as is the case in this study (see Sec. Il G), the conservation
of charged particles and neutrons can be enforced sepa-
rately:

SN, = / sn,dV =0, (16)
VCOI’C

SN, = / sn.dv = 0. (17)
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B. The two-fluid model

This multifluid system evolves under the influence of
electromagnetic, pressure, gravitational, and collisional
forces. The governing equations have been formulated
and studied extensively by various authors throughout
the last decades (see, e.g., Refs. [6,34,35,39,41,52]), with
a more recent derivation, accounting for general relativity
(GR), provided by Dommes et al. [53]. The processes of
interest involve small velocities that change over time
scales much longer than the Alfvén crossing time; con-
sequently, the equations of motion can be expressed in the
slow-motion approximation, neglecting inertial terms.
Also, throughout this work, we adopt the Cowling approxi-
mation, assuming that perturbations to the gravitational
potential are negligible. Then, the force balance reads

fot+fe+fp=0, (18)

where
fi=-ne®Vsu®  (i=n.c) (19)

are forces acting on neutrons and charged particles (includ-
ing pressure and gravity), and

fBE%XB (20)

is the Lorentz force, with the electric current density
given by

J=en(v,—v,) =e®< i@ x (e®/B), (21)

where e is the charge of the proton and w; denotes the
velocity field of particle species i (more precisely, v; is the
spatial part of the four-velocity defined as in Sec. V of [53];
note that wv; reduces to the ordinary velocity in the

Newtonian limit). Here, the operator V implicitly includes
the metric factor e™:

- 910 1 0
Ve(en 22— 2) 22
(e or’ o6 rsin90¢> (22)

The Euler equation for the neutrons reads as
0 :fn + YnpTnneVad, (23)
with the ambipolar diffusion velocity defined as

L Vous

(24)
YnpTc

vy =v.—v,=e%°

Here, we have used the fact that for a strong magnetic field
the velocity difference v, — v, is much smaller than each

of the other relevant velocities in order to introduce a single
velocity field v. = v, % v, for the charged particle fluid.
This approximation will also allow us to neglect Ohmic
decay in Sec. II C; however, it is important to note that the
relative velocity is small but not entirely negligible, as it
gives rise to the electric currents that sustain the magnetic
field in the core. Also, here and hereafter, the interaction
between electrons and neutrons is neglected as it is much
weaker than that between electrons and protons or protons
and neutrons. The drag coefficients y;; quantify the effect of
the particle collisions and are constrained to be symmetric,
Yij = Vji> in order to satisfy the total momentum conserva-
tion. For the interaction between neutrons and protons, it
reads [54]

— T 2 pnuC % nnuc —
Ynp = 5.0%x 10 44<m> < ) ) (n—n> gem’ s,

(25)

where n,,. = 0.16 fm~3 is the nuclear saturation number
density and T is the local temperature.
Finally, the Euler equation for the electrons reads

—n.e (E 4 Ve B) — n.e~ P/ Vo
c

2
- yepnc(ve - vp) = 0’ (26)
where E is the electric field.

The velocity fields are further constrained to satisfy the
continuity equations, which can be written in the anelastic
approximation, namely,

e~ ¥’V - (e%/n,v,) = +AT, (27)
eV . (e®/“nv,) = —AT, (28)

where we neglected the time derivatives of the number
density perturbations, én; (i = c, n). This eliminates
uninteresting dynamics happening on short time scales,
allowing for an efficient numerical implementation (see
[30]). Here, AT is the net conversion rate per unit volume of
charged particles to neutrons by nonequilibrium Urca
processes (direct or modified).

C. Magnetic evolution

The magnetic evolution is obtained from Faraday’s
induction equation

0B S
— = —cV x (e*/“E). (29)
ot

To express E as a function of B in the form of a
generalized Ohm’s law, we first derive E from the quasista-

tionary equation for electrons [Eq. (26)]. By setting
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v, =v, = v, and substituting this into Eq. (29), we
obtain

oB < >

i V x (e®< v, x B). (30)

D. Magnetic energy dissipation

As the magnetic field perturbs the background equilib-
rium, it induces local deviations from chemical equilibrium
and relative motions between neutrons and charged par-
ticles. This leads to the dissipation of magnetic energy
through nonequilibrium Urca reactions and collisions
between charged particles and neutrons. Moraga et al. [30]
derived a detailed expression in the Newtonian limit for the
time derivative of the total magnetic energy in the core,

BZ
E, = /e Z_d 31
B /VLOFC 87[ V ( )

that now includes relativistic effects for the above metric.
Accounting for all these effects,

dEj

7 = _LZZ - L;IOV - L?’o’ (32)
where
L= [ e nmndvalav. (33)
Ly = / e2®/C AT Au dV, (34)
o0 1 20/ c?
L§ =1 e’*’“B x (v. x B) -dS (35)

avcm‘e

are the contributions from ambipolar diffusion, nonequili-
brium Urca reactions, and the Poynting flux through the
core-crust interface (taken to be > 0 when going outwards),
respectively, and Ap =du,.— oy, 1is the chemical
imbalance.

E. Thermal evolution

During the first ~10-100 yr after their birth, NSs are
nonisothermal, with colder cores due to strong neutrino
emission and lower thermal conductivity in the crust. Once
internal thermal relaxation ends, the redshifted internal
temperature, T, = T(r)e®")/<*, becomes uniform in the
absence of strong dissipative heating, and its evolution is
given by the heat balance equation [55-58]

dT ., 1 - - o
o C (Ly =LY = L), (36)

where C is the total heat capacity of the NS core, Ly} is the
redshifted total power released by heating mechanisms, L°
is the redshifted total neutrino luminosity, and L is the
redshifted outward heat flux through the core boundary.
Here, we assumed that magnetic field dissipation does not
generate strong temperature gradients, which would other-
wise modify this picture (see Sec. VI for a more detailed
discussion about the validity of this assumption).

The redshifted luminosities L{Y and L;® are related to the
power densities of heating Qp(r) and cooling Q,(r),
respectively, measured in the local reference frame, by
the integrals over the proper volume of the core:

/ 0;(r)e*®)/< qy, (37)

wrc

where the index j = v, H denotes either neutrino cooling or
heating, respectively.

In the present case, we are interested in the weak-
coupling regime (see Sec. I G), ie., LF =L, and
L%, = 0. Also, for the HHJ EoS we implement, the direct
Urca mechanism is allowed in the core only for stellar
masses M > 1.83M . Hence, we focus exclusively on the
modified Urca process for the neutrino emission, so that
Eq. (36) reads

T, 1 (L3 . -
== C<T3d LeTl — LYTE- 1> (38)
where
Ly =LJTLP. (39)

L2 =1L2T2 = / " (Voue )22/ qy, (40)
Vcore

cynp

7 Ly © —6D(r)/c
Ip=f- / 0, (F)e=5@0)/ gy

core

=52x10732 ergs ' K3, (41)
-~ C K3 2
C=_—_-"8 * 4 =/ gy
=2.6 x 10 erg K2 (42)

are temperature-independent coefficients. (Numerical eval-
uations are presented for the specific NS model used in this
paper.) Here, kp and 7 denote the Boltzmann and reduced
Planck constants, respectively, while m} and pg; represent
the effective mass and Fermi momentum of each particle
species. The latter two quantities depend locally on
the baryon number density, given by n, =n.+ n,.
Additionally, we assumed that the redshifted outward heat
flux follows a power-law dependence on the redshifted core
temperature, LS o T%, where the exponent § depends on
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the envelope model (see Appendix A for more details).
Furthermore, we defined the rescaled coefficients

77np = GZd)(r)/CZ gozyn[ﬂ (43)
0, =0T S0, (44)

F. Hybrid GR/Newtonian scheme

At this point, we highlight a key assumption used in this
paper: while the inclusion of GR is likely negligible for the
magnetic evolution—since the redshift factors are smooth
radial functions with typical values ¢®/¢" ~ 0.8, and e ~
1.3 (see Fig. 1)—it could be more important in the thermal
evolution. Here, the equilibrium neutrino luminosity from
Urca reactions plays a crucial role. Since it scales as 7% in
the modified Urca process, it undergoes a relevant modi-
fication by a factor of e%/<’ ~ 6, leading to a potentially
significant quantitative effect on the thermal history (see,
e.g., Ref. [59]). Hence, we adopt a hybrid scheme: while we
neglect GR effects in the magnetic evolution, we account
for them in the thermal evolution. The latter will be
implemented by using the redshifted temperature in
Eq. (38) and explicitly incorporating all the redshift factors
in Egs. (40)—(43), while the rest of the integrand of Eq. (40)

10"
100k
1071 E,
1072
i — Ny, —— ’)/up |Km:|
10735_ Ne —— Knn —A— exp ((I)/CQ) _E
. K —o— exp(A) ]
4 1 1 1 1
10 0.0 0.2 0.4 0.6 0.8 1.0
r/ Rcore
FIG. 1. Radial functions derived from the HHJ EoS for an NS

with a total radius of R=122km, a core radius of
R.ye = 11.2 km, and a total mass of M = 1.4M . Shown are
the neutron number density n, (blue, left-oriented triangular
markers), charged-particle number density 7, (light orange, right-
oriented triangular markers), equilibrium chemical potential u
(green, “x” marker), drag coefficient y,,, (orange, cross markers),
and the functions K, (dark pink, star markers), K . (yellow,
square markers), and |K,,.| (light blue, down-pointing triangular
markers). The functions are normalized according to the values
listed in Table I. Metric coefficients, e®")/<* (pink, up-pointing
triangular markers) and e ") (grey, solid circular markers),
defined in Eq. (3) are also plotted.

