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A B S T R A C T 

Thermal emission of neutron stars in soft X-ray transients (SXTs) in a quiescent state is believed to be powered by the heat 
deposited in the stellar crust due to nuclear reactions during accretion (deep crustal heating paradigm). Confronting observations 
of SXTs with simulations helps to verify theoretical models of the dense matter in the neutron stars. Usually, such simulations were 
carried out assuming that the free neutrons and nuclei in the inner crust mo v e together. A recently proposed thermodynamically 

consistent approach allows for independent motion of the free neutrons. We simulate the thermal evolution of the SXTs within 

the thermodynamically consistent approach and compare the results with the traditional approach and with observations. For the 
latter, we consider a collection of quasi-equilibrium thermal luminosities of the SXTs in quiescence and the observed neutron 

star crust cooling in SXT MXB 1659 −29. We test different models of the equation of state and baryon superfluidity and take into 

account additional heat sources in the shallow layers of neutron-star crust (the shallow heating). We find that the observed quasi- 
stationary thermal luminosities of the SXTs can be equally well fitted using the traditional and thermodynamically consistent 
models, provided that the shallow heat diffusion into the core is taken into account. The observed crust cooling in MXB 1659 −29 

can also be fitted in the frames of both models, but the choice of the model affects the derived parameters responsible for the 
thermal conductivity in the crust and for the shallow heating. 

Key words: dense matter – stars: neutron – X-rays: binaries – X-rays: individual: MXB 1659–29. 
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 I N T RO D U C T I O N  

any neutron stars reside in binary systems with a lower-mass
ompanion star (low-mass X-ray binaries, LMXBs) and accrete
atter from the companion. Some of the LMXBs, called soft X-ray

ransients (SXTs), accrete intermittently, so that accretion episodes
outbursts) alternate with periods of quiescence. During an outburst,
he emission is dominated by the accretion disc or a boundary layer
e.g. Inogamo v & Sun yaev 2010 ; Gilfano v & Sun yaev 2014 , and
eferences therein). In quiescence, the accretion is switched off or
trongly suppressed and the luminosity decreases by several orders of
agnitude (see e.g. Wijnands, Degenaar & Page 2017 , for a re vie w).
The accretion during an outburst leads to nuclear reactions in the

rust accompanied by heat release. In particular, the heat is produced
s the crust matter is pushed inside under the weight of newly accreted
aterial, which is known as the deep crustal heating scenario (Sato

979 ; Haensel & Zdunik 1990 ). Once an SXT turns to quiescence,
he accumulated heat leaks through the surface. The so-called quasi-
ersistent SXTs have long outbursts (lasting months to years) that
re sufficient to appreciably warm up their crust. During periods
f quiescence between the outbursts, the thermal relaxation of the
 v erheated crust can be observed through X-ray emission from the
urface (e.g. Wijnands et al. 2017 and references therein). 

An analysis of observations of the post-outburst cooling allows
ne to constrain the thermal conductivity and heat capacity of the
 E-mail: palex@astro.ioffe.ru 
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rust (e.g. Rutledge et al. 2002 ; Shternin et al. 2007 ; Page & Reddy
013 ). Ho we ver, such an analysis can be complicated. Namely,
he light curves of some SXTs in quiescence can be reproduced
ithin the deep crustal heating scenario but require the so-called

shallow heating’ by some additional energy sources at relatively low
ensities (Brown & Cumming 2009 ). Other SXTs may require some
esidual non-monotonic accretion during quiescence (e.g. Turlione,
guilera & Pons 2015 ). 
A traditional approach to calculation of the equation of state

EoS) and the heat release in the crust (Haensel & Zdunik 1990 ,
003 , 2008 ; Fantina et al. 2018 ) is based on the assumption that free
eutrons mo v e together with the nuclei during accretion. Recently,
he theoretical models of nuclear transformations during accretion,
ccreted crust composition and deep crustal heating have been
evised by Gusakov & Chugunov ( 2020 ), Gusakov & Chugunov
 2021 ), Shchechilin, Gusakov & Chugunov ( 2021 , 2022 ), who found
hat free neutrons may redistribute independent of nuclei throughout
he inner crust and core so as to satisfy the hydrostatic and diffusion
quilibrium condition, μ∞ 

n = constant , where μ∞ 

n is the chemical
otential of free neutrons, redshifted to the reference frame of a
istant observer. In the major part of the inner crust, where neutrons
re superfluid, this condition is necessary for hydrostatic equilibrium
f the system. The corresponding equilibration time-scale is very
hort (of the order of the hydrodynamic time-scale). In the rest of
he inner crust, where neutrons are normal (in particular, in the
mall region near the outer-inner crust interface), this condition
s necessary for the diffusion equilibrium of free neutrons. The
ssociated time-scale of reaching the equilibrium is also small
© 2023 The Author(s) 
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Figure 1. Total heat, E h , generated per accreted baryon in a layer from the 
star surface to a given density, as a function of mass density ρ, according 
to the model of Fantina et al. ( 2018 ; F + 18, dotted red line) and models 
of Gusakov & Chugunov ( 2021 ) with P oi = P 

(cat) 
oi (dashed green lines) and 

P oi = P 

(0) 
oi (solid blue lines), based on the models of nuclear interactions 

consistent with the EoSs BSk24 (lower lines) and BSk25 (upper lines). The 
gaps on the lines (best visible in the F + 18 case) are due to the density jumps 
at the interfaces between neighbouring layers containing different nuclei. The 
right vertical dotted line corresponds to the crust–core transition according to 
the EoS BSk24; the other vertical dotted lines mark the ρ values corresponding 
to four masses of o v erlying material, from 10 −5 M � to 10 −2 M �, labelled 
near these lines, for a neutron star with gravitational mass M = 1 . 4 M � and 
radius R = 12.6 km. The inset shows a zoom-in of the low-density region. 
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much smaller than the accretion time-scale; Gusakov & Chugunov 
020 ). 
As a result of implementing the hydrostatic/diffusion equilibrium 

ondition, the EoS of the inner crust turns out to be closer to the EoS
f the ground-state (‘catalysed’) matter, while the heat release inside 
he inner crust appears to be smaller than predicted by the traditional

odels. In this paper, we examine the impact of these results on the
hermal evolution of the SXTs and discuss some consequences for 
he analysis of the SXT observations. 

The basic characteristics of the employed accreted crust models 
re outlined in Section 2 . Section 3 is devoted to the modelling
f the equilibrium thermal luminosities of the SXTs as functions 
f the mean accretion rates in the frames of the traditional and
hermodynamically consistent models. We also pay attention to the 
ffects of the shallow heating, the neutron star EoS, and baryon 
uperfluidity on these luminosities. In Section 4 , we apply the 
ifferent crust models to simulate the thermal evolution of a neutron 
tar in an SXT during and after an outburst and compare the calculated
ight curves with observations, using SXT MXB 165 −29 as an 
xample. Our conclusions are summarized in Section 5 . 

