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Statistical features of multiple Compton scattering in a strong magnetic field
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Compton scattering is a key process shaping spectra formation and accretion flow dynamics in accreting
strongly magnetized neutron stars. A strong magnetic field affects the scattering cross section and makes it
dependent on photon energy, momentum, and polarization state. Using Monte Carlo simulations, we
investigate statistical features of Compton scattering of polarized x-ray radiation in a strong magnetic field.
Our analysis is focused on photon gas behavior well inside the scattering region. We take into account the
resonant scattering at the fundamental cyclotron frequency, thermal distribution of electrons at the ground
Landau level, and bulk velocity of the electron gas. We show that (i) the photons scattered around the
cyclotron energy by the electron gas at rest tend to acquire the final energy close to the cyclotron one with
very small dispersion measure; (ii) the redistribution of photons within the Doppler core of cyclotron
resonance differs significantly from the complete redistribution; (iii) the efficiency of momentum transfer
from photons to the electron gas is affected by the temperature of electron gas both for photons at cyclotron
energy and below it; (iv) the momentum transfer from photons to the electron gas of nonzero bulk velocity
is more efficient in the case of magnetic scattering.
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I. INTRODUCTION

Compton scattering of x-ray photons is the primary
process shaping interaction of radiation and matter at high
temperatures in many astrophysical objects [1]. Magnetic
Compton scattering [2—4] is a key process standing behind
spectra and polarization formation in isolated and accreting
strongly magnetized neutron stars (NSs)-x-ray pulsars
(XRPs; see, e.g., [5-7]). A strong magnetic field B modifies
the elementary processes on the level of quantum wave
functions (see [8,9] for review) and changes dramatically
their cross sections. In particular, the Compton scattering
cross section becomes strongly dependent on the magnetic
field strength B, photon energy, direction of the photon
momentum k with respect to B, and polarization state
[2-4,10]. The electrons occupy the Landau levels, and the
electron transitions between the levels lead to resonances
in the scattering events. The scattering cross section at
resonant energies exceeds the Thomson cross section o7 by
orders of magnitude [11].

The resonant Compton scattering results in the appear-
ance of cyclotron scattering features in the energy spectra
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of magnetized NSs [12] and affects the interaction between
accreting material and radiation in the XRPs [13]. Because
the B-field strength determines the energies where the
resonances appear, the detection of cyclotron scattering
features in x-ray spectra is widely used to probe the
magnetic field strength of NSs.

The elementary scattering was considered, in detail, both
in the nonrelativistic limit [2,10] and taking the effects of
special relativity into account [3,4,14,15]. Harding and
Daugherty [11] compared QED polarization averaged cross
sections of Compton scattering and cyclotron absorption.
Useful analytical approximations were obtained in a
particular case of scattering of photons moving along the
field lines [16]. The redistribution of x-ray photons in the
cyclotron lines was discussed by Wasserman and Salpeter
[17], neglecting polarization and assuming a constant
temperature. They obtained analytical approximations for
the angle-averaged radiation field in close proximity to the
cyclotron resonance.

In general, because of the complicated behavior of
Compton scattering in a strong magnetic field, models
of radiative transfer with allowance for magnetic Compton
scattering are still limited, especially as concerns multiple
scattering.

© 2022 American Physical Society
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Some progress in solving problems of radiation transfer
in an optically thick highly magnetized plasma has been
achieved using an approximation of coupled diffusion of
normal modes (see, e.g., Nagel [18,19]). Kaminker et al.
[20,21] also applied this approach in the “cold plasma
approximation,” i.e., considering the coherent scattering
of photon energies outside the Doppler cores of the
cyclotron resonances. They considered a wide range of
the energies taking into account the effects of electron-
positron vacuum polarization in a strong magnetic field
(e.g., Adler [22], Mészdaros and Ventura [23], and Gnedin
et al. [24]).

Transport of polarized x-ray radiation in a hot highly
magnetized plasma at energies well below the cyclotron
energy in the diffusion approximation was investigated
by Lyubarskii [25] with taking into account multiple
Compton scattering and assuming linearly polarized
normal modes.

Monte Carlo simulations of polarized (in two polariza-
tion modes) radiative transfer in cylindrical geometry
were initiated in the late 1970s by Yahel [26,27] under
assumptions of fixed temperature, zero velocity, and the
Planck spectrum as a source of seed photons. Later the
Monte Carlo approach was applied in models of cyclotron
scattering feature formation in spectra of XRPs [28] and in
models describing spectra of XRPs at extremely low mass
accretion rates [29]. Monte Carlo simulations of resonant
Comptonization were applied to explain nonthermal x-ray
emission of magnetars [30-33], where the x-ray energy
spectrum in the quiescent state is thought to arise from
resonant Compton scattering of thermal photons by charges
moving in a twisted magnetosphere of a compact object.

On the basis of the Feautrier numerical scheme [34],
Nagel [19,35] studied radiative transfer in two specific
geometries: the slab and the cylinder. The calculations were
performed either taking into account angular redistribution
of photons but assuming coherent scattering [19], or with
allowance for the energy exchange in scattering events but
neglecting angular redistribution [35]. These calculations
were improved later by Mészdaros and Nagel [36,37], who
have taken into account both energy exchange and angular
redistribution of x-ray photons due to the scattering, as well
as the vacuum polarization effects. They derived some
predictions for the x-ray spectrum and its variations with
the direction. It was shown that the effects of vacuum
polarization influence both polarization and depth of the
cyclotron scattering feature.

The radiation transfer in an optically thick hot plasma, in
which incoherent Compton scattering plays an important
role, was investigated by Pavlov et al. [38]. They showed,
in particular, that in a strong magnetic field, the process of
Comptonization significantly affects the characteristics of
radiation, mainly in the vicinity of the cyclotron resonance.
It should be noted, however, that all authors cited above
solved the radiative transfer problem under assumptions of

constant temperature, constant mass density in the atmos-
phere, nonrelativistic Maxwellian distribution of electrons,
and the electron gas being at rest.

Recently, the Feautrier numerical scheme was improved
further and successfully applied for calculations of polar-
ized spectra of XRPs at low luminosity states [39].