(the function éu,) will come from the evolution of the
magnetic field that assumes Newtonian gravity.
Specifically, in Sec. VB, L%, is computed as

2 2
Z‘Zil = / nnfl |:V <%):| 62<1>(r)/c2 dy, (45)
Veore PV np H

where V denotes the flat-space gradient operator, while oy,
comes from the evolution of the magnetic field (see
Sec. II G for further details).

G. “Weak-coupling” regime

The microphysical processes governing the magneto-
thermal evolution in the core are the collisional coupling
between charged particles and neutrons, as well as non-
equilibrium Urca reactions.

At high temperatures, T Z Tyans,» Where T =35 X
108 K denotes the transition temperature between the two
regimes, the collisional coupling and Urca reactions are
strong, and thus the NS core is in the “strong-coupling”
regime, where the core matter behaves as a single, stably
stratified, nonbarotropic fluid that locally adjusts its chemi-
cal composition, overcoming stable stratification to trans-
port magnetic flux. This regime was extensively studied by
Moraga et al. [30], who demonstrated that the rapid decline
of the Urca reaction rates does not allow the magnetic field to
evolve significantly, and global chemical equilibrium is not
reached in the stellar core before transitioning to the “weak-
coupling” regime. Thus, the initial hydromagnetic equilib-
rium field remains essentially frozen during this period.

At low temperatures: T < T, the core is in the “weak-
coupling” regime, where both the collisional coupling and
Urca reactions become significantly less effective. The
weakened collisional coupling allows a relative motion
between neutrons and charged particles, a process known
as ambipolar diffusion. Also, Urca reactions can be
completely neglected [AI"' = 0 in Egs. (27) and (28)], as
they are very sensitive to temperature. Consequently,
neutrons and charged particles behave as two distinct fluid
components, coupled through collisions and with the
charged component also interacting with the magnetic
field. This regime is governed by Eqgs. (18), (24), (27),
and (28) with A’ =0, Eqgs. (30) and (38). Since weak
interactions are not considered, the total number of charged
particles and neutrons must be conserved independently, as
dictated by Egs. (16) and (17).

The Newtonian gravity approximation of the equations
that describe magnetic field evolution in this regime, and
which are used for numerical solutions in the present work,
is obtained by setting e®(")/¢* = ¢A") = | and replacing V
with the standard flat-space gradient operator V. Under
these assumptions, the governing equations take the form

oB

E:VX(%XB)’ (46)
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Vo=V, + Vg, (47)

v, =1 (48)
YnpTlc

fe+fe+fn=0, (49)

fi=-nuVy,. (i=nc), (50)

V- (n,v,) =0, (51)

V. (n.v,.) =0. (52)

Here, we define y; = éu;/p. To derive the expressions for
the forces in Eq. (50), we used the approximation ou°® ~
(1 +®/c*)éu; valid in the Newtonian limit, where
|®|/c? < 1, along with Eq. (7). Thus, the forces include
both pressure and gravitational contributions for each fluid
component.

The expression (32) for magnetic energy dissipation in
the Newtonian gravity approximation is given by

dE . .
=B _ Ly -Ly—Lp—E.—E, (53)
dt
where
Ly, = / ATApdv, (54)
VCOI’C
L4 —/ }’npncnnlvad|2dv’ (55)
1
Lp=— B x (v, xB)-dS, (56)
47[ dvcore
. 1)
o= nEeve. v av, (57)
VCOYE Cz
: St
E, = n,— Vo - v,dV. (58)
VCUI'E C

As in the relativistic case, strictly dissipative terms—
those that always reduce the magnetic energy in the NS
core—appear in Eq. (53), corresponding to energy dis-
sipation due to nonequilibrium Urca reactions (Lg,) and
ambipolar diffusion (L,,). In contrast, the Poynting flux
through the core-crust interface (Lp), as well as the terms
E, and E,, can have either sign. The terms E, and E, are
not physically meaningful and arise purely as an artifact of
the Newtonian approximation. Moraga et al. [30] showed
that, in the strong-coupling regime, E, and E, are negli-
gible. However, as we will see in Sec. IV, these terms

become necessary in the weak-coupling regime to ensure
the numerical consistency with Eq. (53).

H. Time scale

The typical time over which the magnetic field evolves in
this regime can be estimated from Eq. (46) as

‘s ‘s

~B B (59)
|vc| |vn+vad|

Ip

where £ is the characteristic length scale of the magnetic
field (typically a fraction of the core radius), and

f Wy B’
Vg~ ~ (60)
}/npncnn J/npncnn T B}/npncnn

[note that we set f, ~ fp in this estimate, which is
generally not the case; see Eq. (63) below]. It is often
assumed that the neutron velocity (or the net baryon
velocity, which is very similar) can be ignored
[5,6,12,37,38,60], so the typical time scale of magnetic
field evolution reduces to

2
. ‘g N Ary,pn.n,Cy

Laa
a Vayd 32

(61)
This estimate, however, overestimates the true evolutionary
time scale in the two-fluid model. As first shown in
Refs. [39] and [34] and later corroborated with detailed
numerical simulations in Refs. [40,44], the bulk neutron
velocity is larger than the ambipolar velocity by a factor
v,/ Vaq ~ 10~100 depending on the magnetic field geom-
etry and EoS in the core.

A better estimate might be done by following Moraga
et al. [30]; namely, for an arbitrary magnetic field, the fluid
forces plus gravity can be larger than the Lorentz force, i.e.,
fer~fn~(€./¢p)fp (as explicitly demonstrated in [30]),
where we introduced a length scale

£, =-|dIn(n./ny)/dr]™ (62)

with the baryon number density n, =n, + n,.
Equation (62) generally satisfies £, 2 £ as the radial
profiles n.(r) and n,(r), although not identical, exhibit
similar smooth decreases over a typical length scale
~C.~ R Taking this into account, a better estimate
of the ambipolar diffusion velocity is

fn ~£ fB

b
}/npncnn fB ynpncnn

(63)

Vaa ~

and, as shown in Ref. [44], the neutron velocity can be
estimated as

4 4
Up ~ - L ~ = Vad- (64)
fB YnpTteln fB
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Thus, by substituting Egs. (63) and (64) into Eq. (59), we
obtain a more accurate estimate,
4y, pncnnf‘g

5\
8 \p. )~ g2
T \!/ B \=
~5.6x 10°
x (109 K) (1015 G)

bﬁB 4 fc -2
% (2 km) <10 km> v (65)

I. Axially symmetric magnetic field

We consider an axially symmetric magnetic field, which
can be written as

B = Vax V¢ + Vo, (66)

where the scalar potentials a(r, 0,¢) and f(r, 6, t) generate
the poloidal (meridional) and toroidal (azimuthal) magnetic
field components, respectively. Here, r is the radial
coordinate, and € and ¢ are the polar and azimuthal angles,
respectively, so V¢ = ¢/(rsin6), where ¢ is the unit
vector in the ¢ direction. The functions a(r,6,t) and
B(r,0,t) are known as the poloidal flux and poloidal
current functions, respectively, because 2za(r, 0, 1) is the
magnetic flux and cf(r,6,1)/2 is the electric current
enclosed by an azimuthal circle at given r and 6. The
curves a = const are the poloidal magnetic field lines.

We note that GR effects are not considered here, so
e®(/ — M) =1 and V =V, consistent with the
assumption adopted in Sec. ITE.

The Lorentz force has poloidal and toroidal components,
which read

pol  A'aVa+ pVp

= 67
B 47rsin® 0 (67)
Vi x Va
or — | 68
B 4nrisin? 0 (68)
Here,
* — 2012 1
A* = r=sin“6V - ] A%
r=sin- 6

> sinf a 1 0
=—4+—=|—= 69
0r2+ r? 00 (sin909> (69)

is the “GS operator.” In axial symmetry, there is no pressure
gradient or gravitational force available to balance the
Lorentz force in the azimuthal direction. Therefore, a
necessary condition for hydromagnetic equilibrium is that
the toroidal magnetic force must vanish at all times,
f8'" = 0. Thus, from Eq. (68), Va||V3, so one potential
is (at least locally) a function of the other, # = f(a). As a

consequence, Eq. (67) can be simplified as

ANa+ pp
ol — _ 22 """ Va. 70
BT T 4 sin?0 (70)
(Here and below, primes denote derivatives with respect
to a.)

III. NUMERICAL METHOD
A. Artificial friction method

For a given initial magnetic field configuration and a
specified EoS, the system of Egs. (18)—(23) and (27)-(28)
allows for the calculation of 8" and vg‘; using the method
proposed by Gusakov et al. [39] and then improved by
Ofengeim and Gusakov [34]. However, enforcing the
nonpenetration boundary condition,

Vya - i\“r:Rmre =V i\‘lr:Rmre = 0’ (71)
is not trivial in this approach. To satisfy this condition, the
initial magnetic field configuration must be carefully
constructed so that the resulting velocity fields inherently
respect the boundary condition, serving as a natural
consistency requirement. In some simple cases, such
configurations can be determined for a given EoS.
Furthermore, in this approach v, depends on several spatial
derivatives of the Lorentz force, which makes this scheme
very challenging to implement numerically in order to
evolve the magnetic field in time.

