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Abstrat

We study hydrogen plasmas at magneti �elds B � 10

12

� 10

13

G, densities � � 10

�3

� 10

3

g m

�3

and

temperatures T � 10

5:5

�10

6:5

K, typial of photospheres of middle-aged ooling neutron stars. We onstrut

an analytial free energy model of the partially ionized plasma, inluding into onsideration the deentred

atomi states, whih arise due to the thermal motion aross the strong �eld. We show that these states,

negleted in previous studies, may ontribute appreiably into thermodynamis of the outer atmospheri

layers at � . 1 g m

�3

and typial B and T . We take into aount Coulomb non-ideality of the ionized

omponent of the plasma a�eted by intense magneti �eld. Ionization degree, oupanies and equation of

state are alulated, and their dependenes on the temperature, density and magneti �eld are studied.

1 Introdution

Magneti �eldsB � 10

12

�10

13

G typial of isolated neutron stars qualitatively modify many

physial properties of matter [1, 2℄. It was suggested that the outer layers of the neutron

stars may be omposed of hydrogen at temperatures T � 10

5:5

�10

6:5

K [3℄. Thus the study

of hydrogen plasmas at suh B and T is of great pratial importane for astrophysis. For

studying the magnetized matter, Thomas-Fermi-like methods were used starting from 1970

[4℄ (see ref. [5℄ for reent results and referenes). It is well known, however, that they are

not well suited for light elements. Here we employ the free-energy minimization method.

The motion of harged partiles in a magneti �eld is quantized into Landau orbitals.

The magneti �eld is alled strongly quantizing if the free eletrons populate mostly the

ground Landau level [2℄. This ours when the eletron ylotron energy ~!



= ~eB=(m

e

)

(where ~, e, m

e

and  are the Plank onstant, eletron harge, eletron mass and speed of

light, respetively) exeeds both the thermal energy k

B

T and the eletron Fermi energy �

F

| that is for temperatures T � T

B

and densities � < �

B

, where

T

B

= 3:16 � 10

5

 K; �

B

= 0:809 

3=2

g m

�3

;  �

~

3

B

m

2

e

e

3

=

B

2:35 � 10

9

G

: (1)

The atom in a strong magneti �eld  � 1 is ompressed in the transverse diretions to

the size of the \magneti length": a

m

= (~=eB)

1=2

= a

0



�1=2

; where a

0

= ~

2

=(m

e

e

2

)

is the Bohr radius. The ground-state binding energy grows logarithmially with B and

exeeds the ground-state energy of the �eld-free atom by order of magnitude at B � 10

12

G

[1℄. Ionization equilibrium of atoms in strong magneti �elds has been �rst disussed in

ref. [6℄. However, that pioneering work negleted modi�ations of the atomi properties

aused by the thermal motion of the atoms aross the �eld. These motional modi�ations

arise from the oupling between the entre-of-mass motion aross the �eld and the relative

eletron-proton motion. These e�ets were appreiated by Ventura et al. [7℄, but quantum-

mehanial alulations of binding energies and wave funtions of hydrogen atoms in any

states of motion in the strong magneti �elds have been arried out only reently [8℄.
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Lai and Salpeter [9℄ (see referenes therein for earlier work) onsidered the ionization

equilibrium of strongly magnetized hydrogen using a rude approximation for binding ener-

gies of moving atoms whih missed the so-alled deentred states with a large eletron-proton

separation [8℄. The same approximation was used in ref. [10℄, devoted to the low-density

equation of state. Here we employ new �tting formulae to atomi energies and sizes [11℄

based on the previous study [8℄, valid for any state of atomi motion. We onstrut an

analyti model of the plasma free energy and derive and solve a generalized Saha equation.

2 Free Energy Model and Generalized Saha Equation

We onsider a plasma onsisting of N

e

eletrons, N

p

= N

e

protons, and N

H

hydrogen

atoms in a volume V , and write the Helmholtz free energy as F = F

id

+ F

ex

; where F

id

=

F

(e)

id

+ F

(p)

id

+ F

neu

id

is the sum of the ideal-gas free energies of the eletrons, protons, and

neutral speies, respetively, and F

ex

is the exess free energy.

