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We present the fully quantum mechanical distribution of the photofragment angular momentum polar-
ization in the photolysis of an isotropic ensemble of symmetric top molecules. The distribution is written
in terms of the recently established anisotropy transforming coefficients cK

kdqk
(P.S. Shternin, O.S. Vasyu-

tinskii, Chem. Phys. 128 (2008) 194314) which contain all dynamical information on the photolysis
dynamics and can be either determined from experiment, or calculated from theory. Explicit expressions
for the coefficients cK

kdqk
for the case of photolysis of symmetric top molecules were obtained within the

full quantum mechanical approach and then simplified using the quasiclassical approximation in the
high-J limit. The role of the photofragment angular momentum depolarization due to molecular rotation
was analyzed for three important particular cases: photolysis of diatomic molecules, photolysis of sym-
metric top molecules when the angular momentum polarization of atomic photofragments are detected,
photolysis of symmetric top molecules when the angular momentum polarization of molecular photo-
fragments are detected. The obtained rotation factors were compared with the results of previous studies.
The paper also presents a compact spherical tensor expression for the 2 + 1 REMPI absorption signal
which can be used for direct determination of the coefficients cK

kdqk
from experiment. A comparison

was made between the anisotropy transforming coefficients cK
kdqk

and the polarization parameters AK
q

introduced very recently by (T.P. Rakitzis, A.J. Alexander, J. Chem. Phys. 132 (2010) 224310) for descrip-
tion of the photofragment polarization in photolysis of polyatomic molecules. This comparison shows
that these two sets of parameters are equivalent to each other as they just proportional to each other
in pairs.

� 2011 Elsevier B.V. All rights reserved.
1. Introduction

Angular momentum polarization of the products of photolysis
of diatomic and polyatomic molecules attracts wide attention for
decades [1–10]. The importance of vector properties in photodisso-
ciation dynamics is a consequence of the fact that practically all
interactions within a reaction complex are intrinsically anisotropic
and this fact often results in electronic, or rotational anisotropy in
the produced photofragments.

The form and degree of this anisotropy is often a function of the
photofragment recoil direction and provides correlation between
the direction of the recoil vector and the direction of the photofrag-
ment electronic or rotational angular momentum. The complete
quantum mechanical treatment of the photofragmentation process
is in general required for description of the full range of interfer-
ence effects and nonadiabatic interactions.
ll rights reserved.

ii).
Using the axial recoil approximation, Siebbeles et al. [11] pre-
sented a quantum mechanical treatment of the angular momen-
tum distribution of the photofragments based on the spherical
tensor formalism for the case of unpolarized parent molecules. This
approach allows for separation of the kinematical and dynamical
parts of the angular momentum distribution and was later used
by Picheyev et al. [12] and by Rakitzis and Zare [13] for introducing
two alternative sets of anisotropy (polarization) parameters which
contain all information about the photodissociation dynamics and
can be either calculated from theory, or determined from experi-
ment. The spherical tensor expression presented in Ref. [11] has
been extended to the case of two open shell photofragments by
Bracker et al. [14] and by Balint-Kurti et al. [15] who developed a
critical link from theoretical description to the experimental
observations.

Recently, Shternin and Vasyutinskii [16] have generalized the
approach of Siebbeles et al. [11] to the case of photodissociation
beyond the axial recoil approximation. Assuming that only one of
the two photofragments (the photofragment A) is detected

http://dx.doi.org/10.1016/j.chemphys.2011.09.003
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Shternin and Vasyutinskii [16] reported a spherical tensor expres-
sion for the photodissociation polarization cross section (photo-
fragment state multipole moment) for the photolysis reaction

ABðJiÞ þ hm! AðjAÞ þ BðjBÞ ð1Þ

which is valid for any photolysis reaction in diatomic, or polyatomic
molecules, irrespectively of the reaction mechanism.

The expression for the photodissociation polarization cross sec-
tion [16] was presented in terms of the anisotropy transforming
coefficients cK

kdqk
which are scalar values containing all information

on the photodissociation dynamics.
In general, the anisotropy transforming coefficients cK

kdqk
contain

the terms describing the optical excitation of the parent molecule
and the following dynamical evolution including nonadiabatic
interactions, coherent effects, and rotation of the molecular axis
during photodissociation. The explicit expressions for these coeffi-
cients for photodissociation of diatomic (linear) parent molecules
were presented in Ref. [16,17] for the case of direct photodissocia-
tion and slow predissociation.