To avoid these difficulties, we use the artificial friction
method originally implemented for NS cores in
Refs. [35,41] in one-dimensional simulations, then in axial
symmetry in Refs. [40] and [30], and recently validated in
Ref. [44]. This method allows to self-consistently determine
the chemical potential perturbations and the velocity fields
once a magnetic field configuration has been specified.

In this approach, a modified net force balance is
introduced:

fc +fn +.fB - Z:nnvn =0, (72)

where we have included an artificial force —{n,v, acting
on the neutrons, parametrized by the small artificial friction
coefficient {. This force helps to mimic the short-term
dynamics driven by inertial terms in the Euler equations,
effectively filtering out Alfvén waves and allowing for the
relaxation of nonequilibrium poloidal-toroidal configura-
tions [i.e., those that do not satisfy f = f(a); see Sec. I11]
into equilibrium states over an effective Alfvén time scale,

2] . drn, 3¢

v B? (73)

té’B ~

This scheme offers several advantages: It not only
enables one to self-consistently solve for the velocity
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fields, but also allows one to enforce the nonpenetration
boundary condition at each integration time step.
Moreover, it has been shown to converge to the analytical
solution derived by Ofengeim and Gusakov [34] in the limit
¢ = 0 (& < neypp; see, e.g., Ref. [44]).

B. Numerical implementation

The numerical implementation is divided into three
steps: First, we solve a boundary value problem to
determine the scalar functions y. and y,, which allows
us to compute the ambipolar velocity drift v,; and the
neutron velocity v, for a given magnetic field configuration
B(r*) at a given time ¢*. Second, we integrate the induction
equation to evolve the magnetic field in time, updating
B(r*) — B(t* + At). Finally, we repeat the process using
the updated magnetic field configuration, B(r* + Ar),
closing the iterative loop.

The first step is done by substituting the expressions for
v, [Eq. (72)] and v, [Eq. (48)] into the continuity
equations [Egs. (51) and (52)], namely,

v. (nnﬂV){n + ncl’lV)(c) =V 'va (74)
where

S (76)

ynpnn ny,

g(¢.7)

This is a set of parabolic equations for y.(r, 8) and y,(r, 0)
for a given magnetic field configuration (which determines
the right-hand side of both equations). It is supplemented
with the constraint of neutron and charged-particle number
conservation [Egs. (16) and (17)] and with the nonpenetra-
tion boundary conditions [Eq. (71)], which read

0,
e - Is 7 ) (77)
ar r=Reore Nep r=Rcore
W
= 0. 78
ar r=Rcore ( )

At each time step, this system is solved through a finite-
difference method and the velocity fields are evaluated
from Egs. (48) and (72).

The time evolution of the magnetic field is performed
using a conservative approach for the toroidal component,
i.e., employing a finite-volume scheme to evolve . For the
poloidal component, i.e., to evolve @, the time derivative is
calculated using a finite-difference method, ensuring sec-
ond-order accuracy in time. This approach guarantees that
the solenoidal condition V-B =0 is satisfied up to
machine precision throughout the entire simulation.

For simplicity, we model the crust as a vacuum (or
perfect resistor) when specifying the boundary condition
for the magnetic field. This assumption leads to a current-
free condition (V x B = 0) in that region, allowing the field
to be expressed as a multipolar expansion. In our simu-
lations, we truncate this expansion up to Z,,,, = 40 multi-
poles to ensure convergence (see, e.g., Ref. [44] for details).
Note that this boundary condition implies that the currents
in the crust dissipate instantaneously. As a result, the
magnetic field outside the core adjusts immediately, accel-
erating the overall evolution. Our setup should therefore be
interpreted as representing the fastest possible magneto-
thermal evolution for a magnetic field that penetrates both
the core and the crust (see the discussion in Sec. VI).

The code used in this work is the same as in Ref. [30],
designed to evolve the magnetic field under axial symmetry
within the Newtonian gravity framework. Earlier versions
of this code can be traced back to Refs. [40,42]. For more
details on the numerical methods, we refer the interested
reader to these references.

C. Code units

The code is written in dimensionless units according to
Table 1. Figure 1 shows all the background relevant radial
functions in dimensionless units. For the time scales, we
use as a reference the expressions

TABLE I. Summary of the code units, showing the normali-
zation of the different variables, their notations, and physical
values obtained from the HHJ EoS for an NS that has
a total radius R = 12.2 km, a core radius R, = 11.2 km,
and a total mass M = 1.4M. Here, the free parameters are
the initial rms magnetic field strength, Bi, = (B(t = 0)),=
[(Jy B*dV)/Veore]?, and the temperature, 7', which are needed
to recover the physical units from the simulation output. The
notation By ;5 denotes B,/ 10" G and the subscript 0 indicates
evaluation at the stellar center, i.e., n,=n.(r=0) and

Ynpo = ynp(r = 0)

Variable Normalization Value

B Bipit e

£o byt Reore 112 km

a BiniRore 1.2 x 10?7 By 15G cm?

B BinitReore 1.1 x 10! By 1sG cm

Ynp Ynp0 1.13 x 107473 gem® s7!

Ne, Ny, oo 4.2 x10% ¢cm™3

O 43@ 1.9x 107°B2, |5 erg

TN

! 4”“’);2?0%%‘ 1.0 x 107 B3 (575 yr

¢ 0¥ np0 4.7 x 107773 gs~!

Ep B?mg?me 23 x 1047Bi2m15 erg

Lyg: Ly, Lp B Roore 7.3 x 10%B}. sTo? ergs™!
24ny, 20 ”3() ’
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Arn, 5
init
_ 4”7np0nc0nn0R§0re g \?
Lyd = 0 R . (80)
init core

In dimensionless code units of Table I, these time scales are
given by

leg = ladm’ (81)
c0/ np!
4 2
fog = 10 <B> — 0.684. (82)
neo Rcore

To derive (82) we set p/Rooe ~ 1/4. The results in
Secs. IV and V will be presented in code units and physical
units, respectively.

D. Initial magnetic field configurations

Figure 2 and Table II illustrate and provide details of the
different initial magnetic field configurations used in our
simulations. We evolve three distinct large-scale poloidal
magnetic configurations: two dipolar (models A and B) and
one consisting of a dipole and a quadrupole component
contributing 30% and 70%, respectively, of the poloidal
magnetic energy (model CO0). The latter is further evolved
with varying ratios of initial toroidal to total magnetic
energy, denoted as C04, C06, and COS8. All simulations are
run using the same radial and angular resolution, namely, a
grid with N, = 60 radial points and Ny =90 angular
points, and a value of {/(n.y,,) = 107

Model B Model C04

TABLE II.  Scalar functions a(r,) and f(r,0) for the initial
magnetic field configurations used in our simulations. Each
configuration satisfies the normalization conditions (Bﬂfﬁ) =1
and (B%) = 1, respectively, where (...) denotes an rms average
over the stellar core. Here, P} (cos ) is the associated Legendre
polynomial of order # with azimuthal index m = 1. The poloidal
flux functions, a, match the core magnetic field with the external
multipolar expansion corresponding to a current-free magnetic
configuration. In particular, @; and a, correspond to one of the
simplest types of magnetic field configurations that can be
analytically constructed, subject only to the additional condition
that the azimuthal current density vanishes at the stellar surface,
Jy(r =R.0) =0 (see, e.g., Refs. [61] and [62]). The magnetic
field configuration corresponding to a, is more constrained, also
satisfying the nonpenetration condition for the ambipolar and
neutron velocity at the crust-core interface, Eq. (71) (see Ref. [34]
for more details).

Poloidal flux function

Abbreviation a(r,0)
a —1.3472(1 = £ 2 + 3 r*)P}(cos ) sin @
a —1.24r3(1 =272 +3r*)Pl(cos 6) sin 0
a3 V 0.301 =+ vV 0.702
ay (2.0512 — 5.207* + 5.807° — 3.107% + 0.65r10)
Pl(cos ) sin@
Poloidal current function
Abbreviation B(r,0)
B 112.547°(1 — r)sin® @sin (0 — %)
TABLE III. Initial magnetic field models used in our simu-

lations. The poloidal flux and current functions are provided in
Table 11. Here, EY"/E is the initial toroidal energy fraction.
Some of these models are shown in Fig. 2.

010

0.025

-0.94 0 0.94

FIG. 2. Initial magnetic field configurations given by the
potentials listed in Tables II and III. The lines represent the
poloidal magnetic field, labeled by the magnitude of a,;,, while
the colors indicate the strength of the function f;,;,, which is
related to the toroidal field. These variables are plotted in code
units; see Table 1.