Alexander et al. [40] analyzed the influence of induced
scattering on the spectra of magnetized atmospheres. Both
nonrelativistic and relativistic cross sections were used and
compared in the paper.

Burnard et al. [41] solved the radiative transfer problem
with allowance for magnetic Comptonization, temperature
variations in the atmosphere, and arbitrary inclination of the
magnetic field to the atmosphere. The effects of vacuum
polarization were not taken into account. The authors
developed a novel moment-Feautrier method for solution
of the radiative transfer problem. They obtained broadband
spectra for various orientations of the B-field and calculated
the dependence of temperature and mass density on the
optical depth.

The relativistic kinetic equation for magnetized Compton
scattering with the proper account of the induced processes
and Pauli exclusion principle was proposed by Mushtukov
et al. [42], but never used in numerical calculations because
of its complexity.

In this paper, we explore statistical properties of multiple
Compton scattering in a strong magnetic field using
Monte Carlo simulations. We investigate how multiple
scattering events in a medium with given physical param-
eters influence the distribution of x-ray photons over the
energy and momentum. We do not consider the photon’s
escape from the medium, and in that sense our analysis is
focused on the photon’s behavior well inside the scattering
region. However, the conclusions on the statistical features
of a single scattering event can be applicable to the cases
of optically thin medium. We examine features of both
resonant and nonresonant scattering, taking into account
polarization of x-ray photons, thermal motion of electrons
along B-field lines, and bulk motions of material, which is
particularly important for spectra formation and accretion
flow dynamics in the XRPs. Our simulations allow to reveal
specific effects of photon redistribution due to the scatter-
ing in a strong magnetic field and test applicability of some
assumptions used in the radiative transfer theory (in
particular, the assumption of complete redistribution within
the Doppler core of a line). Our analysis is limited to
nonrelativistic scattering cross sections and is performed
under the assumption that the majority of electrons occupy
the ground Landau level. This allows us to use simplified
scattering cross sections with resonances at the cyclotron
fundamental only. The assumption of predominant occu-
pation of the ground Landau level is valid in a strong B-
field because the radiative deexcitation occurs much faster
than the collisional excitation [8,43]. The used assumptions
are adequate for studying photon redistribution due to the
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scattering in the atmospheres and accretion columns of the
most typical strongly magnetized neutron stars.

The paper is composed as follows. In Sec. II we recall
the formalism of normal electromagnetic modes in mag-
netized plasmas. In Sec. III we derive working formulas for
cross sections of photon scattering by an ensemble of (in
general, moving and relativistic) electrons. Section IV
presents expressions for the total cross section and stat-
istical moments of the distribution of scattered photons.
Our Monte Carlo code is briefly described in Sec. V.
Numerical results are presented and discussed in Sec. VI.
Potential astrophysical applications of the results are listed
in Sec. VII. The summary is given in Sec. VIIL
Appendixes A and B give analytic expressions, respec-
tively, for the electron momentum distribution and for the
scattering amplitudes, which are used in our work.

II. POLARIZATION MODES OF THE
X-RAY PHOTON IN A STRONGLY
MAGNETIZED PLASMA

The photon in a strongly magnetized plasma is described
by its polarization state s, energy k, and direction of
momentum given by two angles: the angle between the
B-field and photon momentum 6 and the azimuthal angle ¢.
Thus, the photon momentum in the Cartesian coordinates,
where the z axis is aligned with the direction of the
magnetic field is given by

k = k(sin @ cos ¢, sin @ sin ¢, cos ). (1)

Here and hereafter, unless otherwise stated, we use the
natural system of units with the speed of light, Planck and
Boltzmann constants, and electron mass equal to unity
(c=h=kg=m,=1), and neglect the difference
between the phase and group velocities.

Plasma in a strong magnetic field is anisotropic and
birefringent (see reviews [9,44]). The propagation of
photons is determined by the dielectric tensor and the
magnetic permeability tensor, which are affected by spe-
cific properties of magnetized plasma and magnetized
vacuum. These tensors are determined by plasma mass
density p, chemical composition, magnetic field B, and
temperature 7. For a sector in the parameter space
{p, B, T}, covering the most typical conditions in the outer
layers of the strongly magnetized NSs, the electromagnetic
waves propagate in the form of two orthogonal normal
modes of different phase and group velocities: the ordinary
mode (O-mode) and the extraordinary mode (X-mode)
(see, e.g., [8,45]).

To describe polarization of a photon, let us use the
Cartesian coordinate system, where the z axis is aligned
with the direction of photon momentum k, the x axis is
taken to be perpendicular to the k — B plane, the y axis
belongs to the k — B plane and complements the coordinate
system to the right-hand one. The electric vector of an

elliptically polarized electromagnetic wave can be repre-
sented locally as
E = (E.e, + E e, )e™"", (2)
where e,, e, are unit vectors along the x and y axis,
respectively, E,, E, € C, and w is the photon frequency.
In the case of pure vacuum in a strong magnetic field, the
normal modes are linearly polarized. The electric field
vector of the X-mode photons oscillates in the direction
perpendicular to the k — B plane (i.e., E, = 0), while the
electric field vector of the O-mode oscillates within the
k— B plane (i.e., E, =0). In general, the modes are
elliptically polarized. Their ellipticity depends on k and
B, and on the plasma density. In the case of dominating
plasma effects and neglecting the effects of vacuum
polarization, the ellipticity parameter, establishing the
relation between E, and E| in (2), can be approximated as

E,
E.OQ)=—i|-2
5:1( ’ ) Z(Ex>a
2cos 6

= - E2 ? (3)
=25in? 6 — (—1)"\/%sin4 0+ 4cos?d

where @ = 1 for X-mode and a = 2 for O-mode in plasma,
Ey. ~ 11.6(B/10" G) keV (see, e.g., [46] and see Fig. 1).
Note that & = =&

The electric field vectors of elliptically polarized plasma

modes E(lpz) can be expressed through the electric field

vectors of linearly polarized modes E 5”2) as
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FIG. 1. The ellipticity parameter of the X-mode [a = 1, see

Eq. (3)] as a function of photon energy E. Different curves are
given for different angles 6 between the photon momentum and
B-field direction.
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which can be rewritten as

where

" I (—ifz 1)
SRV AR

_osign(éy) (1 &
_\/1+|§1|2<ir§1 —1> ©)

is unitary matrix (i.e., Mgvl = MZ,V). The linearly polarized
modes are chosen here to have the electric vector
perpendicular (E gv)) or belonging (E(ZU)) to the k — B plane.