For the ideal gas of eletrons, the pressure and number density are

P

e

=

k

B

T

�

3=2

a

2

m

�

e

1

X

N=0

g

N

I

1=2

(��

N

); n

e

=

1

2�

3=2

a

2

m

�

e

1

X

N=0

g

N

I

�1=2

(��

N

); (2)

where I

p

(x) =

R

1

0

t

p

dt=(e

t�x

+1) is the Fermi integral, �

N

� �

e

�N~!



, �

e

is the hemial

potential, � � (k

B

T )

�1

, �

e

� ~

p

2��=m

e

, g

N�1

= 2, and g

N=0

= 1. The free energy is

given by F

(e)

id

= �

e

N

e

� P

e

V; where �

e

is found using an algorithm desribed in ref. [12℄.

In the strongly quantizing regime, the Fermi energy is �

F

= 2�

4

~

2

(a

2

m

n

e

)

2

=m

e

, whih

di�ers from the non-magneti ase by a fator (4=3)

2=3

(�=�

B

)

4=3

. Thus the degeneray is

strongly redued at � � �

B

. Furthermore, in the non-degenerate regime (k

B

T � �

F

), we

have F

(e)

id

= N

e

k

B

T

�

ln(2�a

2

m

�

e

n

e

)� 1

�

:

For the protons, whih are non-degenerate, we have

�F

(p)

id

=N

p

= ln(2�a

2

m

�

p

n

p

) + ln [1� exp(��~!

p

)℄� 1; (3)

where !

p

= (m

e

=m

p

)!



is the proton ylotron frequeny. Here, for sake of brevity, we

drop the zero-point energy

1

2

~!

p

and the spin energy �

1

4

g

p

~!

p

, where g

p

= 5:585 is

the proton spin gyromagneti fator. These terms are the same for free and bound pro-

tons. Taking them into aount yields an additive ontribution: �F = N

0

f~!

p

=2 �

k

B

T ln[2 osh(�g

p

~!

p

=4)℄g; where N

0

is the total number of protons (free and bound).

�F does not a�et ionization equilibrium and pressure.

For the exess free energy of the ionized omponent, a general �tting formula in the

non-magneti ase is given in ref. [13℄. It is known that thermodynamis of lassial

Coulomb plasmas is not a�eted by the magneti �eld, whih, however, a�ets the quantum-

mehanial ontributions to F

ex

. These e�ets have been studied only in the low-temperature

or low-density regimes (e.g., ref. [10℄ and referenes therein). Here we use a saling (r

e�

s

=

sr

s

) of the density parameter r

s

= (4�n

e

a

3

0

=3)

�1=3

at a �xed Coulomb parameter � =

�e

2

=(a

0

r

s

) in the formulae of ref. [13℄. The saling is devised so as to reprodue the low-

density, high-temperature results presented in ref. [10℄, as well as other known limiting

ases. For the ontribution of eletron-eletron and eletron-ion interations in F

ex

, the

saling fators are s

ee

= (1 + �

m

=�

0

)=

�

1 + (�

m

=�

0

) exp(��

�1

m

)f

1

�

and s

ie

= 1=f

2

2

; where

�

0

= 2 (9�=4)

�2=3

r

s

=� and �

m

= 8 

2

r

5

s

=(9�

2

�) are the non-magneti and magneti degen-

eray parameters, respetively, and the fators f

1

and f

2

(depending on �~!



) are given in

ref. [10℄.

The ideal-gas ontribution of the magnetized atoms reads

�F

(H)

id

=

X

s�

Z

d

2

K

?

N

s�

(K

?

)

�

ln

�

n

H

�

3

H

w

s�

(K

?

)=Z

w

�

� 1

	

; (4)
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where s and � relate to eletroni exitations, N

s�

= (�

H

=2�~)

2

N

H

w

s�

e

��

s�

=Z

w

are the

atomi oupanies per unit phase spae of the transverse omponent K

?

of the pseudo-

momentum K whih haraterizes the atomi motion in the magneti �eld, w

s�

(K

?