Poloidal Poloidal current
Model flux function function EY/ER@
A a 0 0
B ay 0 0
Co a3 0 0
Co4 V0.6a; V048, 0.4
C06 V0.4a; V0.6, 0.6
Co8 V0205 V0.88, 0.8

IV. MAGNETIC FIELD EVOLUTION AT
CONSTANT TEMPERATURE

In this section, we discuss our simulations of the magnetic
evolution of an NS core influenced by ambipolar diffusion
with time-independent friction coefficients y,,, and ¢, that is,
effectively at constant temperature. This problem has been
extensively studied within the two-fluid model in axial
symmetry in [40]. Here, we highlight the main aspects of
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-0.35 0 0.35 0.1 100 10-° 10-30.1

FIG. 3. Magnetic evolution at constant temperature
for model C04 with /(n.gy,p0) = 107, corresponding to
taa/tep = 10000. All panels are meridional cross sections of
the star. Rows (a), (b), (c), and (d) correspond to different times,
t =0, ty5, 10t,p, and 1,4, respectively. In each row, the five panels
display, from left to right: the magnetic field configuration, where
lines represent the poloidal magnetic field, labeled by the
magnitude of a, and colors represent the potential associated
to the toroidal field, f; the poloidal component of the neutron
velocity field, v,; the poloidal component of the ambipolar
velocity field, v,,; the chemical potential perturbation of the
charged particles, y.; and the chemical potential perturbation of
the neutrons, y,,. All quantities are given in code units, as defined
in Table I.

this evolution, particularly how the magnetic field rearranges
itself towards a final equilibrium state.

Figure 3 illustrates the evolution of the most general
magnetic field configuration simulated, i.e., a mixed
poloidal and toroidal magnetic field, in this case, model

C04 (although the evolution is very similar for CO6 and
CO08, which are not shown here).

Initially, the system evolves through a short-term
dynamical phase driven mostly by the presence of a
nonequilibrium toroidal magnetic field (Va }t Vg, thus
S # 0). The unbalanced toroidal Lorentz force generates
strong toroidal fluid motions, ¥*, which are counteracted
by the fictitious friction force —{n,v,. These opposing
forces persist until the system gradually settles into a
toroidal hydromagnetic equilibrium state, where fi* =0
throughout the core, on a characteristic time scale of ~lep.

At the end of this initial phase, the condition Va||V/ is
satisfied since f%" = 0, meaning that one potential becomes
(atleast locally) a function of the other, # = f(a). As aresult,
J becomes constant along each poloidal field line (at which
a = const). Additionally, due to the imposition of a current-
free field outside the core, # must vanish along all open field
lines that extend beyond the core, thereby confining the
toroidal magnetic field to regions with closed poloidal field
lines, reaching the “twisted-torus” configurations expected in
axially symmetric hydromagnetic equilibria [25,63], as seen
in the sequence of snapshots of the magnetic field in Fig. 3.

In a real NS, the previous process should be identified
with the Alfvén time scale ¢,;;. However, here, we introduce
the artificial friction force that mimics this process, and the
effective Alfvén time corresponds to 7.z. In doing so, we
adjust the ratio of time scales #,5: 1,4 to a feasible value,
though not a realistic one, allowing us to efficiently study
ambipolar diffusion while using a reasonable amount of
computational resources. To achieve this, the fictitious
friction parameter introduced in Eq. (72) must satisfy
{ < ynphe, so that a net force imbalance on a fluid element
is reduced by bulk motions (with velocity #!) much more
quickly than an imbalance of the partial forces
on the charged-particle component is reduced by ambipolar
diffusion (with relative velocity w,;). This is well
satisfied for the value we set for our simulations, namely,
&/ (neo¥upo) = 1074, for which #,5: 1,4 = 1:10000.

After this initial short-term dynamics, the long-term
evolution driven by ambipolar diffusion takes over. In the
two-fluid model, the background density profiles of neutrons,
n,(r), and charged particles, n.(r), differ, and the combined
motion of both components is strongly constrained by
buoyancy forces. In our formalism, this is manifested by
the fact that v, and v, have to satisfy different continuity
equations [Egs. (51) and (52)], so the velocity fields cannot be
equal. As aresult, the relative motion between the two species
naturally arises (ambipolar diffusion), whose magnitude is
inversely proportional to the collision coefficient: v,; « y;;.
Nevertheless, the bulk velocities, v, and v,., remain similar to
each other and therefore substantially larger than their differ-
ence, v,4, as seen in the snapshots for v, and v,, in Fig. 3,
accelerating the motion with respect to the popular approach
in which the motion of the neutrons (or the bulk baryon
motion) is neglected.
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The evolution proceeds until a final equilibrium state in
which all velocities vanish, ie., v, =v,. =v,; =0. At
this point, the poloidal Lorentz force is balanced by the
pressure plus gravity force on the charged particles,

%Ol = ncﬂV)(c’ (83)

while the neutrons reach diffusive equilibrium, i.e.,
Vy,=0. (84)

In this equilibrium state, the magnetic field configuration is
a solution of the “GS equation” [64,65],

dy.
= 0’
da

Ao+ ﬂ% + 4zr?sin? On p (85)
da

which is obtained using the condition = f(«), along with

Egs. (67) and (83).

Figure 4 shows how the ratios of the rms average of the
forces f. and f,, to the poloidal Lorentz force f2' evolve in
time. While (f.)/(f*") converges to unity for all the
models as they settle into the final equilibrium state,

o)/ %°1> becomes progressively smaller, consistent with
Egs. (83) and (84), respectively. On the other hand, row
(d) in Fig. 3 illustrates how y,, becomes uniform in the later
stages of evolution, while the velocity fields have signifi-
cantly diminished compared with the initial state in row (a),
indicating an approach to equilibrium.

In terms of magnetic energy dissipation, Fig. 5 shows that
for the purely poloidal models A, B, and CO, L, is the main

6>< 100 AL | T "";"I AL | MR | MR | T ""I'"
0' ! —— model A | ]
4 x 100 =——— - 1
= . ‘~i~\ === model B i
Q s L 4
) 310 i \\\ model CO|
~ 1 { 1
=3 2% 10° i S i
= i e i
1 > 1
1 \\ 1
0 | S i
10 PP BT YT e T BT BT T B
101‘_ 1 1
| i
= ! i-
o
i i i
g i i
/E 1 1
= i i
1 1
i i
10—7 P | - ..:..I . e | sl s aanul AW ...II..
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t

FIG. 4. Ratios of the rms values of the different forces,
(/2 and (f.)/ (5", for models A (solid blue), B (dashed
red), and CO (dash-dotted orange). The vertical dashed lines
indicate, from left to right, the time scale 7, and 7,4, respectively.
The rms averages, denoted by (), are computed over the core’s
volume.

source of magnetic dissipation. In contrast, for model C04 (as
well as C06 and C08, not shown here), the initial dissipation is
dominated by artificial friction, L, = fvm {n, v’ (see the
caption of Fig. 5), until the toroidal field relaxes into
equilibrium. After this phase (# 2 10z,5), ambipolar diffusion
takes over as the primary dissipation mechanism. This
behavior is expected: purely poloidal fields exhibit little
evolution at 7 < 7., unlike mixed poloidal-toroidal configu-
rations, where the early dynamics corresponds to the relax-
ation of an initially out-of-equilibrium toroidal component. It
is an interesting fact that model A is extremely close to the GS
equilibrium as it requires a very small dissipation in terms of
L4, and most of the field rearrangement comes from small

0.000
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0.000

—0.025

—0.050

0.000

—0.025

—0.050
0.00

—0.05

Model C04

7010 - Il - b n‘ Il Il Il Il
10-¢ 107° 10~* 1073 1072 107!

FIG. 5. Magnetic energy dissipation for models A, B, C0, and
C04 shown from top to bottom, respectively. The plot shows all the
dissipation terms given in Eq. (53), including the dissipation due to
the artificial friction force, which appears as — L on the right-hand
side, with L, = fvm ¢n,vidV, when this force is included. The

curves correspond to: the power released per unit In ¢ due to the
ambipolar heating, —L ;¢ (light blue, solid circular markers); the
artificial friction dissipation, — L (orange, cross markers); the net
Poynting flux from the crust (modeled as a vacuum) to the core,
—L pt (green, left oriented triangular markers); the terms £, (red,
star markers) and Ent (brown, squared markers), respectively; the
total time derivative of the magnetic energy inside the core,
(dEg/dr)t (black, up pointing triangular markers), and the
combination —(Ly, + L; + Lp + E,. + E,) (pink, “x” markers),
which is used to check energy conservation, as it should be equal to
(dEg/dt)t. Markers are shown at a few illustrative positions along
the curve (due to the logarithmic scale) and should not be
interpreted as discrete data points. The vertical dashed lines
indicate, from left to right, the time scale 7,5 and 7,4, respectively.
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FIG. 6. Evolution at constant temperature for the different initial magnetic field configurations corresponding to models CO (solid
blue), CO8 (dotted orange), C06 (dashed-dotted green), and C04 (dashed red) listed in Table III, with £ = 10™*, showing: (a) poloidal
magnetic energy; (b) toroidal magnetic energy, both normalized to their initial values; and (c) the quotient between the toroidal and
poloidal magnetic energy. The vertical dashed lines indicate, from left to right, the time scale 7.5 and ¢,,, respectively.

changes in the field lines along the crust-core interface, as
indicated by the relatively large Poynting flux. This magnetic
field configuration can be traced back to [61] and is one of the
simplest axially symmetric configurations constructed by
imposing regularity, requiring zero toroidal current density at
the crust-core interface, and matching to an exterior dipole
field at this boundary.