Expression (3) provides a reasonable approximation for
the ellipticity of normal modes in a sufficiently dense
magnetized plasma. At low mass densities, the polarization
of normal modes is strongly affected or even dominated by
the effects of vacuum polarization (see Fig. 2, where the
vacuum influence on the polarization state of normal modes
was taken into account according to [47]). Below we study
statistical features of Compton scattering neglecting effects
of vacuum polarization and assuming that the ellipticity of
normal modes is given by Eq. (3).

III. SCATTERING CROSS SECTION AND THE
REDISTRIBUTION OF X-RAY PHOTONS

Each scattering event results in a change of photon
energy, momentum, and polarization state. Let us designate

10
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1 10 100

Photon energy, keV

FIG. 2. Comparison between the approximate ellipticity of
photons with a = 1, calculated with allowance for the plasma
effect only (black solid line), and the ellipticity calculated with
allowance for both plasma and vacuum effects. Different lines are
given for different mass densities: 0.01 (dashed-double-dotted),
0.1 (dashed-dotted), 1 (dotted), and 10 gcm™ (dashed). The
expression (3) provides a reasonable approximation for the
ellipticity at relatively large mass densities. Parameters: fully
ionized hydrogen plasma, E,. = 50 keV, 6 = 7/6.

[7313]
1

the conditions before and after scattering by subscripts
(“initial”) and “f” (“final”), respectively. There are two
conserved physical quantities in magnetic Compton scat-
tering: the total energy and the momentum along the
direction of the magnetic field. The corresponding con-
servation laws can be written as

En,-(pz,i) + ki = Enf(pz.,f) + kf’
Dzi+ kz,i =Pz + kz,fv (7)

where E,(p.) = (1 + p. +2bn)'/? is the electron energy
at the Landau level n, b is the field strength in the natural
units (in the ordinary units, b = B/B,, where B, =~
4.414 x 10" G is the critical QED field strength), p, is
the electron momentum along the magnetic field, and
k, = kcos@ is the z-component of k.

The redistribution of photons over momentum and
polarization states due to the scattering is described by
the double differential cross section as follows:

do, .
o Lk QL ke, Q). 8
dﬂfdkf (pZ.l i is N f f) ( )

where Q; ; = {0, ;, ¢; s} determines the direction of pho-
ton momentum, and s; ; are photon polarization states.

If a photon of momentum k; is scattered by an electron of
momentum p, ;, then there is a strict relation between the
final photon energy k; and the direction of its momentum
Q, which can be obtained from Eq. (7). In this particular
case the double differential cross section is given by

404 ki Q; kp Q
dgfdkf(pzﬂ i i f’ f)

doy, .
:5[kf_kf(pz,ivkia9ia6f)] dS;f <pz,i’kivgi79f)' )

To obtain the total scattering cross section, one has to
integrate both over the solid angle €, and final photon
energy k;. Photons of a given momentum k;, being
scattered into a direction Q; by an ensemble of electrons
with different p,, acquire a specific energy distribution,
which is determined by the distribution of electrons over
p.. In our simulation we assume that the electrons occupy
only the ground Landau level and their distribution over p,
in the reference frame comoving with a gas is given by the
one-dimensional Maxwell distribution (see Appendix A
and Fig. 13), i.e., the distribution is determined by two
parameters: temperature of the gas 7" and its velocity f. If
the latter distribution is f,(p.) (/72 f.(p.)dp. = 1), then
the differential (ensemble averaged) cross section describ-
ing the redistribution of photons over the directions can be
written as
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doy, s,
a,

([fe(p2)]s ki i, Q)

40 dog, .
= [ it (00 G (peseke @) (10
—o f

On the other hand, the same cross section can be obtained
by integration of “ensemble averaged” Eq. (9) over the final
photon energy,

ddsf X

dgz}.i ([fe(p2)] kis @i, )

oo do, .
= dk Sl ,k',g',k ,Q-
7 s g i ) ek )

_ / " dpife(pe)

0

" dk 4035, ki Qo ke, Q). 11

Using Eq. (9) in the second integral over dk;, we come to
Eq. (10). Based on Egs. (10) and (11), we will get in Sec. IV
the original expressions for further calculations.

The Lorentz transformations give the relation between
the cross section of scattering by an electron with momen-
tum p, and by an electron at rest (the values marked with
asterisks),

Cisih k00
de (pz,h RLLID f)
doy, (1-p%)
=, =0,k;, 07, ,,9* PRV
aQ; (- DY@ >(1—ﬁcos0f)
(12)
where
cosb, r—p
ki =kiy(1=peosy),  cosff, =—— L= (13)
/ 1 —pcost; s

determine the values of the photon momentum and cosine
of colatitude, respectively, in the reference frame of an
electron, y = (1+ p2)!/? is the electron energy, and
p = p./y is the electron velocity in the z direction (in
the natural units).

The differential cross section of Compton scattering in a
strong magnetic field is obtained in quantum electrody-
namics [2-4,10,14-16] and is related to the complex
amplitudes of scattering a, 5

o

3
dg 6T|a.sfsi|2' (14)

=0,k;,Q,Q
i r) = 327

The amplitudes depend on the exact expression for the
polarization modes (see Sec. II).

If the scattering amplitudes 4 are known for linearly
polarized (vacuum) modes (see expressions for the non-
relativistic case in Appendix B), then for arbitrary ellipti-

cally polarized modes they can be obtained as follows:

(15)

where the superscripts (v) and (p) denote the vacuum and
plasma polarization cases, respectively, and Mpv is the

transformation matrix given by expressions (6). The exam-
ples of total cross sections,

Q) = M, (E;,0,)a" My (E;, 0,),

s,s,

Gsfff(pz.i’kivei)_/ dSdy (16)

pz_i’ki7gi7g )
(47) dQ2 ( f)
between different polarization states for ellipticity given by
Eq. (3) are shown in Fig. 3.