 ACCRETED  CRUST  M O D E L S  

n the previous papers (Potekhin, Chugunov & Chabrier 2019 ; 
otekhin & Chabrier 2021 ), we studied the thermal evolution 
f the SXTs for different EoSs, neutron-star masses M , nucleon 
uperfluidity models, and the total accretion time t acc , employing the 
heoretical models of the accreted crust (Haensel & Zdunik 2008 ; 
antina et al. 2018 ), which followed the traditional paradigm, in 
hich free (unbound) neutrons and nuclei mo v e together in the

nner crust. The results obtained with these two models pro v ed
o be similar, so in the present study we will limit ourselves to
onsidering the more recent one (Fantina et al. 2018 , hereafter F + 18)
s a representative of the traditional model. 

The thermodynamically consistent accreted crust models, con- 
tructed by Gusakov & Chugunov ( 2020 , 2021 ; hereafter GC), depend
n the pressure P oi at the interface between the outer and inner
rust, where free neutrons appear. Because of their diffusion, P oi 

ay differ from the pressure at which neutrons start to drip out of
uclei. The value of P oi is currently unknown, but the thermodynamic 
onsistency and other arguments suggest that it should be between 
he minimum P 

(0) 
oi , which corresponds to the case where no heat

s released in the inner crust (i.e. in the region with P > P oi ), and
aximum P 

(cat) 
oi , which roughly equals the neutron-drip pressure 

n cold catalysed matter. As in the traditional models, the crustal 
eating occurs at certain pressures (or in pressure intervals), where 
uclear transformations take place. In the GC models, they occur 
t some values of P < P oi , at P = P oi , and at P close to the
ottom of the inner crust (where nuclei completely disintegrate into 
eutrons due to instability discussed in GC). The latter heat almost 
ntirely leaks into the core because of the steep increase of thermal
onductivity in the crust. The total heat produced in the outer and
nner crust per each accreted baryon, E h , increases with an increase
f P oi , while the heat produced at the outer-inner crust interface
ecreases (because the reactions there become less efficient at a 
arger electron Fermi momentum, corresponding to a larger P oi ). The 
ressure values, at which the nuclear transformations occur, as well 
s the values of P 

(0) 
oi , P 

(cat) 
oi , and the amounts of heat released at each

ransformation, depend on the employed nuclear models. Gusakov & 

hugunov ( 2021 ) presented these values for the finite-range droplet 
acroscopic model FRDM12 (M ̈oller et al. 2016 ) and the family

f models based on Hartree–F ock–Bogoliubo v calculations with 
kyrme-like ef fecti ve nuclear forces BSk24, BSk25, and BSk26 
Goriely, Chamel & Pearson 2016 ). 

Fig. 1 shows the total heat generated per accreted baryon, from
he surface to a given density in the crust, as a function of mass
ensity, for the F + 18 model of the accreted crust and the GC models
ased on the BSk24 and BSk25 nuclear forces (which provide more
lausible mass thresholds for rapid neutron-star cooling than BSk22 
nd BSk26, as argued by Pearson et al. 2018 ). We use the version
f the F + 18 model based on the BSk21 nuclear forces (Goriely,
hamel & Pearson 2010 ; table A.1 of Fantina et al. 2018 ). For

he GC models, we consider the minimum and maximum values 
f P oi . The corresponding crust structure and heat production are
resented in Tables 1 and 2 . We assumed that the number fractions
f protons Y p = Z / A 

′ 
and free neutrons Y nf = 1 − A / A 

′ 
among all

ucleons equal the Y p and Y nf values in the non-accreted crust, fitted
y Pearson et al. ( 2018 ). Here Z , A, and A 

′ 
are the numbers of protons,

ound nucleons, and all nucleons in a Wigner–Seitz cell, respectively 
they are needed to calculate the ion heat capacity and electron-
on transport coefficients). We also assume that the residual heat 
elease in the deep layers of the inner crust, predicted by Gusakov &
hugunov ( 2021 ), occurs at the proton-drip point determined by
earson et al. ( 2018 ). 
Th e total heat release E h in the entire accreted crust varies from

.29 MeV for P oi = P 

(0) 
oi to 0.44 MeV for P oi = P 

(cat) 
oi in the BSk24

ase (Table 1 ) and from 0.36 MeV for P oi = P 

(0) 
oi to 0.49 MeV for

 oi = P 

(cat) 
oi in the BSk25 case (Table 2 ). These values are several

imes smaller than traditional ones: for example, E h = 1.54 MeV in
he F + 18 case. 

 EQUI LI BRI UM  T H E R M A L  EMISSION  

f the post-outburst thermal relaxation of the crust lasts sufficiently 
ong time, the crust approaches thermal equilibrium with the core. 
hen the luminosity is a function of the core temperature, which

s determined by the balance between energy income due to the
MNRAS 522, 4830–4840 (2023) 
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Table 1. Nuclear composition and heat release in the accreted neutron-star 
crust according to the GC models (Gusakov & Chugunov 2020 , 2021 ) using 
the BSk24 nuclear mass table. The columns show the pressure P , at which a 
nuclear reaction occurs, the mass density ρ before and after the reaction, the 
corresponding nuclear charge and mass numbers Z and A , and the heat release 
per an accreted nucleon � E h . The upper part of the table describes the outer 
crust and does not depend on P 

(0) 
oi , the middle part describes the interface 

at P = P oi for P oi = P 

(0) 
oi and the bottom part corresponds to the case of 

P oi = P 

(cat) 
oi . The last line shows the heat produced near the crust bottom; in 

this case we use the ρ and P values and the ratio Z / A at the proton drip (not 
accompanied by a sharp nuclear transformation) according to Pearson et al. 
( 2018 ). 

P (dyn cm 

−2 ) ρ (g cm 

−3 ) Z A � E h (keV) 

6.46 × 10 26 (1.37–1.48) × 10 9 26 → 24 56 37 
1.83 × 10 28 (1.81–1.97) × 10 10 24 → 22 56 41 
1.06 × 10 29 (7.36–8.08) × 10 10 22 → 20 56 39 
3.36 × 10 29 (1.93–2.03) × 10 11 20 → 19 56 0 
3.50 × 10 29 (2.09–2.20) × 10 11 19 → 18 56 0 

P oi = P 

(0) 
oi 

7.16 × 10 29 (3.77–3.98) × 10 11 18 → 20 56 → 64 172 

P oi = P 

(cat) 
oi 

7.73 × 10 29 (3.99–4.28) × 10 11 18 → 20 56 → 65 156 
3.72 × 10 32 1.23 × 10 14 20 92 169 

Table 2. The same as in Table 1 but for the BSk25 nuclear masses. 