Although the initial ratio E%"/E%" varies among these
models, it consistently settles to <0.1 at# ~ 0.1¢,, [see Fig. 6
(c)], in agreement with previous studies that solved the GS
equation directly and were unable to find configurations with
a larger ratio (e.g., [62] and references therein). While the
poloidal magnetic energy stabilizes at an equilibrium value at
about the same time [see panel (a)], the toroidal energy
continues to decay, albeit at a slower rate beyond that point
[see panel (b)]. By ¢ ~ 0.1%,,, the GS equilibrium is practi-
cally achieved, fluid motions have slowed down substantially,
and no significant evolution of the magnetic field (either
poloidal or toroidal) is expected. In this respect the continued
decay of EY" at late times appears to be due to noisy structures
near the torus boundary in v'" at this stage, which were also
reported in Ref. [30]. However, this numerical artifact remains
localized and stable in time, so it should not affect the main
conclusions of this work. Specifically, regarding the thermal
evolution (see Sec. V B), these noisy structures can influence
it only through artificial friction dissipation, quantified by L.,
which is relevant for mixed poloidal-toroidal configurations
(see again Ref. [30]). The effect arises because the structures
near the torus boundary affect the computation of

Lo = / I, v - vrdY, (86)
VCOI’E

where v o« Va x V. In principle, this term should vanish
at long times (1 2 t;5) as f = ff(a). The persistence of the
noisy structures, however, prevents complete cancellation, as
illustrated in model C04 in Fig. 5, where L dominates again
at later times (¢ 2 t,,4). This effect arises only very late in the

evolution, after ambipolar diffusion has ceased, and therefore
L, will not play a significant role in the thermal evolution.

We end this section by remarking that here, as in
Refs. [40,44], we tested several initial magnetic field
configurations beyond those shown here, all of which
evolve toward a final GS equilibrium state.

V. MAGNETOTHERMAL EVOLUTION

The results presented in the previous section are unphys-
ical in the sense that the thermal evolution is not considered
and the collision coefficient y,,, remains constant, although
in reality it depends on time via the core temperature. In this
section, we address the thermal evolution by applying the
same procedure as used by Moraga et al. [30] in the strong-
coupling regime. In that work, the results obtained at
constant temperature were extended to the case where
the temperature evolves through a temperature-dependent
reparametrization of the time variable.

A. Time reparametrization

We start by noting that the system of equations (46)—
(48), and (50)—(52), along with (72), which describe the
evolution of the magnetic field, remains invariant under the
change of variables

t
dt:yLth’, (87)
Vnp
y !/
Vg = —L—v,4, 88
4= Vel (88)
y !
n — e v;w (89)
Ynp (1)
Ynp(t)
(r) ==7¢, (90)
Ynp
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where primed variables (y},. 7, v}, v, ;.{', T') correspond

to the previous simulations at an arbitrary constant temper-
ature 7', while unprimed variables (y,,.t, v,,v..{.T)
take into account the thermal evolution and its effect
on the parameters. We note that, according to Eq. (29),
Yup(0)/Vnp = [Teo (1) T

Based on this, our approach is as follows:

(1) We run simulations that evolve the system of
equations (46)—(48), (72), and (50)—(52) using the
artificial friction method at constant temperature
[thus, time-independent y,,,(r) and ('], calling the
time variable .

(2) Then, using these results, we solve the equation for the
temperature [Eq. (38)] as a function of ¢/, which reads

oo/
%;Z:cég Q%L-LWT9—L;7“+'. (91)

Here, we used T = T, /T",, where T', is a reference
temperature. We also used y,,/7,, = T? and used
the scaling in Egs. (87)—(90). As a result, the equilib-
rium neutrino luminosity, ambipolar heating, and
energy flux through the boundary evaluated at the
constant temperature 7%, are L®' = L& (T%,)8, L =
L2(Th) ™2, and LY = L (T%,)*, respectively. Ad-
ditionally, we set C' = CT.

(3) Finally, we obtain the physical time variable that
includes the effects of the temperature evolution by
integrating Eq. (87). Thus, we can plot any variable
of interest as a function of ¢, the real physical time.

We note that this method works as there is a single

temperature-dependent  parameter, y,,. However, this
approach can introduce errors if the temperature exceeds
the transition value Ty,,, where nonequilibrium Urca
reactions become relevant. To account for these reactions,
an additional temperature-dependent parameter must be
included—the reaction rate AI'—in which case the time
reparametrization method would no longer be valid.
Therefore, to ensure that our numerical results are sound,
we check that the evolution remains in the weak-coupling
regime.

B. Simulation results and discussion

In this subsection, we analyze the magnetothermal
evolution in the weak-coupling regime by applying the
time reparametrization described in Sec. VA to the sim-
ulations run at constant temperature and discussed in
Sec. IV. We focus on model CO to analyze the magneto-
thermal evolution as the results for the other models (not
shown here) do not differ substantially. We use Egs. (A11)—
(A13) to derive the photon luminosity as a function of the
core temperature.

The initial redshifted temperature is set to 7%, = 10° K.
This choice is justified because the early evolution, prior to

entering the weak-coupling regime (7 > T.,,), corre-
sponds to the strong-coupling regime, where magneto-
thermal feedback due to nonequilibrium Urca reactions
remains negligible across a wide range of magnetic field
configurations and large magnetic field strengths
(Binit = 10'¢ G), as shown in [30]. Consequently, the star
undergoes passive cooling during this phase. This passive
cooling period rapidly erases memory of the initial core
temperature once the condition ¢ > f., is satisfied, where
feool = 0.22(T%,/10° K)Oyr (see, e.g., Ref. [58]).
Therefore, given our choice of T¢,, this condition is met
within the first ~0.2 yr of evolution, ensuring that the late-
time thermal and magnetic evolution becomes effectively
insensitive to the precise value of T¢%,. Thus, the con-
clusions drawn from our simulations remain robust against
variations in the initial core temperature.

Figures 7 and 8 illustrate the evolution of all relevant
variables describing the magnetothermal evolution after
applying the time reparametrization procedure for model
CO0. The results are shown for three initial rms magnetic

=)
280l ", -
ioo = 15
7 L — Binit, =5x 107G . ]
o — Bu=10"G L
Bini‘r = 1014G
70 | | L
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-~ [
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=
d
103k E
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tlyr]

FIG. 7. Magnetothermal time evolution of two relevant vari-
ables after applying the time reparametrization procedure de-
scribed in Sec. V A for model CO using three different initial rms
magnetic field strengths: 5 x 10" G (dark blue), 10" G (blue),
and 10'* G (light blue). Panel (a): evolution of the redshifted core
temperature, T, as a function of time. The dotted lines
correspond to the cases with no heating, where the stellar core
cools passively. Panel (b): evolution of the quantity
(Ap*®)/(mkpT,), where () represents the rms-average.
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FIG. 8. Magnetothermal evolution of the relevant luminosities

for model CO after applying the time reparametrization procedure
explained in Sec. V A for three different rms initial magnetic field
strengths, and with the initial temperature 7%, = 10° K. The
curves correspond to the power released by ambipolar diffusion,
L, (dash-dotted blue), the equilibrium neutrino luminosity, L;°,
for both the case with ambipolar heating (solid orange) and the
case with no heating (dashed black), and the surface photon
luminosity L (solid red) and the case with no heating
(dotted red).

field strengths: B;,;, = 10'#,10", and 5 x 10" G. Figure 8
shows that only magnetic fields By, =5 x 10" G can
generate a significant magnetothermal feedback, leading to
a heating-cooling balance (L3, ~ L;°). In Fig. 7(a), the
redshifted core temperature stays hotter (but below 7T',,,) at
approximately T, ~ 3 x 10® K for around ~10% yr, when
L, begins to decrease significantly, marking the end of the
heating-cooling balance phase when LY < L.

These results can be interpreted through the following
physical considerations and estimates. In the weak-cou-
pling regime, the speed of the magnetic field evolution is
primarily controlled by the temperature dependence of the
collisional coupling between neutrons and protons, 7,,, &
T? [see Eq. (25)]. At high internal temperatures, the
coupling is strong, causing the ambipolar velocity v,; to
be small. As the temperature decreases, v,, gradually
increases, allowing the system to approach the GS equi-
librium described in Sec. IV. As ambipolar diffusion
operates, it releases heat into the core, transforming
magnetic into thermal energy through L2°,. This heating
mechanism becomes significant for sufficiently strong
magnetic fields, where it can counteract the substantial
energy loss due to intense neutrino emission, delaying the
cooling process. The balance between neutrino luminosity
and ambipolar heating, LY, ~ L;°, can keep the NS core
roughly at a temperature

B 3
T~ 52 x 108 ——c— |
Sx 105 G
£5 \* l
X B Ze )’ K.
2 km 10 km

The corresponding surface luminosity at this temperature
reads [see Eq. (A13)]

(92)

L® ~6.7 x 10% B\
‘ 5x 105 G

£p \075/ £, \038
X (2 km) (m) erg/s, (93)

until the GS equilibrium is reached in a time scale given by
Eq. (69), i.e.,

B _% ZB 1?6 f _g
~1. c kyr. (94
s 5(5 % 1015 G) (2 km> (10 km> yr. (94)

This can be compared with the time it takes for a star to
passively cool down noticeably, say, to half of the equi-
librium temperature, 75/2,

Thil /2 -6
feoo] ~ 0.22(109 K) y (95)
1
~7ix10 (B )7
3x 1015 G
fB ]5_2 fc _%
x (2 km) <10 km) b (96)

resulting in
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tB B % l/ﬂB %‘ I/ﬂc _%
—n~2.1 . 97
feool <5 x 101 G) <2 km/ \10 km (97)

Therefore, a magnetic field of order B> 5 x 10> G can
sustain the core temperature at approximately 7, ~ 75 for
a duration tg, longer than the passive cooling time 7.