IV. CHARACTERISTICS OF REDISTRIBUTION
OF PHOTON MOMENTA

The redistribution of x-ray photons over the energy,
momenta, and polarization states is fully described by the
double differential cross section (8). In this paper, we
consider three characteristics of the photon redistribution:

(1) the average photon energy (k/),

(2) the average photon momentum along B-field lines

(kycosfy), and

(3) the dispersion of the photon energy D (k).

The average energy of a photon after scattering events and
dispersion measure of the final photon energy illustrate the
features of the Comptonization process and are related to
the transformations of the photon energy spectra due to
interaction with the electron gas. The average photon
momentum after the scattering events gives an idea about
momentum exchange between radiation and gas, which is
related to calculations of radiation pressure in a strong
magnetic field.

The total cross section can be given by

o, ([fe(p2)] ki ;)

-3 [ a0 [t g 1L

_2/4 dgf/ dpzfe pz ‘f‘ (pz’khgi’gf)’
(17)

where in the second equality we use Egs. (10) and (11). The
averaged energy, longitudinal momentum of a photon, and
the dispersion of photon energy after a single scattering are
given by

Qi7kfagf>
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Nonrelativistic scattering cross section as a function of photon energy at various directions of photon momentum with

respect to the magnetic field lines: 8; = 0 (left panels), §; = x/4 (central panels), and 8; = z/2 (right panels). The upper and lower
panels show the scattering cross sections calculated for incoming X-mode and O-mode photons, respectively. The solid black lines
correspond to the scattering into X-mode, while the dashed red lines corresponds to the scattering into O-mode. Parameters:

Eeye =30 keV, T =5 keV, ff, = 0.

(k)
(kf cos ¢9f>1
D (k)
B 1
B O-s,-([fe(pz)L ki, €)

X Z/ de/oo dp,
Sy (4n) -

das‘ 8

aQ;

ky
kf cos Hf
((ky) = kp)?

Xfe<pz) (pz’khgivgf)' (18)

Calculation of the momenta after multiple scattering
involves integrals of higher multiplicity, which results in
numerical complications. To overcome them, we use
Monte Carlo simulations (see Sec. V), which naturally
allow for the multiple scattering and cross section mod-
ifications due to the photon redistribution.

Since the scattering cross section strongly depends on
the photon energy, momentum, and polarization state, the
mean free path of photons and the typical time between the
scattering events can greatly vary from one photon to
another, and a typical scattering rate strongly depends on
the photon properties. We will consider the averaged
quantities affected by the multiple scattering in a given
time interval. We will measure the time intervals in units of

a typical time between scatterings, which can be defined,
e.g., by the Thomson scattering cross section o7, that is
tr = (n,07)~", where n, is the electron number density.

V. MONTE CARLO CODE

Our Monte Carlo simulations are based on nonrelativ-
istic scattering cross sections (see Appendix B) calculated
for two polarization modes of a given ellipticity (3), which
is taken to be determined by the plasma only (see Sec. II).
We assume that the electrons occupy only the ground
Landau level and their distribution over p,, Eq. (A3), is
determined by temperature 7 and bulk velocity f, (see
Appendix A). The photon redistribution over the momen-
tum, energy, and polarization states is affected by the
properties of electron gas (its temperature and bulk veloc-
ity) and initial conditions of a photon.

We perform Monte Carlo simulations and track the
photons using a set of the following precalculated tables.

(i) Tables A give the total scattering cross section as a

function of photon energy k, polarization state (X or
O) before and after the scattering event, the angle 6;
between the field and the initial photon momentum,
temperature 7', and bulk velocity S, of the electron
gas. For each combination of the initial and final
polarization states of a photon, the tables are pre-
calculated in a fixed grid in k and 6;, and for fixed
values of T and f. To get scattering cross section for
a given k; we use quadratic interpolations first in the
photon energy grid and then in the angle grid.
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(i) Extended Tables B give probabilities for a photon of a
given initial and final polarization state to be scattered
from a given initial direction 6; into a certain segment
of the solid angle (6, + A8y, ¢, + Agy). The tables
are precalculated on a grid of photon initial param-
eters (energy, momentum, and polarization state) and
for both possible final polarization states.

Using “Tables A,” we estimate the total scattering cross
section o for a given set of parameters and get the mean free
path of a photon in units of the Thomson-scattering mean
free path, 7 = (n,07)~". The actual free path of a photon
is taken to be

£« —Inny. (19)

Here and hereafter, 1; € (0; 1) is a set of random numbers
generated in the Monte Carlo simulations. In the case of
known initial coordinates of x-ray photons, we also get the
location of the scattering event. Using the total scattering
cross section of a photon of a given physical condition
into X-mode, o1, (k;,6;), and into O-mode, o, (k;, 6;), and
generating a random number 7,, we get the photon
polarization state after the scattering event: the photon is
scattered into X-mode in the case of

O, (ki’ 9[)
615,‘ (kl’ 91) + sti (kla 91)

m < (20)

and into O-mode in the opposite case. At this step, we
already have the location of the scattering event and photon
polarization state after the scattering.

Using “Tables B” and known initial and final polariza-
tion states, we generate a random number 75 and get the
direction of a photon after the scattering event. Because the
electrons are distributed according to f,.(p.), the direction
of the photon momentum after a scattering does not
determine the final photon energy unambiguously. In order
to obtain the final photon energy, we generate a random
number 7, and, using Newton’s method, get the electron
momentum p, ; before the scattering event,

do-“f“‘i

fzbg dpzfe (pz) a9y,
Ny =

(p 7ki’gi9g )
: 7

do's‘f \Si

dQ; ([fe(pz)]v k,’, Qh Qf)

Based on the obtained electron momentum before the
scattering event and using the conservation laws (7), we
get the final photon energy.