P (dyn cm 

−2 ) ρ (g cm 

−3 ) Z A � E h (keV) 

6.46 × 10 26 (1.37–1.48) × 10 9 26 → 24 56 37 
1.83 × 10 28 (1.81–1.97) × 10 10 24 → 22 56 41 
1.06 × 10 29 (7.36–8.08) × 10 10 22 → 20 56 39 
5.00 × 10 29 (2.59–2.88) × 10 11 20 → 18 56 33 

P oi = P 

(0) 
oi 

7.16 × 10 29 (3.77–3.98) × 10 11 18 → 20 56 → 64 193 

P oi = P 

(cat) 
oi 

7.63 × 10 29 (3.95–4.18) × 10 11 18 → 20 56 → 64 156 
3.33 × 10 32 1.37 × 10 14 20 112 87 
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Figure 2. Quiescent thermal luminosities of SXTs as functions of average 
accretion rates in the reference frame of a distant observer. The iron heat- 
blanketing envelope is assumed. Solid errorbars and arrows show the data 
collected in Potekhin et al. ( 2019 ) for the observed SXTs coded with 
numbers: 4U 2129 + 47 (1), KS 1731 −260 (2), 4U 1608 −522 (3), EXO 

1745 −248 (4), 1M1716 −315 (5), XTE 1709.5 −267 (6), MXB 1659 −29 (7), 
XB 1732 −304 (8), Cen X-4 (9), 1H 1905 + 000 (10), SAX J1806.8 −2435 
(11), 4U 1730 −22 (12), EXO 1747 −214 (13), XTE 2123 −058 (14), Aql 
X-1 (15), 4U1908 + 005 (16), SAX J1748.9 −2021 (17), NGC 6440 X-2 (18), 
XTE J0929 −314 (19), SAX J1808.4 −3658 (20), XTE J1807 −294 (21), XTE 

J1751 −305 (22), XTE J1814 −338 (23), IGR J00291 + 5934 (24), HETE 

J1900.1 −2455 (25), XTE J1701 −462 (26), IGR J17480 −2446 (27), EXO 

0748 −676 (28), 1RXS J180408.9 −342058 (29), Swift J174805.3 −244637 
(30), SAX J1750.8 −2900 (31), Swift J1756.9 −2508 (32), GRS 1747 −312 
(33), IGR J18245 −2452 (34), and MAXI J0556 −332 (35). The data for 
objects 7, 25, 32, and 35 have been updated, as e xplained in the te xt. The lines 
show theoretical predictions for neutron stars of different masses from 1 . 0 M �
to the maximum mass for the BSk24 EoS ( M max = 2 . 28 M �), according to 
the colour map, computed for the heating power predicted either by the model 
F + 18 (dotted lines) or by the thermodynamically consistent GC models with 
P oi = P 

(0) 
oi (long-dashed lines) and P oi = P 

(cat) 
oi (short-dashed lines). The 

solid lines correspond to the net neutron-star heating fixed at E h = 1.0 MeV 

per accreted baryon. 
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ccretion and the energy losses due to neutrino and photon emission.
ince the time needed for an appreciable heating or cooling of the
ore is much longer than the accretion variability (Colpi et al. 2001 ),
he equilibrium level is a function of the avera g e mass accretion rate
 Ṁ 〉 . Here and hereafter, the angle brackets 〈 . . . 〉 denote averaging
 v er a time-span co v ering man y outburst and quiescence c ycles. The
ependence of the equilibrium luminosity on 〈 Ṁ 〉 is called heating
urve (Yakovlev, Levenfish & Haensel 2003 ). 

Since the mass of a neutron-star crust is small ( ∼ 10 −2 M �),
he initial ground-state crust can be completely replaced by the
eprocessed accreted material, if the accretion lasts long enough.
he short spin periods of neutron stars in the SXTs ( < 10 ms for all
ut one SXTs with measured spin periods; see e.g. table 2 in Potekhin
t al. 2019 , and references therein) can be explained by recycling due
o the accretion of an appreciable mass. Therefore, in this paper we
estrict ourselves to the fully accreted crust models. 1 

We performed calculations of quiescent luminosities of neutron
tars in the SXTs, similar to those presented in Potekhin et al. ( 2019 ),
NRAS 522, 4830–4840 (2023) 

 Partially accreted crusts of neutron stars in SXTs have been discussed in the 
rames of the traditional approach by Wijnands, Degenaar & Page ( 2013 ), 
antina et al. ( 2018 ), Potekhin et al. ( 2019 ), and Suleiman et al. ( 2022 ). 

l  

g  

t  

c  

c  
ith essentially the same basic physics input. For the core EoS
e consider the models BSk24, BSk25 (Pearson et al. 2018 ), and
PR 

∗ (Akmal, P andharipande & Rav enhall 1998 ; in the parametrized
orm of Potekhin & Chabrier 2018 ). The heat capacities, neutrino
nergy losses and thermal conductivities are treated essentially in
he same way as described by Potekhin & Chabrier ( 2018 ), except
or a small impro v ement for the electron thermal conductivities of
uter envelopes composed of helium, described below. The employed
odels of baryon superfluidity are discussed in Section 3.3 . 
Fig. 2 shows the heating curves for neutron stars of different
asses, based on the EoS model BSk24. The long-term a ver -

ge accretion rates 〈 Ṁ 〉 and quasi-equilibrium bolometric thermal
uminosities in quiescence L q are plotted taking account of the
ravitational redshift, as seen by a distant observer (thus corrected,
hey are denoted 〈 Ṁ obs 〉 and ˜ L q ; see Potekhin et al. 2019 for their
alculation). The dashed heating curves are calculated using the GC
rust models with the minimum and maximum values of the pressure
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Figure 3. The same as in Fig. 2 , but with the heat-blanketing envelope 
composed of light elements (‘He envelope’, see text). 
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 oi at the outer-inner crust interface, as described in Section 2 ,
hile the dotted heating curves are computed according to the F + 18
odel. The curves of different colours correspond to neutron-star 
odels with different masses. The error bars (arrows) represent 

he estimates of (upper limits to) 〈 Ṁ obs 〉 and ˜ L q , derived from
bservations of the SXTs, as listed in Potekhin et al. ( 2019 ) but with
pdates for several objects: MXB 1659 −29, HETE J1900.1 −2455, 
wift J1756.9 −2508, and MAXI J0556 −332. For MXB 1659 −29 
object 7), an impro v ed estimate of 〈 Ṁ obs 〉 ∼ 3 × 10 −10 M � yr −1 

Potekhin & Chabrier 2021 ) is used. For HETE J1900.1 −2455 (ob-
ect 25), an updated estimate of ˜ L q ≈ (1–2) × 10 31 erg s −1 follows 
rom the results obtained by Degenaar et al. ( 2021 ) with atmospheric
ts to the spectrum measured in 2018. Note that the crust of the
eutron star in HETE J1900.1 −2455 may not have yet reached 
hermal quasi-equilibrium by 2018 (Degenaar et al. 2021 ), therefore, 
e consider this result as an upper limit. For Swift J1756.9 −2508

object 32), we updated the estimate of the average accretion rate, 
 Ṁ obs 〉 = 5 × 10 −12 M � yr −1 , according to Li et al. ( 2021 ). 