We note that in our equations we neglect the effect of
nonequilibrium reactions, adopting the equilibrium rate of
the neutrino luminosity, L;°, and neglecting the heating
associated with these reactions, Lf,. Such an approxima-
tion is valid while the variable &= Au®/(nkgT,,) is
<1 [66,67] (here Au® =ou>® —ouyY is the chemical
potential imbalance). Meanwhile, sufficiently strong mag-
netic fields may be associated with the chemical imbalance
being comparable to the stellar temperature. To check the
validity of our approximation, we plot £ as a function of
time in Fig. 7(b). One can see that for our model and for
Binie <5 x 105 G, &is never larger than ~1 throughout the
evolution stage shown in Fig. 8. This justifies our
assumption.2 However, this conclusion may not hold for
stronger magnetic fields. For this reason, we do not model
cases with stronger magnetic fields, for which the neglect
of nonequilibrium Urca reactions would not be justified.

We conclude this subsection by noting that, for
Binie = 5 x 101 G, all models (not shown here) exhibit a
similar heating-cooling balance, with the exception of
model A. Model A, being very close to the GS equilibrium
(see Fig. 5), dissipates very little magnetic energy through
ambipolar diffusion and therefore does not undergo a
heating-cooling balance phase. Instead, it shows purely
passive cooling.

C. Confronting with observational data

The large quiescent surface x-ray luminosities of some
magnetars provide the most natural context for applying the
problem studied in this work, as originally suggested by
Thompson and Duncan [3.,4]. Therefore, in this section, we
confront our results with the available observations.

The results of our simulations are shown in Fig. 9, where
they are compared with the observational data described in
Appendix B and summarized in Table IV.

From Fig. 9, it is clear that only the most strongly
magnetized case (B;y; = 5 x 10" G) produces a noticeable
difference compared with the case without heating, reach-
ing luminosities L ~3 x 10** ergs™! during ~103 yr.
However, the heating effect is not strong enough to draw
a conclusive distinction, as can be seen in 1E 1547-5408,

2N0te, however, that once the star reaches the GS equilibrium,
the chemical imbalance, Au®, remains constant in time, while the
temperature decreases due to stellar cooling. As a result, &
increases and eventually exceeds unity [the beginning of this
stage is marked by the rise of the curves at their right-hand sides
in Fig. 7(b)]. Our equations are not valid at this stage, in which
nonequilibrium reactions should be accounted for.

[ ' ' Jlog B, [G]
3 | =] g
3 15
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= [
B 14
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FIG. 9. The set of observed cooling NSs (colored boxes)
confronted with the same magnetothermal evolution tracks as
shown in Fig. 7, i.e., for model CO using the three different initial
rms magnetic field strengths: 5 x 10'° G (solid, dark blue),
105 G (solid, blue), and 10'* G (solid light blue). For references,
the case without heating (LS, = 0), corresponding to an initial
rms field of 5 x 10 G is also included (dotted dark blue).
Observational data is listed in Table IV. Box colors show the
dipole magnetic field at the pole; black means that the spindown
estimate for the magnetic field is not available.

where the curves intersect the observational box. Here,
distinguishing between passive cooling and a scenario with
ambipolar heating is not feasible due to uncertainties, since
the observational box encompasses both possibilities.

For ambipolar diffusion to be a viable mechanism to
explain the magnetar population, it would need to operate
on longer time scales (~10* yr) and dissipate more energy
to reach higher surface luminosities. From Eq. (93), the
latter would require larger magnetic field strengths.
However, since tz « B™> [see Eq. (65)], the time scale
over which this mechanism operates would drop below
~10? yr for higher initial field strengths. Therefore, ambi-
polar diffusion, by itself, cannot account for the large
quiescent luminosities observed in magnetars.

VI. CONCLUSIONS

We have modeled the magnetothermal evolution of an
NS core in the weak-coupling regime applicable at rela-
tively low temperatures, T < Tyuns & 5 x 108 K, including
the thermal evolution, which was not covered in the
previous models of Refs. [40,42]. The latter was included
using the same method applied in Ref. [30] for the strong-
coupling regime, i.e., by starting from the magnetic field
evolution at constant temperature, using this as an input for
the calculation of the thermal evolution, and reparametriz-
ing the time variable to translate these results to the realistic
case of evolving temperature.
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For not too strong magnetic fields, B <5 x 10'° G, this
scheme is applicable in both the strong-coupling and weak-
coupling limits because in each case the magnetic field
evolution is controlled by a single temperature-dependent
physical process (nonequilibrium Urca reactions and neu-
tron-proton collisions, respectively), which allows the time
intervals to be rescaled by a temperature-dependent factor.
This would not be possible if Urca reactions and collisions
would be considered in the same model, as they have a
radically different temperature dependence.3 Fortunately,
Moraga et al. [30] showed that there is essentially no
magnetic field evolution in the strong-coupling regime,
making it reasonable to ignore the nonequilibrium Urca
reactions in the evolution of the magnetic field and consider
only the weak-coupling regime, as done here. However, for
very strong magnetic fields, Urca reactions and ambipolar
diffusion can become important simultaneously, so we
leave this case for future study.

The simulations were performed in axial symmetry, for
an NS core composed of two fluids (neutrons and charged
particles) coupled by collisions and surrounded by a
nonconducting medium (vacuum or perfect resistor),
including a fictitious friction force that allows the system
to quickly reach a hydromagnetic equilibrium state while
ignoring the inertial terms and the time derivatives in the
particle conservation laws. The latter, commonly known as
the anelastic approximation, is the key difference between
our numerical scheme and that of Ref. [40]. This approach
results in a more efficient numerical method, enabling
us to rescale our results for any initial magnetic field
strength, By

We used a hybrid approach, modeling the thermal
evolution within the framework of GR, while simulating
the magnetic evolution using Newtonian gravity, as GR
corrections are likely to be relatively unimportant in the
latter case.

The main conclusions can be summarized as follows:

(1) In the constant-temperature simulations: we con-

firmed the previous results reported in Ref. [40],
where the long-term magnetic evolution driven by
ambipolar diffusion led the NS core to an equilib-
rium state. This state is characterized by the neutron
fluid reaching diffusive equilibrium, y, = const,
while the Lorentz force balances the pressure and
gravity forces acting on the charged particle fluid,
fg =n.uVy.. Consequently, the magnetic field
satisfies the nonlinear GS equation. This was con-
firmed for various initial magnetic field configura-
tions and ratios of toroidal to total magnetic energy.
(2) When the core temperature evolves: ambipolar
heating can effectively counterbalance the immense
energy losses due to neutrino emission, but only for

3Extending this approach to cases where Au = 7 would be
similarly infeasible for the same reasons.

strong magnetic fields (B > 5 x 10" G) and for a
very short duration (<1 kyr). The resulting surface
photon luminosities, L, driven by ambipolar dif-
fusion cannot account for the observed magnetar
population. For this mechanism to be viable, it
would need to dissipate a greater amount of mag-
netic energy than in the case of B, = 5 x 101 G
and over a longer time scale.

Finally, we note some issues that were not included in the

present work and should be considered in the future:

(1) We modeled the magnetothermal evolution of an NS
core under the influence of ambipolar diffusion,
aiming to explain the surface luminosity of magnet-
ars while neglecting the effects of the crust. The
latter was achieved by imposing a vacuum boundary
condition on the magnetic field at the crust-core
interface. In this approach, the crust is assumed to
have negligible conductivity, causing currents to
dissipate instantaneously and allowing the magnetic
field outside the core to adjust immediately. This
approach implicitly assumes that the evolutionary
time scale of the magnetic field in the crust is much
shorter than that in the core. However, the shortest
evolutionary time scale in the crust is set by the Hall
effect, which can transfer magnetic energy from
large to small scales, where it is more efficiently
dissipated through Ohmic dissipation. This process
operates on a time scale

drnn et
cB

f 2
~ 1.7 x 105 [ —2-
x <2 km>

B -1
% (5 X 101 G) yr. o (%8)

as estimated at the crust-core interface for our stellar
model [74]. This time scale is significantly longer
than the ambipolar diffusion time scales studied in
this work. Consequently, the vacuum boundary
condition is not appropriate for the problem con-
sidered here; instead, a frozen-field condition would
provide a more realistic approximation. Never-
theless, the scenario presented here represents the
fastest possible magnetothermal evolution for a
magnetic field penetrating both the core and the
crust, since a finite crustal conductivity would cause
the magnetic field lines to become partially frozen in
the crust [29], thereby slowing the magnetic evolu-
tion in the core.

(2) The NS core is expected to become both superfluid
and superconducting (for not too strong magnetic
fields) relatively early in its evolution (see, e.g.,
Ref. [20] for a review). This suppresses the inter-
particle collisions [75], an effect that could lead to a

THan ~
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larger ambipolar velocity, and thus potentially
stronger heating during a shorter period. However,
there are some caveats. Neutron superfluidity sup-
presses the number of unpaired neutrons available
for scattering as well. The result of such interplay for
the dissipation rate is not obvious. Moreover, the
formation of a neutron condensate adds a new
degree of freedom, allowing neutrons to smooth
out y, on dynamical time scales [76] so that they
reach diffusive equilibrium, effectively eliminating
ambipolar diffusion in pure npe matter, though the
presence of muons partially restores it. Proton
superconductivity alters the magnetic forces by
introducing buoyancy and tension forces acting on
vortices in type-II superconductors, which must now
be included in the dynamical equations (e.g.,
Refs. [22,23]). Additionally, complex interactions
between particles, neutron vortices, and magnetic
flux tubes arise, leading to intricate dynamical
effects that can strongly influence both the evolution
time scales and the final equilibrium state [21-23].
Recently, numerical simulations have started incor-
porating these effects using simplified models (e.g.,
Refs. [24,77]). However, some of the microphysical
input used in these studies has been subject to
criticism (e.g., Ref. [78]).