As aresult, we arrive at the final momentum, energy, and
polarization state of a photon, using the precalculated tables
generating four random numbers. The described scheme
allows us to track either photons undergoing a fixed
number of scattering events, or photons participating in
scattering events during a given time interval, or photons
passing a certain distance in a scattering medium. The

Nk,

LI I 12 1)) S L S ) A

—

S
T T T T T
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FETITT ERRTT ARRTITT RRTTY AT |

Nk
)

T T T T T
T IERTTT WERTTTT MR MR g
LB LU L L

s o E o
10°° 1 10 100 O. 1 10

kg, keV kp, keV

(=}
—_

FIG. 4. Evolution of photon distribution over the energy due to
multiple scattering in a strong magnetic field. The initial photons
are taken to be of ellipticity &, [see Eq. (3)] and propagating
initially along the field lines (6; = 0). Their distribution over the
energy is given by the d-function at k; = 2 keV. Different curves
at the top panel describe photon distribution after ny,, = 10 (the
solid line), 10? (the dashed line), 10° (the dotted line), and 10*
(the dashed-dotted line) scattering events. The four lower panels
represent the same distributions (solid curves) and the parts of the
distributions corresponding to photons polarized in the X-mode
after ng. scatterings (dotted curves and dark grey area below
them). One can see that the photons tend to concentrate within
the Doppler core of a cyclotron line and predominantly in the
X-mode due to multiple scatterings. Parameters: E,. = 30 keV,
T =5keV, f,=0.

scheme can be easily implemented in the models of
atmospheres if one applies appropriate boundary conditions
(see, for example, Ref. [29]). Applying repeatedly the
described numerical scheme to the photon with fixed initial
parameters, we get different final parameters of the photon
and are able to investigate statistical features of multiple
Compton scattering. The examples of spectra and polari-
zation evolution due to the multiple scattering events are
presented in Fig. 4.

VI. NUMERICAL RESULTS

In this section we describe and discuss the results of our
numerical simulations of the statistical features of multiple
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Compton scattering in a strong magnetic field. We inves-
tigate how the photon distributions over energy, momenta,
and polarization state evolve due to the multiple scatterings
if the initial distribution is given by the delta function. The
example of such an evolution is represented on the upper
panel of Fig. 4, where the initial photons are taken to be of
equal energy E = 2 keV. One can see that the scatterings
result in a gradual widening of the distribution over the
energy range. After a sufficiently large number of scatter-
ings, ny, the photons get into the Doppler core of a
cyclotron line and stay there. The four lower panels of
Fig. 4 present the analogous distributions, but resolved into
two polarization modes. It can be seen that inside the
Doppler core of the cyclotron line the X-mode dominates,
while outside the core at lower energies the O-mode has a
significant advantage.

On the basis of the simulated evolution of the photon
distributions, we calculate the basic statistical character-
istics: the average photon energy, the standard deviation of
the photon energy, the average photon momentum along
the B-field lines, and the average polarization state after
multiple scattering events (they are shown in Figs. 5, 7, 11,
and 12 below). Let us note for clarity that, in contrast with
Figs. 4 and 10, in all other figures below just the initial
photon energy k; is plotted along the abscissa axis.

Starting with the analysis of statistical features of photon
distribution after a fixed number of scattering events, we
consider later the time evolution of the statistical features
(see Sec. VID). Many specific features of magnetic
scattering arise after the first scattering event already.
The analysis of the time evolution is not straightforward
and requires accounting for the dependence of a photon free
path on the photon momentum and polarization, which
vary from one scattering event to the another. Meanwhile,
the temporal evolution of the statistical features has clear
physical meaning.

The momenta of photon redistribution function have
been evaluated using ~10° photons for each set of initial
parameters.

A. The energy of x-ray photons after multiple
scattering events

The electron gas at rest scatters the photons below the
cyclotron energy with relatively insignificant changes of
their energy [see Fig. 5(a)]. However, the dispersion of final
photon energy increases with the increase of the number of
experienced scattering events [see the upper panel in Fig. 4
and Fig. 5(b)]. The photons below the cyclotron energy
tend to be scattered at large angles regarding the B-field
direction. Because of that, the average momentum of the
scattered photons along the field direction is small
[Fig. 5(c)].

The photons having energies within the Doppler core of
the cyclotron line take part in resonant scatterings. The
resonant scattering within the Doppler core of the line

effectively produces photons of energy equal to the cyclo-
tron energy (see Fig. 4, where the photons tend to stay
within the Doppler core as soon as they get there), thus
shifting the averaged energy to the cyclotron one [see
Figs. 5(a) and 6]. This happens because the photons
“choose” the electrons from the available distribution,
which provide a larger scattering cross section [see
expression inside the integral in Eq. (10)], i.e., the prob-
ability of the scattering of the photon with an energy k; and
polarization s; by an electron of momentum p,; is

2
Py (i ki, ;) < fe(p.i) Z asf.s,»(pz.iv ki 0;). (22)

sp=1

Thus, the photons within the Doppler core of the cyclotron
line are scattered with higher probability by faster
oncoming electrons, if the photon energy is smaller than
the cyclotron one, k < E... Vice versa, the photons having
k > E.,. within the Doppler core are more likely scattered
by outgoing electrons. The standard deviation of the final
photon energy varies significantly within the Doppler core
[see Fig. 5(b)], in contrast to the model of complete
redistribution [48], which implies that both the average
photon energy and the standard deviations are constant
within the line core (see, e.g., [34,49]).

Photon scattering by the electron gas of nonzero bulk
velocity shows different features of photon energy redis-
tribution. In Fig. 7, the bulk velocity in the z direction
(along the field lines) is chosen as ff, = —0.5. The photons
with energy E below the cyclotron energy E.. tend to be
scattered with significantly higher final energies than the
initial one [see Fig. 7(a) and compare with Fig. 5(a)].
This effect causes bulk Comptonization in XRPs [50]. The
energy of resonant scattering changes due to the Doppler
effect, and photons experience resonant scattering at lower
energies in the case of their motion oncoming towards the
electrons. This effect is one of the possible causes of
variation in cyclotron line centroid energy in subcritical
XRPs [51].

B. The momentum of a photon
along the magnetic field lines

The averaged momentum of a photon after a scattering
along B-field lines together with the photon momentum
before the scattering give a typical momentum, which is
transferred to an electron due to the scattering,

Ap, . = k;cos@; — (k;cos0;). (23)

A strong magnetic field affects the momentum, energy
exchange between particles, and the photon redistribution
over the directions due to the scattering.