For MAXI J0556 −332 (object 35), we refined the data using the
esults recently published by Page et al. ( 2022 ). Four outbursts have
een observed since its discovery in 2011, and the crust may not
ave reached thermal equilibrium between them. Therefore, just 
s in the case of HETE J1900.1 −2455, the measured quiescent 
hermal luminosities can only be treated as upper limits to the 
uasi-equilibrium luminosity of MAXI J0556 −332. The strongest 
pper limit ˜ L q � 4 × 10 33 erg s −1 is provided by the results of the
nalysis of the XMM–Newton observation taken in 2019 (section 2.3 
n Page et al. 2022 ), it refines the previous upper bound. We have
lso refined the estimate of 〈 Ṁ obs 〉 for this source. Integrating Ṁ 

resented in the top panel of fig. 6 in Page et al. ( 2022 ) over time
nd dividing the result by the total time of observations, we obtain
 Ṁ obs 〉 ≈ 4 . 3 × 10 −9 M � yr −1 . 

The estimates of 〈 Ṁ obs 〉 are rather uncertain, because the his-
ory of the SXTs observations (up to a few decades) is much
horter than the time of neutron star core heating due to accre-
ion, which would be a proper interval for the time averaging. 
he estimate by Wijnands et al. ( 2013 ) for the latter time scale
an be written as τth ≈ (0.3–3) × 10 4 L 32 ( Ṁ −11 E h1 ) −1 yr, where 
 32 ≡ L q /(10 32 erg s −1 ), Ṁ −11 ≡ 〈 Ṁ 〉 / (10 −11 M � yr −1 ), and E h1 ≡
 h /1 MeV. Therefore, the currently observ ed av erage accretion rate
ight be non-representative for some X-ray transients (see e.g. 
ijnands et al. 2013 , for a discussion). In Fig. 2 we conditionally

lot uncertainties of 〈 Ṁ obs 〉 as a factor of 2 around the most likely
alues based on the available observations (in the case of MXB
659 −29 this factor somewhat underestimates the true uncertainty –
ee Potekhin & Chabrier 2021 ). 

In Fig. 2 , the outer crust of the star is assumed to be composed of
he elements listed in Table 1 at all densities. In this case, the heat-
lanketing envelope is made of iron within the ‘sensitivity strip’ 
Gudmundsson, Pethick & Epstein 1983 ) at ρ � 10 9 g cm 

−3 . Such
 heat blanket is a relatively poor heat conductor. As the opposite
xtreme, in Fig. 3 we show the analogous heating curves calculated 
ssuming that the heat blanket is made of the largest sustainable 
mount of helium, with carbon and oxygen beneath the helium 

ayer. Such an envelope is most transparent to the heat transport
see Beznogov, Potekhin & Yakovlev 2021 , for a review); we call it
he He envelope for short. We have taken account of the correction by
louin et al. ( 2020 ) for the helium thermal conductivity at moderate
lectron de generac y, modified according to Cassisi et al. ( 2021 ; we
sed the modification version dubbed ‘B20sd’ by the latter authors). 
his update slightly affects the long-term cooling and heating curves 
f neutron stars with envelopes composed of light elements. 
.1 The long-term effect of shallow heating 

rom Figs 2 and 3 we see that it is possible to reach a satisfactory
greement between the theory and observations for each SXT by 
arying the neutron star mass and envelope composition. Ho we ver, 
or the hottest objects at the given accretion rates, such as IGR
00291 + 5934 (object 24), IGR J17480 −2446 (object 27), or Swift
174805.3 −244637 (object 30), the thermodynamically consistent 
C models give somewhat larger discrepancies with observations 

han the F + 18 model. This tension between the theory and observa-
ions can be alleviated by including the shallow heating, that is an
dditional heating at relatively low densities ρ ∼ 10 8 –10 10 g cm 

−3 ,
eside the predictions of the deep crustal heating theory. The shallow
eating has been introduced into the theory by Brown & Cumming
 2009 ) to match the slope between the first two observations of
he SXT MXB 1659 −29 after it had turned into the quiescent state.
ater the shallow heating pro v ed to be necessary to fit the theory with
bservations for most of the SXTs with observed crustal cooling in
uiescence (see e.g. results and discussions in Deibel et al. 2015 ;
aterhouse et al. 2016 ; Wijnands et al. 2017 ). Different theoretical

ts to observed crust cooling curves in different SXTs require shallow
eat deposit E sh from 0 to several MeV per accreted nucleon, most
ypical values being E sh ∼ 0.2–2 MeV per nucleon (see Chamel et al.
020 for a summary and references; see also Section 4 below). 
Ootes, Wijnands & Page ( 2019 ) noted that a large part of the

hallow heat E sh flows inside the star (we will denote this part
 

in 
sh hereafter) and significantly contributes to the equilibrium state, 

esulting in an increase of the quiescent luminosity. Our calculations 
upport this conclusion. To test it, we have numerically simulated 
hermal evolution of a neutron star assuming the shallow heating 
ower concentrated at mass densities around ρsh in the narrow 

nterval ρ ∈ (0.95 ρsh , 1.05 ρsh ) according to the Wigner semicircle
istribution. In the simulations we fixed E sh = 1 MeV per an accreted
ucleon and varied the accretion rate, the star mass and radius, and
he envelope composition. Some results are presented in Figs 4 
nd 5 . The top panel in Fig. 4 shows the heating energy fractions
MNRAS 522, 4830–4840 (2023) 
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M

Figure 4. Top panel : The fractions of thermal energy deposited in a 
narrow layer close to a density ρsh leaking through the surface (decreas- 
ing dependences) and flowing into the core (increasing ones), computed 
assuming a stationary accretion. Triangles are for a neutron star with 
mass M = 1 . 4 M � and radius R = 12.6 km with the iron heat-blanketing 
envelope; squares are for a neutron star with M = 2 . 0 M �, R = 12.4 km, 
and the He envelope; empty symbols correspond to an accretion with 
E sh × Ṁ = 1 MeV × 10 −10 M � yr −1 (then the total heating power is H ≈
6 × 10 33 erg s −1 in the local reference frame); filled symbols correspond to a 
higher accretion rate E sh × Ṁ = 1 MeV × 10 −8 M � yr −1 ( H ≈ 6 × 10 35 erg 
s −1 ). The lines connecting the symbols serve as a guide for the e ye. F or 
comparison, the dots connected by the solid line show the fraction of energy 
from a short ( ∼2 min) superburst that is radiated from the atmosphere, 
according to the simulation results of Yakovlev et al. ( 2021 ). In the lower part 
of this panel, we use the logarithmic scale of the energy fraction to enhance 
visibility of its smallest values. Bottom panel : The stationary redshifted 
temperature in the core (in units of 10 7 K) provided by the respective heating 
models shown using the same symbols and line styles as in the top panel. 
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Figure 5. Logarithm of the redshifted heating power ˜ H in injected into the 
core as function of ρsh for the same neutron star and heating models as 
in Fig. 4 , plotted with the same symbols and line styles. The insets show 

logarithms of the total redshifted neutrino luminosity ˜ L ν as a function of 
redshifted temperature in the core ( ̃  L ν = 

