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Abstrat

Outer envelopes of neutron stars onsist mostly of fully ionized, strongly oupled Coulomb

plasmas haraterized by typial densities � � 10

4

{10

11

g m

�3

and temperatures T � 10

4

{

10

9

K. Many neutron stars possess magneti �elds B � 10

11

{10

14

G. Reent theoretial

advanes allow one to alulate thermodynami funtions and eletron transport oeÆients

for suh plasmas with an auray required for theoretial interpretation of observations.

1 Overview

Envelopes of neutron stars (NSs) are divided in the inner and outer envelopes. Proper-

ties of the inner envelopes are outlined in a ompanion paper [1℄. Here we fous on the

outer ones, at typial densities � � 10

4

�10

11

g m

�3

and temperatures T � 10

4

�10

9

K.

These envelopes are relatively thin, but they a�et signi�antly NS evolution. In par-

tiular, they provide thermal insulation of stellar interiors.

Bulk properties of the NS envelopes (pressure P , internal energy U) are determined

mainly by degenerate eletron gas. The eletrons are relativisti at x

r

& 1, where
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is the Fermi wave number, m is the

eletron mass, n

e

= Zn

i

is the eletron number density, �
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, Z and A

are the ion harge and mass numbers, respetively. Degeneray is strong at T � T
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is the Lorentz fator.

The ioni omponent of the plasma an form either strongly oupled Coulomb liquid

or solid, lassial or quantum. The lassial ion oupling parameter is � = (Ze)

2

=ak

B

T ,

where a is the ion-sphere radius (

4�

3

a

3

= n

�1

i

). The ions form a rystal if � exeeds some

ritial value �

m

(see below). The quantization of ioni motion beomes important at

T � T

p

, where T

p

= ~

p
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B

is the ion plasma temperature, and M is

the ion mass. The ioni ontribution determines spei� heat C

V

, unless T � T

p

.

The ions and eletrons are oupled together through the eletron response (sreen-

ing). The inverse sreening (Thomas{Fermi) length is k

TF

= (4�e

2

�n

e

=��)

1=2

; where �

is the eletron hemial potential. If T � T

F

, then � � �

F

and k

2
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=k
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,

where � is the �ne struture onstant. Note that 

r

=x

r

! 1 at x

r

� 1; therefore the

sreening e�ets do not vanish even at high densities.

Thermodynami properties are altered by the magneti �eld B in the ase where

the Landau quantization of transverse eletron motion is important. The �eld is alled

strongly quantizing when it sets all eletrons on the ground Landau level. This ours

at � < �

B

and T � T

B

(see, e.g., ref. [2℄), where �

B

� 7045 (A=Z)B

3=2

12
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; T
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�

1:343� 10
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(B
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) K; and B

12

� B=10

12

G. Weakly quantizing �elds (�

B

< �) do not

signi�antly alter P and U but ause osillations of C

V

, other seond-order quantities,

and eletron transport oeÆients with inreasing density.
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Charateristi domains in the �{T diagram are shown in Figure 1. The short-

dashed lines on the left panel indiate the region of partial ionization. The dot-dashed

lines orrespond to � = 1 (upper lines) and � = 175 (liquid/solid phase transition).

Long-dashed lines on the right panel separate three �{T regions where the magneti

�eld is strongly quantizing (to the left of �

B

and onsiderably below T

B

), weakly

quantizing (to the right of �

B

at T . T

B

), or lassial (muh above T

B

).

The dotted lines in

Fig. 1: Charateristi �{T domains for outer NS envelopes

omposed of iron. Left panel: non-magneti plasma; right

panel: B = 10

12

G. Shown are �-dependenes of T

F

, T

p

, T

B

,

�

B

(see text); lines where � = 1 and � = 175 (dot-dashed

urves); lines where e�etive Z equals 15 or 20 (short-dashed

lines on the left panel). Dotted lines and hathed regions show

temperature pro�les in NSs at di�erent ooling stages and (on

the right panel) at di�erent inlinations of the magneti �eld.

Fig. 1 show pro�les T (�) in

the envelope of a \anoni-

al" NS with mass 1:4M

�

and radius 10 km, and

with an e�etive surfae

temperature T

s

= 5�10

5

K

or 2� 10

6

K (the values of

T

s6

� T

s

=10

6

K are marked

near these urves). Typ-

ial temperatures of iso-

lated NSs are believed to

lie in the hathed region

between these two lines. In

a magnetized NS, T (�) de-

pends on strength as well

as diretion of the mag-

neti �eld. Therefore on

the right panel we show

two dotted urves for eah value of T

s6

: the lower urve of eah pair orresponds

to the heat propagation along the �eld lines (k, { i.e., near the magneti poles) and

the upper one to the transverse propagation (?, near the magneti equator).

2 Equation of state

Thermodynami funtions of the eletron gas at arbitrary degeneray are expressed

through the well known Fermi-Dira integrals. For astrophysial use, it is onvenient

to employ analyti �tting formulae for these funtions presented, e.g., in ref. [3℄.