Because the scattering cross section strongly depends on
the photon energy, the average photon momentum after the
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FIG. 6. The average photon energy after 25 scattering events by
the electron gas of different temperatures: 7 = 1 (the black solid
line), 5 (the red long-dashed line) and 50 keV (the blue short-
dashed line). One can see that the photons scattered within the
Doppler core of a cyclotron line are tending to have the final
energy close to the cyclotron one. Parameters: E.. = 30 keV,

0, =0, By = 0. The run includes 10° photons.

scattering is affected both by temperature of the electron
gas (see Fig. 8) and by bulk velocity (see Fig. 9). The
dependence on temperature arises due to the Doppler effect
and a strong dependence of the scattering cross section on
the photon energy below and near the cyclotron resonance
(mainly for the photons of X-mode): the photons are most
likely scattered by those electrons from the distribution,
which provide the larger scattering cross section [see
Eq. (22)]. Therefore, resonant electrons are predominantly
oncoming for photons with energies below the cyclotron
energy, while for photons with higher energy the resonant
electrons are predominantly outgoing. The photons at the
red wing of the Doppler core of the resonance tend to get
the momentum in the direction opposite to the initial, and
vice versa, the photons at the blue wing of the core get an
extra momentum in the direction of their initial motion [see
Figs. 5(c) and 8]. In the hotter electron gas case, the
diversity of electrons of different momenta along the field
lines available for scattering is larger. Because of that, the
momentum exchange between the electron gas and photon
gas is more intensive at higher temperatures. This feature,
however, disappears after a few scatterings in the case of
the electron gas at rest (, = 0). The dependence on the
bulk velocity is mainly due to the Doppler effect, which
also determines the photon energy in the reference frame
comoving with the electron.

C. Polarization of x-ray photons under
the influence of Compton scattering

Multiple scattering events lead to a gradual decrease of a
fraction of X-mode photons and accumulation of O-mode
photons below the cyclotron resonance (see the lower
panels in Figs. 5 and 7). This result agrees with rough

estimations of the probability of photon polarization tran-
sitions. Indeed, at photon energy well below the cyclotron
energy (E < Ey.), the scattering cross section, integrated
over angles, can be estimated by order of magnitude as
o5, o ~ 0.2567 for the transition from O-mode into O-mode
and 68Ly ~ oy ~ 0¥ ~ (E/Ee)?or for all other
transitions (see, e.g., [2,20,52]). Hence the probability of
photon polarization switch from the O-mode to the X-mode
is smaller than the probability to remain in the O-mode by a
factor ~(E/E.y)? while for the X-mode photons both
probabilities to change their polarization mode or to retain it
are comparable by order of magnitude. Therefore, at low
photon energies, it is the O-mode that dominates until the
number of scatterings becomes so large that gradual dif-
fusion (due to the exchange of energies between electrons
and photons) of low energy photons towards the resonance
energy leads to accumulation of the X-mode (such a
tendency can be noticed in Figs. 4 and 5).

Near the cyclotron resonance the situation is opposite.
The X-mode conserves due to the resonant scattering
in the vast majority of cases (see the upper panels in
Fig. 3), while the scattering of O-mode photons produces
the photons of X- and O-modes with much lower
probabilities (see the lower panels in Fig. 3). Thus,
multiple scattering leads to gradual replacement of the
O-mode by the X-mode in a wide vicinity of the cyclotron
energy (see Fig. 4).

Note that after a sufficient number of scattering events
(in our simulations it happens after 25 scatterings already)
the photon energy distributions become similar for different
initial states of photon polarization (compare blue dotted
lines from left and right panels on Figs. 5 and 7).

D. Features of photon redistribution
after fixed time intervals

The scattering cross section and, therefore, the free path
of x-ray photons are strongly dependent on the photon
energy, momenta, and polarization state. All of these
parameters are variable due to the scattering events. As a
result, the temporal evolution of initial photon distribution
(see Fig. 10) is different from the evolution, where the unit
step corresponds to the scattering event.

The main feature of photon distributions when consid-
ering the multiple photon scatterings in a given time
interval is the large difference in the number of scatterings
occurring with photons of different energies. So for
relatively long time intervals (+ = 100 and even 100077
as in Fig. 10) low-energy photons experience a relatively
small number of scatterings until they diffuse (due to the
exchange of energies with electrons) in the direction of
cyclotron resonance, where the number of scattering
increases sharply. As a result, at r = 10%¢; an approxi-
mately uniform distribution is established between the
initial photon energy (2 keV in Fig. 10) and resonance
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energy E.,.. Moreover, a certain balance is maintained
between X- and O- mode photons (see below).

Figures 11 and 12 (similar to Figs. 5 and 7) show the
main characteristics of photon redistribution in a wide
range of initial energies k; after given time intervals.

10
k;, keV

100

10
k;, keV

The same as in Fig. 5, but the electron gas is taken to be moving with 3, = —0.5.
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In general, the characteristics of the photon redistribution
show some features similar to the ones calculated for
photons after a fixed number of scattering events. In
particular, the photons within the Doppler core of a
cyclotron line still tend to be scattered close to the line
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ing in the nonmagnetic case. Parameters: E.,. = 30 keV, ¢; = 0,
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FIG. 10. Temporal evolution of photon distribution over the
energy due to multiple scatterings in a strong B-field. The
initial photons are taken to be of pure X-mode propagating
along the field lines (6; = 0). Their distribution over the energy
is given by the J-function at k; = 2 keV. Different curves at the
top panel describe photon distribution after 10z; (solid), 10%¢;
(dashed), and 103#; (dotted). Two bottom panels represent the
same distributions (solid curves) and the parts of the distribu-
tions corresponding to photons of X-mode (dotted curves and
dark grey area below them). Parameters: E., = 30 keV,
T =5keV, f,=0.

center in the reference frame where the electron gas is at
rest. At the same time, strong variations of photon energy
deviation from the average value within the Doppler core of
a line are reduced [see Figs. 11(b) and 12(b) and compare
them with Figs. 5(b) and 7(b)]. In the limiting case of large
time intervals, the characteristics of photon redistribution
become independent on the initial polarization state of the
photon characteristics (compare the values represented on
the left and right panels of Figs. 11 and 12 corresponding
to t = 100z7).