˜ H in in the stationary state). 
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hat are either absorbed in the core or radiated from the surface as
unctions of the heating density ρsh for neutron-star models with
 = 1 . 4 M � and M = 2 . 0 M �, constructed according to the EoS
Sk24, with the iron heat-blanketing envelope for the lighter star
nd the He envelope for the heavier star model. The energy fraction
hat eventually flows into the core, E 

in 
sh /E sh , depends on the model,

ut in any case we have E 

in 
sh /E sh � 1 / 2 at ρsh � 10 8 g cm 

−3 . The
ottom panel of Fig. 4 shows the temperature supported by the the
tationary shallow heating (without other heating sources) in the
eep layers of the inner crust and outer layers of the core. The inner
emperatures are lower for the heavier neutron star model than for
he lighter one because of the enhanced neutrino emission due to
he direct Urca processes. Fig. 5 shows the ρsh -dependence of the
eating power supplied to the core, H in = E 

in 
sh Ṁ /m n , where m n is

he nucleon mass. The insets illustrate the steep increase of the star’s
eutrino luminosity with increasing temperature of the core, which
xplains the weakness of the temperature variation with changing ρsh 

n the bottom panel of Fig. 4 . The plotted quantities are redshifted
i.e. reduced to the distant observer’s reference frame). 
NRAS 522, 4830–4840 (2023) 
We have neglected the energy produced by the impact of accreted
articles on the surface of the star. Some fraction of this energy
ropagates to the deeper layers and heats up the interior. The typical
ravitational energy release of ∼200 MeV per accreted baryon could
rovide an appreciable internal heating, if the fraction of the surface
eat reaching the interior were � 10 −3 . Ho we ver, E 

in 
sh /E sh decreases

o quickly as the heating location approaches the surface (cf. Fig. 4 )
hat the required energy fraction � 10 −3 seems unlikely. 

The surface heating may also affect the outer boundary conditions
or the heat diffusion problem through the dependence of thermal
onductivity on temperature. This effect is hard to quantify, because
he distribution of the surface heat under the spreading layer on the
eutron star surface is poorly known, in particular because of its
ariability in time and space (see e.g. Gilfanov & Sunyaev 2014 , and
eferences therein). Anyway, the model of stationary accretion that
e employ in this section is only a crude approximation. Simulations
f the short-term thermal response of a neutron star to a burst in
he outer crust give qualitatively similar, but quantitatively different
ependence of the heat fraction eventually radiated through the
urface (the dots connected by solid lines in the top panel of Fig. 4 ,
fter Yakovlev et al. 2021 ). 

Chamel et al. ( 2020 ) have shown that carbon or oxygen fusion,
ollowed by electron captures in the crust of accreting neutron stars
ould provide up to ≈1.4 MeV per an accreted nucleon (with the
eservation that the actual energy release depends on the abundance
f these elements). Then it would be plausible that up to ∼1 MeV
er accreted nucleon could be supplied to the core due to the shallow
eating. For illustration, in Figs 2 and 3 we plot the heating curves
ith E h = 1 MeV, which corresponds to E 

in 
sh equal to 0.71 MeV

nd 0.56 MeV in the cases where P oi = P 

(0) 
oi and P oi = P 

(cat) 
oi ,

espectively. 
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Figure 6. The observational points and heating curves from Fig. 3 for M = 

1 . 0 M �, 1.4 M �, 1.8 M �, and 2.2 M � for the EoS BSk24 and the GC heating 
model according to Table 1 (long and short dashed lines for P oi = P 

(0) 
oi and 

P oi = P 

(cat) 
oi , respectively) compared with the analogous heating curves for 

the EoS BSk25 and the heating power according to Table 2 (dot-long-dash 
and dot-short-dash lines for P oi = P 

(0) 
oi and P oi = P 

(cat) 
oi , respectively). 
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Figure 7. The observational points and heating curves for neutron stars of 
different masses and the GC model for P oi = P 

(0) 
oi with the He envelope (long- 

dashed lines) and heavy-element (Fe) envelope (solid curves), as in Figs 2 
and 3 , but computed using the APR 

∗ model for the EoS and composition of 
the core. 
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.2 The effects of the EoS choice 

he EoS model BSk25 is somewhat stiffer than BSk24 and provides 
omewhat stronger deep crustal heating. We find that the use of the
Sk25 model for the heating profile and crust composition (Table 2 ),
s well as for the EoS, ef fecti ve nucleon masses and composition of
he core (Pearson et al. 2018 ) giv es v ery similar results to the case of
he BSk24 model. Fig. 6 presents a comparison of the heating curves
btained with these two models for the GC crust with the smallest
nd largest values of the parameter P oi . 

The faintness of the coldest neutron stars in SXTs at quiescence, 
uch as objects 4, 7, 9, 20, and 25 in Figs 2 , 3 , and 6 , can be explained
y neutrino emission from their interiors due to powerful direct 
rca processes. Such processes are only allowed at sufficiently large 
roton fraction Y p ( Y p > 1/9 in the simplest case of the npe matter
see e.g. Haensel 1995 ). This rules out the theoretical models that

redict smaller Y p at any densities rele v ant to the cores of neutron
tars. Since Y p usually increases with density in the core, the direct
rca processes are allowed at densities exceeding a certain threshold, 
> ρDU , which can be attained only in the central parts of neutron

tars with masses abo v e some threshold M DU . For the BSk24 and
Sk25 models, ρDU = 8.25 × 10 14 g cm 

−3 and 8.56 × 10 14 g cm 

−3 ,
espectively. In both cases M DU ≈ 1 . 6 M � (Pearson et al. 2018 ). For
his reason, the relatively faint objects in Figs 2 , 3 , and 6 are matched
y the heating curves for M > 1 . 6 M �. 
Fig. 7 demonstrates the heating curves computed using the widely 

sed EoS model APR 

∗ (Akmal et al. 1998 ) in the neutron star core
as parametrized by Potekhin & Chabrier 2018 ) and the BSk24
odel in the crust. In this case, ρDU = 1.56 × 10 15 g cm 

−3 and
 DU = 2 . 006 M �, which necessitates fine tuning of the mass around
 ≈ 2 M � to match the heating curves of some relatively faint 

XTs with the observ ations. Ho we ver, still much finer tuning would
e needed, if we neglected the enhancement of the modified Urca 
rocesses (which are the main neutrino emission processes at ρ < 

DU ) at ρ ∼ ρDU , disco v ered by Shternin, Baldo & Haensel ( 2018 ).
his enhancement becomes very strong at ρ ≈ ρDU , which may be 
ualitativ ely re garded as ‘smearing’ the direct Urca threshold. For
he APR 

∗ model, this effect noticeably enhances the total neutrino 
uminosity of the neutron stars with M ≈ (1 . 8 − 2 . 0) M � and thus
ecreases their temperatures. In the absence of such enhancement, 
he heating curves of all neutron stars with M ≤ 2 M � in Fig. 7 would
e close to each other. 