Three-dimensional magnetohydrodynamics simula-
tions show that magnetic fields are influenced by
various types of dynamical instabilities. On one side,
it has been theoretically proven that both purely
poloidal and purely toroidal fields are inherently
unstable in three dimensions [79-81]. In addition,
numerical simulations suggest that barotropic stars do
not support stable magnetic equilibria [26,82-85].
Therefore, it remains unclear whether the GS equi-
librium 1is stable against nonaxisymmetric perturba-
tions. If an instability arises, the characteristic time
when the GS equilibrium is attained would instead
correspond to the onset of the instability. This would
lead to stronger magnetic energy dissipation and a
more complex magnetothermal evolution than the one
studied here.

In this work, we adopted the isothermal approxi-
mation, which holds in the absence of internal
heating sources, as the core’s high thermal conduc-
tivity allows temperature gradients to relax on a time
scale ~100 yr. When heating sources are present, we
can estimate the maximum possible heat flux on a
global stellar scale within the core as ~xRZ,. V7T,
where « is the thermal conductivity in the core (see,
e.g., Ref. [86]). The temperature T is constrained by
neutrino emission and is unlikely to exceed a few
times 10° K in any particular region of the star.
Thus, we can estimate kR2,,.VT ~ 10%7 erg/s. This
flux efficiently redistributes the dissipated magnetic

energy throughout the core as long as the latter
remains below this limit. This is the case for
magnetic fields By < 10 G, as Ep ~ —L% (see
Fig. 8). Conversely, if the dissipated energy exceeds
this threshold, most of the energy will be radiated
away as neutrinos from the region where the
magnetic field is localized, while the rest of the star
will be heated at a more moderate rate of
~10%" erg/s. Consequently, temperature gradients
could be present in such case. However, our calcu-
lations should still remain qualitatively valid and the
obtained surface temperature constitutes an upper
limit.

(5) Including additional particle species, such as muons
(u), is nontrivial, as it substantially alters the
dynamical equations to be solved. Specifically, it
introduces an additional Euler and continuity
equation, along with extra collisional couplings
(yyj» with j = n, p, e), making the charged-particle
component nonbarotropic. As a result, the equilib-
rium configurations become less constrained and do
not necessarily correspond to the GS equilibrium.
Consequently, the presence of muons could have a
significant impact on the magnetic evolution of NS
cores. The inclusion of muons will be presented in a
future publication.

(6) We adopted the drag coefficient y,,, from Ref. [87].
This was shown to be overestimated by a factor of
about 3 by Dommes et al. [53]. A weaker interaction
implies that the same amount of energy will be
dissipated in a shorter time. This difference does not
affect our main conclusions.
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APPENDIX A: ENVELOPE MODEL

Beneath the stellar atmosphere lies a thin layer called the
envelope, where the steepest temperature gradient is found
(see, e.g., Ref. [88] for a review and references). This
region has a very short thermal relaxation time scale ~1 yr.
Also, an outer part of the envelope is not strongly
degenerate; therefore, the EoS is not barotropic there. As
a result, it is computationally expensive to solve the
magnetothermal evolution in this region in detail, coupled
to the core evolution. The numerical codes that treat the
thermal evolution in the core, crust, and envelope of an NS
coupled together (e.g., Ref. [89]) can be useful for studying
short-scale processes like superbursts (e.g., Refs. [90,91]),
but in the present paper we are interested in much longer
time scales. Therefore, we adopt the common approach
[92], which relies on stationary envelope models to derive a
relationship between the temperature 7', at the bottom of
the envelope and the effective surface temperature 7.
Moreover, we also neglect temperature variability of the
inner crust, which has a time scale ~100 yr [93], and
assume that the redshifted temperature T, = Te®("/ < in
the core equals T, = Tye®/ <’ where @, = ®(ry) is the
gravitational potential at the bottom of the envelope. We
also neglect the neutrino emission from the inner crust,
which is justified by its weakness compared with the
neutrino emission from the NS core. This approximation
allows us to neglect the difference between the heat flux
through the inner boundary of the envelope L, and the heat
flux through the core boundary L., which is needed to
solve Eq. (36).

By definition, the effective surface temperature T is
related to the photon flux density F, through the radiative
surface of the NS by Stefan’s law,

Fy= USBTg» (Al)
where ogp is the Stefan-Boltzmann constant. If a strong
nonuniform magnetic field is present, T, varies over the
surface, and the total photon luminosity is given by the

integral
L, = / FdS
s

over the radiative surface S.

A conventional approach to obtaining the boundary
conditions to the heat balance equation (36) consists in
solving the simple equation

(A2)

dinT F, P
dinP T gxp’

(A3)

where F, is the thermal flux density toward the NS surface,
g= (1=2GM/Rc*)"'/>?GM/R? is the local gravity at the
surface, and x is the effective thermal conductivity. In a

strong magnetic field (B = 10'> G), the latter is defined as
x = xcos’ Oy + x sin® O, where x| and x| are the main
components of the conductivity tensor along and across the
magnetic field B, and 65 is the angle between B and normal
to the surface. Equation (A3) follows from the Tolman-
Oppenheimer-Volkoff equations by neglecting the varia-
tions of the metric functions A and ® inside the envelope
and is justified by the smallness of the envelope’s thickness
and mass, whose lower boundary is usually taken at the
mass density p, = 10'% gcm™3, following Ref. [92] (see
also Ref. [88] and references therein). However, as sug-
gested by Potekhin and Yakovlev [94] and confirmed by
Potekhin et al. [95], such a shallow envelope depth may be
insufficient in strong magnetic fields B > 10> G because
significant temperature variations can occur at higher
densities in this case. Therefore, we shift the envelope
boundary deeper and solve the heat transport equations

dInT F, P 1 4o

= - A4
dinP T gepK,K, dnP (a4)
1 d(r*F P 1 dd
Ldrb) PO o 2 )
r* dlnP Pg IChICg dInP
coupled to the mechanical structure equations
do P 1
= - A6
dInP pc? Ky, (46)
d P K
L (A7)
dIn P pg KK,
d 4zrP K
m _dxr . (AS)

dinP g KWK,

Here, g = Gm/(r*K,), while

2Gm\* P
Kr_(l— 2), ,Chzl—i—?,

re p

P
}Cg: 1 —|—47zr3ﬁ
(A9)

are GR corrections to the radius, enthalpy, and surface
gravity, respectively (cf. [56]). The boundary conditions
at the surface are T=T,, F,=F, [Eq. (Al)],
® = (1/2)In(1 —2GM/Rc?), r =R, and m = M.

The mass density p on the right-hand sides of these
equations is given by the EoS, and x is calculated as a
function of p, T, B, and 6p, as described in Ref. [96]. The
EoS of the envelope is calculated following Ref. [97] and
adopting the ground-state composition provided by the
BSk24 model of Pearson et al. [98]. The value of P at the
surface is obtained following Ref. [92] from the equation
given by the Eddington approximation to the radiative
transfer problem, P = (2/3)g/k,, where «, is the radiative
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opacity. The latter includes contributions due to free-free
transitions and scattering. The calculation of x, as a
function of p, 7, B, and 6y is mainly based on
Ref. [99], but includes the updates due to the Compton
scattering and electron-positron pairs at high temperatures
(see Ref. [89)).

In the traditional approach [92], one neglects Q, and
approximately sets K,= K, =1, ® =const, and
F, = const. Then, the temperature profile (i.e., 7 as a
function of P, B, and 6p) is given by Eq. (A3). In this
approximation, L, = L,. In the general case, however,
Ly # L,. In particular, F;, becomes much larger than F
at high T, > 10° K because of the Q, contribution in
Eq. (AS5). We determine both F, and F as functions of T},
B, and 05 by solving the system of equations (A4)—(AS),
using the classical fourth-order Runge-Kutta method with
an adaptive step in P and controlled accuracy.

Previous studies of the thermal structure of NS envelopes
have treated convection differently: some (see, e.g.,
Refs. [99,100]) applied the Schwarzschild criterion, valid
in the absence of strong magnetic fields, while others (e.g.,
Ref. [96]) assumed convection was entirely suppressed by
strong magnetic fields. In this work, we adopt a modified
Schwarzschild criterion following Gough and Tayler [101],
which accounts better for the magnetic field’s influence on
the onset of convection.

We have computed the tables of 7' and F), as functions
of Ty, and B at 05 = 0 and at 03 = =/2. To obtain L, and
L,, we integrate F; and F} over the surface, using an
interpolation in these tables at arbitrary 6 with the fit [99]

1

P

Fyu(05) = | F?,(0)cos*0p + FT (g) Sinng] ’

p=1+ [Fs(”/z)/Fs(o)]%

I I I I |
6.5F .
= 6ot .
~
=Y0]
r—<o 5.5F :1014G N
/ --= B=10%G
(P -
sk — B=5x10"G
1 1 1 1 1
6 7 8 9 10
log Tb

FIG. 10.