Furthermore, the photon’s average polarization state sets
at a value different from the one we get at a large number
of scattering events [compare Figs. 11(d) and 5(d)]. This
difference can be explained by the dependence of the
magnetic Compton scattering cross section on the photon
polarization state. After a sufficiently large number of
scattering events, most of the photons’ energies come to the
Doppler core of a cyclotron line. The scatterings produce
photons of the X-mode with a larger probability than
photons of the O-mode. So, after a large but fixed number
of scatterings, most of the photons are in the X-mode
[see Fig. 5(d) and 5(h)]. Still there is a small probability
that a scattering will produce photons of the O-mode.
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FIG. 11. The averaged energy of a photon (a,e), the standard deviation of a photon energy (b,f), the averaged photon momentum along
the magnetic field (c,g), and the typical fraction of photons polarized in the X-mode (d,h) after 0.1#; (black solid lines), 1#; (red dashed
lines), 107, (blue short-dashed lines), 100z (cyan dashed-dotted lines), and 10007, (black dashed-double-dotted lines), where ¢ is a
typical time scale between two Thomson scatterings. Figures on the left (a,b,c,d) and on the right (e,f,g,h) are given for the photons
initially polarized in plasma X- and O-modes, respectively. Parameters: E . . = 30 keV, T = 5 keV, 0; = 0, ; = 0. The run includes

10° photons.
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FIG. 12. The same as in Fig. 11, but the electron gas is taken to be moving with f; = —0.5.

Such photons, however, do not undergo the resonant
scattering, and their free path time is larger than that
of the X-mode photons. As a result, the photons of the
O-mode are produced rarely but remain in the medium
longer than the photons of the X-mode. For this reason, the

O-mode photons, which experienced only a few scattering
events, accumulate in the system during a given time. As a
result one can notice a tendency to some balance between
X- and O-modes in Figs. 11 and 12 for long time intervals.
Note that such an accumulation of O-photons within the
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medium is a consequence of the fact that the optical
thickness is assumed to be infinitely large, otherwise the
polarization ratio at ¢ > ¢ty would be principally different.

VII. ASTROPHYSICAL APPLICATIONS

The present study aims at a description of radiative
transfer in isolated and accreting strongly magnetized NSs.
In this respect, the following points are of particular
interest:

(i) Radiative transfer in a cyclotron line is strongly
affected by thermal and bulk motion of electrons.
The photon redistribution within the Doppler
core of a line is significantly different from the
one given by the approximation of complete
redistribution. This result is particularly important
for numerical simulations of x-ray spectra and
investigation of cyclotron line features in NSs
[12,51,53-56].

(ii) Confinement of x-ray photons within the Doppler
core of a cyclotron line can affect Comptonization
of soft x-rays by hot electron gas, preventing the
appearance of high-energy tails with exponential
cutoff at E ~ T in the energy spectra. Note that this
statement still has to be tested in realistic geomet-
rical settings, taking boundaries of the scattering
region into account. Here we do not consider any
boundary effects, hence our present analysis of
multiple photon scattering is only applicable well
inside the scattering region.

(iii) The efficiency of momentum transfer from the
photons to the electrons due to the Compton
scattering in a strong magnetic field differs signifi-
cantly from that in the nonmagnetic case. A strong
dependence of the scattering cross section on photon
energy below the cyclotron resonance results in
more efficient momentum transfer to the gas moving
towards the source of photons. The efficiency of
momentum transfer depends on the gas temperature
both within the Doppler core of the cyclotron line
and below the cyclotron resonance, i.e., within the
photon energy intervals where the scattering cross
section strongly depends on the photon momentum.
The specific effects of momentum transfer come
into play after the first scattering event already and,
therefore, are valid both for optically thin and
optically thick mediums. Such features of momen-
tum transfer from the photons to the gas are
particularly important for calculations of radiation
pressure in accreting strongly magnetized NSs and
for estimations of the critical luminosity sufficient to
stop accretion flow above the stellar surface [13,57]
and structure of the accretion columns at high mass
accretion rates in XRPs [41,58-60].

VIII. SUMMARY

We have considered statistical features of magnetic
Compton scattering of polarized x-ray photons by the
electron gas, taking into account the resonant scattering
at the fundamental cyclotron frequency, thermal distribu-
tion of electrons on the ground Landau level, and the bulk
motion of the electron gas. We have used an approximation
of nonrelativistic scattering cross sections and photon
dispersion relations dominated by plasma effects.
Effectively, multiple scattering events were investigated
in the infinite medium, i.e., we did not consider the process
of the photon’s escape from the scattering region. This
analysis allows us to make conclusions on the features
of photon redistribution and momentum transfer from
photons to the medium due to the interaction with the
electron gas inside the scattering region. The statistical
feature of single scattering events can be applicable to the
analysis of radiative transfer in an optically thin medium,
when photons hardly experience more than one scattering.

We have shown that the photons with initial energies E in
a wide vicinity of the cyclotron energy Ey. tend to acquire
final energies closer to E after scattering [see Figs. 5(a),
5(e), 11(a), and 11(e)] with a relatively small dispersion
measure [see Figs. 5(b), 5(f), 11(b), and 11(f)]. It means that
the photons can be confined near the cyclotron energy, where
the scattering cross section is large. This confinement of £
near E . increases the probability of true absorption due to
the cyclotron mechanism and due to free-free transitions
amplified at cyclotron energy in a strong magnetic field (see,
e.g., [8,61] and references therein). Photon redistribution
within the Doppler core of a cyclotron line is significantly
different from the complete redistribution widely used as
approximation in radiative transfer calculations [34,49].

The efficiency of photon momentum transfer strongly
depends on energy E near E . [see Figs. 5(c), 5(g), 7(c),
and 7(g)]. The photons with E slightly smaller than E
tend to be scattered by electrons moving towards them,
which results in an efficient momentum transfer from the
photons to the electrons. The photons with E slightly larger
than E,. are more efficiently scattered by electrons moving
in the same direction with them. The strong dependence
of the scattering cross section on the photon energy in the
vicinity of the resonance results in a dependence of
momentum exchange on the electron temperature. These
specific features of momentum transfer arise after the first
scattering event already.