.3 The effects of baryon superfluidity 

he thermal evolution of neutron stars can be affected by baryon
uperfluidity (see e.g. Page et al. 2014 ; Sedrakian & Clark 2019 , for
e vie w and references). The three principal types of the superfluidity
rise from neutron singlet (ns), proton singlet (ps), and neutron triplet
nt) types of Cooper pairing. The effects of each superfluidity type are
onveniently parametrized by the dependence of the corresponding 
ritical temperature T crit on the mean baryon number density n b or
he mass density ρ (see e.g. Yakovlev et al. 2001 , for re vie w and
eferences). In Figs 2–6 we used the parametrizations MSH, BS, 
nd TTav by Ho et al. ( 2015 ) to the microscopic calculations by
argueron, Sagawa & Hagino ( 2008 ), Baldo & Schulze ( 2007 ),

nd Takatsuka & Tamagaki ( 2004 ) for the ns, ps, and nt pairing
ypes, respectively. The corresponding density dependences of T crit 

re shown in Fig. 8 . 
Margueron et al. ( 2008 ) and Gandolfi et al. ( 2009 ) reported similar

heoretical dependences of T crit on baryon density for the ns-type 
airing. Previously we have checked that the replacement of one of
hese models by the other does not appreciably change the thermal
volution of the isolated neutron stars (Potekhin & Chabrier 2018 )
nd the accreting neutron stars in the SXTs (Potekhin et al. 2019 ;
otekhin & Chabrier 2021 ). Results of recent numerical simulations 
MNRAS 522, 4830–4840 (2023) 
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M

Figure 8. Critical temperature for nucleon superfluidity as a function of mass 
density for ns, ps, and nt pairing. The long-dashed, dot–dash, and solid lines 
correspond to the superfluid gap parametrizations by Ho et al. ( 2015 ) named 
MSH, BS, and TTav for theoretical calculations by Margueron et al. ( 2008 ) 
for the ns pairing, Baldo & Schulze ( 2007 ) for the ps pairing and Takatsuka & 

Tamagaki ( 2004 ) for the nt pairing, respectively. The short-dashed line shows 
the parametrization by Ding et al. ( 2016 ) to their calculations for the nt pairing, 
and the triangles show the results of Guo et al. ( 2019 ) for the ps pairing. The 
vertical dotted lines are drawn at the densities corresponding to the crust–
core boundary, nuclear saturation density ρ0 (Horo witz, Piekare wicz & Reed 
2020 ), direct Urca threshold ρDU and densities ρc at the centre of neutron 
stars with masses M = 1 M �, 1 . 4 M �, and 2 . 0 M �, according to the EoS 
BSk24 (Pearson et al. 2018 ). 
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Figure 9. The same as in Fig. 3 , but with another model of the nt-type 
superfluidity (D + 16 instead of TTav). 
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f the ns superfluidity by Ding et al. ( 2016 ) are also close to the MSH
odel. 
Baldo & Schulze ( 2007 ) showed that the allowance for the three-

ody ef fecti ve nuclear forces and for in-medium effects (such as
odified ef fecti ve nucleon masses and polarization) reduces the

ap in the proton energy spectrum caused by the ps-pairing, � ps ,
hich is related to the critical temperature of superfluidity, k B T crit =
 . 5669 � ps . Guo et al. ( 2019 ) have argued that a proper account of
he density dependence of the proton–proton induced interaction in
he neutron star matter leads to still stronger suppression of the ps-
ype superfluidity. The values of T crit that follows from their tabular
alues of � ps are shown in Fig. 8 by the triangles. Lim & Holt
 2021 ) have recently studied proton pairing in neutron stars using
he chiral ef fecti ve field theory and obtained a broad v ariety of gaps
s functions of the proton Fermi momentum k 

p 
F , depending on the

etails of the theoretical model. All these gaps are either similar to or
maller than the BS gap. Sedrakian & Clark ( 2019 ) suggested that the
bsence of proton superconductivity may have profound implications
or the physics of compact stars. We tested the effect of the reduction
f the ps-type critical temperature by using the extreme model of
ompletely suppressed proton superfluidity and found that it almost
oes not affect the heating curves shown in Figs 2 , 3 , and 6 . This is
xplained by the fact that the non-suppressed BS proton pairing gap
anishes at the centres of all neutron stars with M > M �, hence a
ubstantial part of the core is free of the proton superfluidity in all
onsidered models. 

Ho we ver, the current uncertainties in the theory of the triplet
airing of baryons pro v e to be essential for the simulations of
he thermal evolution of neutron stars (see e.g. Fortin et al. 2018 ;
otekhin et al. 2019 ; Potekhin et al. 2020 ; Burgio et al. 2021 , and
eferences therein). The main effect of the superfluidity in the core
n the quasi-stationary states and long-term evolution of the neutron
tars consists in suppressing the direct Urca processes. Due to this
ffect, the decrease of the luminosity with increasing mass abo v e
 DU is less sharp than it would be in the absence of superfluidity.
NRAS 522, 4830–4840 (2023) 
s an example alternative to the TTav model, the short-dashed line
n Fig. 8 represents the parametrization of Ding et al. ( 2016 ) to their
umerical results, based on the same Av18 ef fecti ve nucleon–nucleon
otential as implied in the TTav model, with short- and long-range
eutron correlations included (hereafter, D + 16). Fig. 8 reveals that
he TTav and D + 16 models predict similar T crit ( ρ) dependences at
elatively small ρ up to the maximum T 

(max) 
crit ≈ (5 − 7) × 10 8 K at ρ

4 × 10 14 g cm 

−3 , but at higher densities the D + 16 superfluidity
ecomes quickly suppressed, unlike the TTav one. The D + 16
arametrization is used in Fig. 9 , which should be compared with
ig. 3 , where we employed the TTav model using the same models
f the EoS and the heat-blanketing envelope. Because of vanishing
 + 16 superfluidity at ρ � 7 × 10 14 g cm 

−3 , any neutron star with
 > M DU has some central region where the direct Urca process is

ot suppressed by superfluidity. This causes a sharper lowering of
he heating curves (i.e. decrease of ˜ L q with increasing M at a given
 Ṁ obs 〉 ) in Fig. 9 relative to Fig. 3 for M > M DU . 