) and

�

s�

(K

?

) are the oupation probabilities and binding energies of the moving atom, and

Z

w

= (�

H

=2�~)

2

P

s�

R

d

2

K

?

w

s�

(K

?

) exp[��

s�

(K

?

)℄ is the internal partition funtion.

The ontribution of atoms in the nonideal part F

ex

of the free energy is alulated in

the hard-sphere approximation using the van der Waals one-uid model by analogy with

ref. [14℄. Its straightforward generalization to the magneti ase involves the omposite

quantum number � = (s�K

?

), so that �

�

inludes now integration over K

?

. The hard-

sphere diameters are set equal to the e�etive atomi sizes l

�

given in [11℄. The oupation

probabilities are then given by formulae derived in ref. [14℄, extended to the magneti ase.

Our model is valid as long as the formation of moleules may be negleted. In order to

quantify the range of validity, we estimate the abundane of H

2

moleules following ref. [9℄,

but with inlusion of the non-ideal e�ets.

Minimization of the free energy yields the ionization equilibrium (generalized Saha)

equation:

n

H

= n

p

n

e

(�

p

�

e

=�

3

H

)(2�a

2

m

)

2

[1� exp(��~!

p

)℄ Z

w

exp(�); (5)

where � = ��

e

� ln(2�a

2

m

�

e

n

e

) + � ��

e

=� lnn

e

� �P

e

=�n

e

takes into aount e�ets of

eletron degeneray and population of exited Landau levels.

3 Results and Disussion

Figure 1 shows seleted results obtained for B = 10

12

G. The left panel shows the neutral

fration of atoms f

H

= N

H

=N

0

and moleules f

H2

= 2N

H2

=N

0

at T = 10

6

K. For om-

parison, we plot the fration of atoms in the entred states, f

H

aording to ref. [9℄ and

f

H

in the non-magneti ase. Long dashes display the fration of atoms that satisfy the

Inglis{Teller (IT) riterion and thus an be identi�ed in optial spetra of the plasma. The

IT fration is estimated aording to the formula n

IT

�

� n

�

exp[�n

p

(4l

�

)

3

℄ (f. Eq. (31) of

ref. [14℄). We an see that (a) the strong magneti �eld inreases the non-ionized fration

and shifts the region of pressure ionization to muh higher � (ompare the solid line and

triangles in the left panel of Fig. 1), (b) the approximation of ref. [9℄ reprodues only the

abundane of the entred atoms at low density and fails at high density where the pressure-

ionization e�ets are important, and () at the low density, the deentred atomi states are

signi�antly populated.

The right panel demonstrates the equation of state, whih is seen to be muh softer than

(a) in the non-magneti ase (mainly beause of the eletron degeneray \taken away" by

the strongly quantizing �eld, but also due to the inreased neutral fration) and (b) in the

magneti but ideal proton-eletron plasma (beause the Coulomb interations yield negative

ontribution to the pressure).

The obtained results are used for modelling neutron-star atmospheres. In partiular,

the IT fration of atoms, multiplied by the absorption ross setions alulated in ref. [15℄,

determines an atomi ontribution to atmospheri opaities. Preliminary alulations of

the opaities, arried out with a simpli�ed F

ex

, were presented in ref. [16℄. The more

elaborated model of the plasma desribed here on�rms qualitative results of that work. An

important onlusion is that the bound speies ontribute signi�antly to the absorption at

B = 10

12

� 10

13

G, even at relatively high T � 10

6

K.
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Figure 1: Left panel: Non-ionized fration of atoms in any states (solid line), atoms in

the entred states (short-dashed line), moleules (dash-dot line), and the weakly perturbed

atoms ontributing to the optis (long-dashed line), ompared with the non-magneti ase

(triangles) and the approximation [9℄ (dotted line). Right panel: Pressure isotherms of

magnetized hydrogen plasma (solid lines) at lg T [K℄ = 5:5, 6.0 and 6.5, ompared with the

non-magneti ase (dashed lines) and with the ideal magnetized plasma (dotted lines).
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