Bulk velocity of the electron gas strongly affects the
exchange of momenta between electrons and photons (see
Fig. 9). In the case of oncoming motion, photons below the
cyclotron resonance acquire a negative impulse and thereby
transfer inverse impulse to the electron gas more efficiently
than in the nonmagnetic case. The braking of accreting
material due to a strong radiative force is typical for bright
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x-ray pulsars (see, e.g., [7,13,57]). This feature of
magnetic Compton scattering is essential for the braking
of accreting material, in particular, in the radiation-
dominated shock near the NS surface at sufficiently high
mass accretion rates.

Multiple Compton scatterings, limited by a given tem-
poral (or spatial) interval, tend to reduce the fraction of
X-mode photons or to balance the X- and O-modes. This
effect, however, should be considered consistently with the
effect of a larger free path of X-mode photons at energies
below the cyclotron energy when analyzing problems of the
polarized radiation transfer in highly magnetized atmos-
pheres of NSs.
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APPENDIX A: ONE-DIMENSIONAL
RELATIVISTIC MAXWELL DISTRIBUTION

The electrons and positrons in a strong magnetic field are
distributed over the Landau levels and move along B-field
lines. The distribution over the Landau levels in the case of
local thermodynamic equilibrium is described by the
Boltzmann law. Then the majority of electrons occupy
the ground Landau level in the case of an extremely strong
magnetic field (E.,. > T). However, in the conditions
characteristic of the atmospheres, magnetospheres, and
accretion columns around strongly magnetized NSs, the
typical time scale of radiative deexcitation from upper
Landau levels is much shorter than the typical time scale
of collisional excitation, whence it follows that the majority
of electrons occupy the ground Landau level not only at
T < E,y, but even in the case of temperatures comparable
to the cyclotron energy (e.g., Refs. [8,43]; see also
Ref. [62]).

If electrons occupy the ground Landau level only, their
one dimensional relativistic Maxwellian distribution in the
reference frame comoving with the gas is given by

eV
2K, (y) ’

fe(pz) :fe,M(pz’TuBO :O) = (Al)

where y = m, /T and K (y) is the modified Bessel function
of the second kind, which provides the normalization

[, dp.f.(p.) =1 [see Fig. 13(a)].
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FIG. 13. The relativistic one-dimensional Maxwellian distri-
bution of electrons over the momentum along magnetic field
lines. (a) Different curves are given for different temperatures
of the electron gas while the bulk velocity is fixed at f, = 0. (b)
Different curves are given for different bulk velocities of
electron gas with temperature fixed at 7 = 10 keV.

The distribution in the arbitrary reference frame can be
obtained from the Lorentzian transformation. The distri-
bution function f7(p.) normalized by the particle number
density N is invariant under Lorentz transformation, but the
number density is not: we have

/_ " dp.fi(pefo) = N(Bo) = roNo.  (A2)

[Se]

where 7, = (1 — f83)71/? is the gamma factor due to bulk
velocity of an electron gas and N, is the number density in
the comoving reference frame. Therefore, the distribution
function normalized by the unity [see Fig. 13(b)] is

fe,M(pz’ T’ﬂO) = yglfe,M<p/z’ T,py = 0)

e~ Ylror=pop2)] (A3)
C 2nKi(y)

and

/_ " dp.fon(pT.By) = 1. (Ad)

(o]
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APPENDIX B: NONRELATIVISTIC SCATTERING
AMPLITUDES: ANALYTICAL EXPRESSIONS

In the case of photon propagation in a magnetized
vacuum the normal polarization modes are linearly polar-
ized. The electric vector of the ordinary mode (O-mode,
denoted by “2” here) belongs to the plane composed by the
B-field direction and direction of photon momentum, while
the electric vector of extraordinary mode (X-mode, denoted
by “1” here) is perpendicular to this plane.

Nonrelativistic amplitudes describing the scattering of
linearly polarized modes (see, e.g., [2]) are given by

(

al) =g+f, (B1)
a%y) = 28,8, 4 CiCr(g+ f), (B2)
ayy) = ~iCi(g - 1), (B3)
a) = +iCs(g— f). (B4)
where
g= k,+k71ECyc eivi=er) f= ki_kgjgcyce—i(%—w)’

C; =cos0;, Cy =cosby, S; =sind;, and Sy = sin ;. The
scattering described by the amplitudes (B1)-(B4) is reso-
nant at the cyclotron energy E.y., where the denominator
(k; = Eyc) = 0 and the absolute values of the amplitudes
turn to infinity. These infinities are removed by the
regularization procedure [63], when one allows for the
natural width of Landau levels [64—66]. In our calculations
we follow the approximations proposed in [65] (see Sec. VI
and Appendix B in [4] for more details). For future use it is

convenient to introduce the matrix composed of scattering
amplitudes with the following notation:

[
H WO RO &

dyr Ay
Using transformation (15) one can get the scattering

amplitudes for elliptically polarized photons using
Eq. (B5). The corresponding analytical expressions are

(BS)

a) = QPE,ESS: + g1 - EC)(1 - £,C)

+ (1 +&CH(1 +E6C)l, (B6)
aé‘? =028y +g(& + C;) (& + Cy)
+f(& = Ci) & = Cp)ls (B7)
al) = 026188, + g(Ci + &) (&,C; = 1)
+ f(Ci = &) (& Cp + 1], (B8)
aéﬁ) = 0[25;8;S; + g(Cy + &) (&:Ci = 1)
+ f(Cr=&p)(&Ci + 1)), (B9)

where @ = (1+[&*)7"2(1 +|&)7"? and & = é&x,,
&y = &x s are ellipticities of the extraordinary mode before
and after the scattering event, respectively. Note that in a
limit of coherent scattering (k; = k;), only the amplitude
ai‘i) shows resonance at the cyclotron energy, while the
other amplitudes are not resonant [20]. However, if one
takes into account the electron recoil and the corresponding

change of photon energy, the amplitude aéli) (corresponding
to polarization transition from X- to O-mode) also becomes

resonant at k; = Ey..
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