Let us note that the parametrization by Ding et al. ( 2016 ) is based
n their computations without inclusion of three-nucleon forces
3NF). The preliminary results with inclusion of the 3NF effects,
resented by these authors, show an increase of the triplet gap (in
ontrast with the singlet pairing case) and do not demonstrate the
ap closure at large densities, so that the TTav gap appears to be
etween the results of Ding et al. ( 2016 ) with and without the 3NF.
he authors caution that at these high densities one approaches the

imit of applicability of the employed theory. 

 CRUST  C O O L I N G :  T H E  CASE  O F  M X B  

6 5 9  −2 9  

et us apply the accreted crust models described in Section 2 to a
tudy of the thermal evolution of the SXT MX-B 1659 −29 (MAXI
1702 −301). We have chosen this quasi-persistent transient as an
xample, because it has been observed for a long time, revealed three
utbursts and has a well-documented record of the crust cooling after
he last two of them. It was disco v ered as an X-ray bursting source
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uring the SAS-3 satellite mission (Lewin et al. 1976 ; Lewin & Joss
977 ). Later it was observed many times using different instruments
see Wijnands et al. 2003 ; Parikh et al. 2019 , and references therein).
he source was detected several times in X-rays and in the optical

rom 1976 October 1 till 1979 July 2, but then (between 1979 July 2
nd 17; Cominsky, Ossmann & Lewin 1983 ) it turned to quiescence
nd could not be detected any more until April 1999, when in ’t
and et al. ( 1999 ) found it to be active again. The source remained
right for almost 2.5 yr before it became dormant in September 
001. It was first observed in the quiescent state by Chandra in
ctober 2001 (Wijnands et al. 2003 ). Afterwards, its X-ray emission
as observed several times in quiescence till October 2012 (Cackett 

t al. 2006 , 2008 , 2013 ). In August 2015 the source showed a new
utburst (Negoro et al. 2015 ), which lasted ≈550 d till February 2017.
ubsequent crust cooling was followed from March 2017 using X-ray 
bservatories Swift , Chandra , and XMM–Ne wton . The results hav e
een summarized and analyzed by Parikh et al. ( 2019 ). Following
hese authors, we name outburst I and outburst II those of 1999–
001 (MJD 51265–52162) and 2015–2017 (MJD 57256–57809.7), 
espectively; we also name outburst 0 the one observed in 1976–1979. 
he quiescent light curves after the end of outburst I were modelled

n a number of works (Brown & Cumming 2009 ; Cackett et al. 2013 ;
eibel et al. 2017 ; Parikh et al. 2019 ; Potekhin & Chabrier 2021 ;
endes et al. 2022 ). Parikh et al. ( 2019 ) and Potekhin & Chabrier

 2021 ) performed consistent modelling of the short-term evolution 
f MXB 1659 −29 during and after the two outbursts I and II. In all
he cases, additional adjustable model parameters were necessary for 
ood fits: the heat deposited at shallow depths per accreted baryon, 
 sh , and the mean-square deviation of the nuclear charge number 
ue to impurities in the crust, Q imp . The latter parameter modifies
he electron thermal conductivity of the crust: the larger Q imp , the
maller the conductivity. 

The previous studies were based on the traditional models of the 
uclear transformations and heat production in the accreted crust. 
ere we use the case of MXB 1659 −29 to illustrate the influence of
eutron redistribution in the inner crust on the post-outburst cooling 
f neutron stars in SXTs. For this purpose we will compare the
esults of numerical simulations of the thermal evolution of the 
eutron star in this SXT, performed using the traditional (F + 18)
nd thermodynamically consistent (GC) accreted crust models. For 
ach model, we first prepare a quasi-equilibrium thermal state of 
 neutron star so as to match the most probable value of the
edshifted ef fecti ve temperature ˜ T eff in quiescence, deri ved from 

bservations, k B ̃  T eff ≈ 56 eV (Cackett et al. 2008 , 2013 ). 2 Then we
onsecutively simulate the neutron star heating during outburst 0, 
ollowed by cooling during 20 yr, heating during outburst I, followed 
y cooling during 13.9 yr and heating during outburst II, followed 
y cooling till now. In the absence of detailed information on the
arly outburst 0, we assume that it has the same characteristics as
utburst I. We fix Ṁ = 4 × 10 −9 M � yr −1 for the outburst I and
˙
 = 1 . 3 × 10 −9 M � yr −1 for outburst II (see Potekhin & Chabrier

021 , for details). 
First let us consider the heavy-element (Fe) heat-blanketing 

nvelope model. In this case, as can be seen from Figs 2 and 7 ,
t can be compatible with the estimated 〈 Ṁ 〉 and ˜ L q only if M ≈
 DU . For illustration we assume the BSk24 EoS and accordingly fix
 Follo wing the pre vious works (Parikh et al. 2019 ; Potekhin & Chabrier 2021 ; 
endes et al. 2022 ), here we discard the alternative estimate k B ̃  T eff ≈ 43 eV 

btained by Cackett et al. ( 2013 ) with inclusion of a power-law spectral 
omponent in addition to the thermal one. 

n  

3

o
P

 = 1 . 6 M �. The results are shown in Fig. 10 . The upper and lower
otted lines correspond to the F + 18 and GC models, respectively,
ithout any adjustable ingredients, i.e. with E sh = 0 and Q imp = 0.
e see that they cannot reproduce the amplitude of the observed

rust cooling. The other light curves in this figure are calculated by
djusting E sh so as to match the first measurement of ˜ T eff after the end
f outburst I (the Chandra observation on 2001 October 15, about
ne month after the source became quiescent). We find that we need
o include E sh ≈ 1 MeV, if it is located near the shallowest nuclear
ransformation in the F + 18 and GC models of accreted crust, ρsh 

1.4 × 10 9 g cm 

−3 (that is near the inner boundary of the region
here burning of light elements to iron can be compatible with the
ata in Tables 1 and 2 ), which is our default value. If the shallow
eating occurs at a smaller density, then the heat amount E sh should
e somewhat larger, because its larger part leaks to the surface and
oes not heat the inner layers (cf. Fig. 4 ). For example, the dashed
urves in Fig. 10 illustrate the case where ρsh = 10 8 g cm 

−3 . A
omparison with the case of the default shallow depth (the dot–
ashed curve) shows that the crust cooling is rather insensitive to the
hallow heating depth at t � 0.1 yr, but the smaller ρsh gives a better
greement with the observations of outburst II at t � 0.1 yr (see the
nset in the right-hand panel of Fig. 10 ). 

An admixture of charge impurities helps us to achieve a better
greement between the theoretical crust cooling curves and observa- 
ions. For simplicity, we assume constant impurity level Q imp in the
ntire solid crust. The optimal values are Q imp ≈ 1 and Q imp ≈ 4 in
he F + 18 and GC models, respectively. 