Nonideal (exhange and orrelation) orretions for nonrelativisti eletrons at �-

nite temperature have been alulated and parameterized in ref. [4℄. For the relativisti

eletrons at low T , an analyti expansion of the exhange orretions is given, e.g., in

ref. [5℄ (in this ase, the orrelation orretions are negligible). A smooth interpolation

between these two ases has been onstruted in ref. [6℄.

For the ioni omponent at � � 1, the main ontribution to the thermodynami

funtions omes from the ion orrelations. Strongly oupled one-omponent Coulomb

plasmas (OCP) of ions in the uniform eletron bakground have been studied by

many authors. The thermodynami funtions of the lassial OCP liquid have been

alulated [7, 8℄ at � � 1 and parameterized [3, 6℄ for 0 < � . 200. The latter

parameterization ensures auray � 10

�3

k

B

T (per partile).

For the lassial Coulomb rystal, aurate numerial results and �tting formulae

to the free energy F (with anharmoni orretions taken into aount) have been

presented in refs. [9, 10℄. A omparison of the latter results with the �t [6℄ for the

liquid yields the liquid{solid phase transition at �

m

= 175:0�0:4 (uriously, this value
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ould be derived in ref. [7℄, but it was �rst notied in ref. [6℄).

In the solid phase, quantum e�ets may be important at the onsidered temper-

atures. These e�ets an be most easily taken into aount in the approximation of

a harmoni Coulomb rystal. A onvenient analyti approximation is provided by a

model [11℄ whih treats two phonon modes as Debye modes and the third one as an

Einstein mode. Numerial alulations [12℄ of the harmoni-lattie ontributions to

F , U , C

V

, and the mean-square ion displaement are reprodued by this model at

arbitrary T=T

p

within several perent, whih is suÆient for many appliations.

Finally, there is a ontribution from

Fig. 2: Nonideal ie ontribution to the free en-

ergy of arbon (normalized to N

i

(Ze)

2

=a, where

N

i

is the number of ions) at 8 values of x

r

marked

near the urves. HNC results [3℄ and relativis-

ti perturbation theory [14℄ (YS) are ompared

with analyti �ts [15℄ (SB) and [6℄ (PC).

ion-eletron (ie) orrelations, whih

an be treated as polarization of the

\jellium" of the degenerate eletrons.

In a Coulomb liquid, this ontribu-

tion has been evaluated in refs. [13,

14℄ using a perturbation theory whih

involves the eletron dieletri fun-

tion and the stati struture fator of

ions. This approximation is justi�ed

at k

TF

� k

F

(whih is the ase at

�

6

& 10

�2

). At smaller densities the

ie ontribution in the Coulomb liquid

has been alulated in ref. [3℄ using the

HNC tehnique (heavy dots in Fig. 2).

In a Coulomb solid, the ie ontribu-

tion has been evaluated in ref. [6℄ using

the perturbation theory [13, 14℄ and a

model lattie struture fator. These

results, though approximate, indiate

that the polarization orretions may

be rather important. In partiular, �

m

may be shifted by � 10% when the ie

orretions in the liquid and solid phases are taken into aount.

The numerial results have been �tted [3, 6℄ by analyti funtions of x

r

and �. The

approximation [6℄ for the OCP liquid is shown in Fig. 2 by solid lines. Sine the ie

orretion is not dominant, the auray of the �tting formulae (. 10%) is suÆient

for most of astrophysial appliations. An alternative Pad�e approximation, proposed

in ref. [15℄ for the eletron-ion uid, is also aurate at x

r

. 1 for small and large �,

but it is less aurate at intermediate � and inappliable at x

r

> 1 (dashed lines).

As mentioned above, quantizing magneti �elds signi�antly a�et the equation of

state. In the fully ionized dense plasma, the main e�ets are desribed by the model

of ideal eletron gas, studied by many authors (e.g., [2, 16℄).

3 Eletron ondutivities

Heat ondution in NS envelopes is provided mainly by the eletrons. The thermal

ondutivity tensor � is determined mainly by the eletron-ion sattering. Calulation

of � should take into aount spei� features of the Coulomb plasmas in NS envelopes,

quite di�erent from the terrestrial liquid and solid metals: (i) in the liquid phase,

an inipient long-range order emerges at � & 10

2

; (ii) in the solid phase, there are
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usually many Brillouin zones within the Fermi surfae; (iii) in the solid phase, the

approximation of one-phonon sattering fails near the melting, whih neessitates the

use of a more general expression for the struture fator of ions. These features have

been taken into aount in ref. [17℄, where analyti approximations to the eletron

transport oeÆients have also been derived.

Magneti �eld hampers eletron transport aross the �eld lines: transverse ther-

mal and eletrial ondutivities are redued by orders of magnitude in typial NS

envelopes. Strongly quantizing �eld signi�antly hanges also longitudinal ondutivi-

ties; weakly quantizing �eld auses de Haas{van Alphen osillations. These e�ets have

been outlined, e.g., in [2℄. A uni�ed treatment of the eletron transport oeÆients

in the domains of lassial, weakly quantizing, and strongly quantizing magneti �eld

has been developed in [18℄. A Fortran ode whih implements this treatment is avail-

able at http://www.ioffe.rssi.ru/astro/ondut/. Using this ode and solving

the thermal di�usion equation, we have alulated the T (�) pro�les shown in Fig. 1.
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