In  superstrong  magnetic  fields (B> 10'> G),
F,(n/2) < F,(0). In this case, p~1, and Eq. (A10)
reduces to the approximation of Greenstein and Hartke
[102]. This limit corresponds to the ground-state, fully
catalyzed, or nonaccreted (Fe-composition) envelope,
which is expected to be realistic for magnetars, as they
are young and hot objects.

Figure 10 presents the results of the calculation
procedure described above for a fixed angle between
the magnetic field lines and the surface normal,
cos@p = 0.5. To obtain these results, we rescaled the
stellar mass and radius to our HHJ EoS so that the
envelope is compatible with our stellar model (see
Sec. ITA).

Figure 11 shows the surface magnetic field components
By and By, along with cos @5 as functions of the polar angle
for our initial magnetic field model CO. Additionally, it
shows the surface temperature obtained after applying the
procedure described above for an rms magnetic field
strength of B, = 5 x 10'> G. The influence of a strong
magnetic field on the heat conduction within the envelope
is clear. The regions where the field lines are perpendicular
to the surface normal become thermally insulated, while
areas where the field lines are parallel to the normal remain
thermally connected to the core.

Figure 12 displays the logarithm of the total surface
photon luminosity, log L, as a function of the logarithm of
the blanket (crust-core interface) temperature, log 7', ;, for
different rms magnetic field strengths. A linear fit in these
variables yields the following relations (with LS in erg/s
and T, in K):

logL® =2.06log Ty, +16.48 for B, = 10'* G,
(A11)

40.0F

35.0

log (Ls, Ly [erg/s])

30.0

Interpolated heat-blanket calculation results for the HHJ EoS at a fixed angle 63 between the magnetic field vector, B, and the

surface normal, given by cos 8z = 0.5. The results are shown for different magnetic field strengths: B = 10! G (dash-dotted), 10> G
(dashed), and 5 x 10" G (solid). Left panel: effective surface temperature, T, as a function of the temperature at the base of the heat-
blanketing envelope, 7',,. Right panel: Logarithm of the photon surface luminosity, L, (grey), and total heat flux at the base of the

envelope, L; (blue), as functions of T.
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FIG. 11.

6

Magnetic field model CO and its effects on the surface properties of the neutron star. Left panel: magnetic field components in

units of B, at the surface as a function of the polar angle. In black dashed-dotted the surface radial component By, and in black solid the
surface angular component Bj,. Central panel: cosine of the angle between the magnetic field lines and the normal to the surface as a

function of the polar angle. Right panel: surface
Binit =5x 1015 G.
1 1 1 1 ®
36 o © © 2
»
A
2L 34t o ¥ :
9, 5% 2
@ ,’:’/‘f’,
~_ 32F ./',’:z” 7
a0 o> @ DBy =5x10°G
= (]
- & > Binit = 1015 G
0fe-» e
ol ® By = 101G
1 1 1 1
6 7 8 9 10

log T [K]

FIG. 12. Total surface photon luminosity [Eq. (A2)] as a
function of the blanket (crust-core interface) temperature for
model CO, and different rms magnetic field strengths: 5 x 10° G
(cyan, solid circular markers), 103G (red, solid triangular
markers), and 104G (green, solid pentagonal markers). Here,
the marker shows the results obtained using the procedure
described in Appendix A, while the dashed lines correspond
to a linear fit during the period when L, = L,.

log L® = 1.93l0g T, + 17.75  for By = 10 G,
(A12)

log L® = 1.8810og T, + 18.44 for B,s = 5 x 105 G.
(A13)

As shown in Fig. 12, these linear fits are valid for
T, <10° K, where L,~L,, as discussed above. As
explored in Sec. V B, this condition holds in our case.
In this regard, in all numerical calculations we set
L% = L for simplicity. This means that the exponents

temperature profile as

a function of the polar angle using

in Eq. (91) are given by 46 =2.06, 1.93, and 1.88,
corresponding to B, = 10'#,10, and 5 x 10" G,
respectively [cf. Egs. (A11)—(A13)]. Finally, we note that,
despite the significant differences between models A, B,
and CO0, the L, vs T, relations (although not shown here)
are nearly identical in all three cases.

APPENDIX B: OBSERVATIONAL DATA

In Table 1V, we list the data set of isolated cooling NSs
that we use to plot Fig. 9. For weakly magnetized stars and
stars with no magnetic field observed, we mainly take the
data from [68]. For magnetars, we mainly take the data
from Ref. [7], with three exceptions. For Swift J1818-1607,
we take the timing data from [70] and adopt the upper limit
on the quiescent luminosity from Ref. [69]. For SGR 1745-
2900, we take the timing data from Ref. [72] and the data
on the quiescent bolometric luminosity from Ref. [71]. For
Swift J1555-5402, we take both timing data and the upper
limit on the luminosity from Ref. [73].

For the polar magnetic fields, B, cited values come from
pulsar-timing estimates, assuming a dipolar geometry.
Estimates of ages ¢ are ambiguous for some of the NSs
we consider. In case an age estimate not based on spindown
(a kinematic age or an age of the associated supernova
remnant) is provided in the literature, we take it as ¢. If only
timing data are available, we set lower and upper limits on ¢
as 0.5 and 2 times the claimed central value of the
characteristic age. We consider only NSs with
t <3 x 10* yr. For the statistical meaning of the intervals
and upper limits given in Table IV, see the cited sources and
references therein.

Notice that, especially for magnetars, the data on thermal
luminosities present in the literature are sometimes ambigu-
ous. For instance, Ref. [103] yields LS® for SGR J0526-66,
the hottest source in our set, to be twice lower than in [7].
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TABLE IV. Estimates for magnetic fields B, (taken at the pole assuming dipole geometry), ages ¢, and surface thermal luminosities
L measured by a distant observer for the set of NSs displayed in Fig. 9. See the text for details.

Name log B,, [G] logt [yr] log LY [erg/s] Source
CXOU J2323 4 5848 e 2.51..2.53 33.79...33.97 [68]
XMMU J1720 + 3726 e 2.78...2.85 34.03..34.11 [68]
CXOU J1601 + 5133 e 2.78...3.00 33.64...33.80 [68]
1WGA J1713 + 3949 e 3.21...3.21 33.23...33.36 [68]
CXOU J0852 4+ 4617 e 3.38...3.71 33.00...33.48 [68]
XMMU J1732 + 3445 e 3.30...3.78 34.13...34.29 [68]
CXOU J1818 4+ 1502 e 3.43..3.78 33.62...34.18 [68]
2XMM J1046 + 5943 e 4.04...4.48 31.89...32.79 [68]
CXOU J0617 + 2221 e 4.40...4.54 32.40...32.43 [68]
RX J0822-4300 10.76 3.57...3.72 33.59...33.79 [68]
CXOU J1852-0040 10.79 3.51...3.89 33.92..34.11 [68]
1E 1207-5209 11.29 3.37..4.32 33.06...33.26 [68]
PSR J0007 + 7303 12.34 3.96...3.97 <3148 [68]
PSR B1823-13 12.75 4.03...4.63 32.56...32.73 [68]
PSR B1706-44 12.79 3.94..4.54 31.78...32.94 [68]
PSR J2021 + 3651 12.81 3.93..4.54 32.54...32.86 [68]
PSR B0833-45 12.83 4.23..4.43 32.61...32.64 [68]
PSR J0205 + 6449 12.86 2.91..291 31.90...32.53 [68]
PSR B0531 + 21 12.88 2.98...2.98 < 34.48 [68]
PSR J1357-6429 13.19 3.56...4.16 32.46...32.63 [68]
PSR B2334 + 61 13.30 3.89...4.30 31.08...31.91 [68]
PSR B1509-58 13.48 2.89...3.49 33.85...34.04 [68]
PSR J1119-6127 13.91 3.62...3.85 33.04...33.58 [68]
1E 2259 4 586 14.08 4.00...4.30 35.00...35.40 [7]
SGR 0501 + 4516 14.57 3.70...4.30 33.20...34.00 [7]
Swift J1818—-1607 14.57 2.64..3.24 <3423 [69,70]
XTE J1810-197 14.62 3.74...4.34 34.00...34.40 [7]
SGR 1627-41 14.65 3.40...4.00 34.40...34.80 [7]
SGR 1745-2900 14.66 2.98...3.58 33.90...34.40 [71,72]
1E 1547-5408 14.80 2.54..3.15 34.30...34.70 [7]
Swift J1555-5402 14.84 3.00...3.60 < 34.68 [73]
1E 1048-5937 14.89 3.35...3.95 33.80...34.50 [7]
CXOU J0100-721 14.90 3.53..4.13 35.20...35.50 [7]
1RXS J1708-4009 14.97 3.66...4.26 34.80...35.10 [7]
CXOU J1714-3810 15.00 3.40...4.00 34.90...35.20 [7]
SGR J0526-66 15.04 3.40...4.00 35.40...35.80 [7]
1E 1841-045 15.15 2.70...3.00 35.20...35.50 [7]
SGR J1900 + 14 15.15 3.60...3.90 35.00...35.40 [7]
SGR J1806-20 15.46 2.80...3.00 35.10...35.50 [7]
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