Let us consider another model of the heat-blanketing envelope, 
hich is composed of He at ρ < 10 8 g cm 

−3 and is consistent
ith the adopted accreted crust model (either GC or F + 18) at
> 10 8 g cm 

−3 . This envelope is slightly less heat-transparent
han the He envelope considered in Section 3 . Keeping the BSk24
oS in the core, we find that the realistic mean accretion rates
 Ṁ obs 〉 ∼ 10 −10 − 10 −9 M � yr −1 are compatible with the estimated 
urface temperature in quiescence, ˜ T eff = 56 ± 2 eV (Cackett et al.
013 ; Parikh et al. 2019 ), if M ≈ (1 . 7 − 2 . 0) M �, depending on the
t-superfluidity model ( ≈ 2 . 0 M � for the TTav model and ≈ 1 . 7 M �
or the D + 16 model; cf. Figs 3 and 9 ). The results of the simulations
ith fixed M = 1 . 8 M � are shown in Fig. 11 . Here, all light curves

re calculated with E sh adjusted so as to match the first measurement
f ˜ T eff after the end of outburst I. Assuming Q imp = 0, we obtain
ery similar light curves for the F + 18 and GC models,which exhibit
 fast post-outburst cooling incompatible with the observations. We 
ee that an acceptable agreement between the theory and observations 
an be achieved if we assume Q imp ≈ 3 in the F + 18 model or Q imp 

7 in the GC model. It is remarkable that the observations of both
utbursts I and II can be fitted by using the same values of E sh and
 imp . 3 

The presented results demonstrate that the F + 18 model provides
omewhat better agreement with the observations than the GC model, 
lthough this difference is statistically insignificant. It is due to the
etarded cooling in the F + 18 model at intermediate times t ∼ 0.1–
 yr, which is absent in the GC model. Fig. 12 provides an insight
nto the origin of this retardation. In the traditional model, unlike
he GC model, the inner crust layers at ρ ∼ 10 12 −10 13 g cm 

−3 are
eated appreciably during the outburst. This inner-crust heat does 
ot affect the initial cooling stage, as we see from the near constancy
MNRAS 522, 4830–4840 (2023) 

 We recall that the consistent fitting of the cooling light curves after both 
utbursts I and II was previously performed by Parikh et al. ( 2019 ) and 
otekhin & Chabrier ( 2021 ) using the traditional accreted crust models. 
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M

Figure 10. Simulated light curves for the outbursts I (left-hand panel) and II (right-hand panel) of MXB 1659 −29 versus observ ations. The sho wn dependences 
of the ef fecti ve temperature in energy units, k B ̃  T eff , on time t , as measured by a distant observer from the end of an outb urst, ha ve been computed using the 
BSk24 EoS model for a neutron star with M = 1 . 6 M � with an iron outer envelope under different assumptions about the accreted crust. The upper dotted curve, 
solid curve, and long-dash–short-dash curve are calculated assuming the F + 18 model, and the other curves illustrate the case of the GC model with P oi = P 

(0) 
oi . 

The dotted lines show the case of no shallow heating and the other lines include the amount of heat per accreted nucleon E sh as quoted in the legend. The mass 
density of the shallow heating is taken to be ρsh = 1.4 × 10 9 g cm 

−3 for all the curves except the ones marked ‘lower ρsh ’ in the legend: for these two curves 
ρsh = 10 8 g cm 

−3 . The impurity parameter Q imp is also listed in the legend for each case. The rising parts of the curves at t < 0 show the increase of conditional 
ef fecti ve temperature during an outburst, calculated neglecting the accretion-induced processes near the surface. The error bars represent the v alues deri ved from 

observations, according to Parikh et al. ( 2019 ). The insets show the crust cooling curves plotted at a logarithmic time-scale. 

Figure 11. The simulated light curves and observational error bars, analogous to Fig. 10 , but for a neutron star of mass M = 1 . 8 M � with the helium atmosphere 
and ocean down to the interface with the accreted crust at mass density ρ = 10 8 g cm 

−3 . The curves of different styles correspond to different Q imp and E sh in 
the crust, according to the legend. 
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Figure 12. Redshifted temperature profiles inside a neutron star as in Fig. 11 
during the outburst I (left-hand panel) and subsequent cooling (right-hand 
panel) at different times after the start of the heating and the cooling, 
respectively, as marked near the curves. The same neutron star model as 
in Fig. 11 is used. The solid and dashed curves represent the results for the 
accreted crust models F + 18 and GC with the same accretion rate, shallow 

heating, and impurity parameters as for the respective curves in the left-hand 
panel of Fig. 11 . The vertical dotted lines indicate the outer-inner catalyzed 
crust and crust–core interfaces. 
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f ˜ T at densities of a few times 10 11 g cm 

−3 at t � 0.1 yr. At t �
.1 yr, ho we ver, this additional heat propagates to the surface and
s radiated, making the luminosity somewhat higher than in the GC
odel. In the right-hand panel of Fig. 12 , the temperature profiles at
� 10 9 g cm 

−3 are lower in the F + 18 model than in the GC model
t early times t < 0.1 yr because of the stronger preceding shallow
eating, but become higher at t ∼ 1 yr due to the heat income from
he inner crust. At t � 2 yr the GC profiles become higher again
ecause the heat dissipates less quickly due to the larger impurity 
arameter (i.e. lower conductivity of the crust). 
Fig. 13 illustrates theoretical variations of the SXT crust cooling 

ehaviour in frames of the GC models. First, we vary Q imp around the
est-fitting GC model shown in Fig. 11 and adjust E sh as previously.
e see that the observational error bars allo w v ariation of Q imp by
20 per cent, an increase of Q imp being accompanied by a decrease of
 sh . Next, we test the model with the largest P oi value ( P oi = P 

(cat) 
oi ),

nstead of the smallest one ( P oi = P 

(0) 
oi ). Finally, we replace the

Sk24 model for the heating profile and crust composition (Table 1 )
y the BSk25 model (Table 2 ). As we see, neither the variation of P oi 

or the replacement of BSk24 by BSk25 can affect the crust cooling
ppreciably. This is explained by the dominant influence of the heat 
ources in the outer crust (including the shallow heating), which are 
he same in these models. 

 C O N C L U S I O N S  

e studied the consequences of hydrostatic/diffusion equilibrium 

f free neutrons in accreted inner crust on the long- and short-term
hermal evolution of the neutron stars in the SXTs. We found that
he observed quasi-stationary thermal luminosities of such neutron 
tars can be equally well fitted in the frames of the model F + 18
Fantina et al. 2018 ), based on the traditional approach that neglects
he hydrostatic/diffusion equilibrium condition for free neutrons and 
he models GC (Gusakov & Chugunov 2020 , 2021 ), which take
his condition into account. Ho we ver, in the latter model, unlike the
raditional ones, good fits of some relatively hot quiescent sources can
nly be obtained provided that the heating of the neutron star core
y the energy sources located at shallow depths in the outer crust
s allowed for. We also found that the observations of the cooling
f SXT MXB 1659 −29 after its two consecutive outbursts can be
onsistently fitted in both the F + 18 and GC models, but using the
djustable parameters of the shallow heating and crust impurities that 
re different for these models. 
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