The generalization of this approach to the case of polarized par-
ent molecules has recently been reported by Krasilnikov et al. [18].

The aim of this paper is to present and analyze an expression for
the anisotropy transforming coefficients cK

kdqk
for the case of pho-

tolysis of a symmetric top polyatomic molecule, where two mo-
ments of inertia are equal to each other Ix = Iy � I\ and differ
from the third one Iz � Ik [19]. In general, this expression can be
written in the full quantum mechanical form for arbitrary value
of the molecular total angular momentum J, however in this paper
we restrict ourselves to the quasiclassical approximation in the
high-J limit, J� 1.

In particular, we analyze the obtained expression for the anisot-
ropy transforming coefficients and point out main differences be-
tween the polyatomic and diatomic photodissociation. Then, the
2 + 1 REMPI detection scheme which can be used for determining
of the anisotropy transforming coefficients from experiment is
analyzed and a compact spherical tensor expression for the 2 + 1
signal intensity is presented.

The 2 + 1 signal intensity expression is used for comparison be-
tween the set of the anisotropy transforming coefficients cK

kdqk
by

Shternin and Vasyutinskii [16], the set of the polarization parame-
ters AK

q very recently suggested by Rakitzis and Alexander [20] and
Rakitzis [21] on the basis of the density matrix approach using
classical arguments, and the set of the anisotropy parameters sug-
gested earlier of Picheyev et al. [12]. It is shown that all three sets
of parameters are equivalent to each other being simply propor-
tional to each other in pairs. Therefore, each set can be used for
the description of photofragment polarization from photolysis of
arbitrary polyatomic molecules.

As shown, the anisotropy transforming coefficient expression in
the high-J limit contains the rotational factors which describe the
depolarization of the photofragment angular momentum due to
the molecular rotation. The rotation factor expression is analyzed
for three particular cases of the photolysis reactions. They are: (i)
photolysis of diatomic molecules; (ii) photolysis of symmetric
top molecules when the angular momentum polarization of atomic
photofragments is detected; (iii) photolysis of symmetric top mol-
ecules when the angular momentum polarization of molecular
photofragments is detected. As shown, the depolarization mecha-
nism for each of the three cases differs from others.

In case (i) total angular momenta of photofragments A and B (jA

and jB, respectively) are small, jA, jB� J, and the molecular angular
momentum J is mainly perpendicular to the parent molecule sym-
metry axis. The obtained rotational factor expressions are the same
as those reported earlier by Kuznetsov and Vasyutinskii [22,23].

In case (ii) jA� jB, J and the molecular angular momentum J
can have any angle of declination bJ with respect to the parent
molecule symmetry axis. Integration over the angle of declination
bJ results in rotational factors which in general differ from those
for the case (i). In particular, in the photolysis of spherical top
molecules where all three inertia moments are the same,
I\ = Ik = I, the obtained rotation factors are equivalent to those
reported very recently by Bougas and Rakitzis [24].

A simple vector model illustrating the depolarization mecha-
nisms related to different anisotropy transforming coefficients
cK

kdqk
in terms of two possible types of free rotation of a symmetric

top molecule is presented.
In case (iii) jA, J� jB and the obtained rotational factors in

general differ either from the case (i), or from the case (ii). The
main peculiar features of this case are that each X-state in the
parent symmetric top molecule (where X is the projection of
the total angular momentum onto the molecular axis) refers to
a certain value of the molecular photofragment angular momen-
tum jA and that a rotational factor is in general a function of X
and jA. Therefore, the calculation of the rotation factors become
more complicated and the expression for the experimental signal
depends in general on the detection procedure.

The obtained results can be used by experimentalist for extract-
ing the dynamical information from vector correlation photodisso-
ciation experiment and for analysis of the angular momentum
depolarization in symmetric top molecules.

2. Photodissociation polarization cross section

As shown by Shternin and Vasyutinskii [16] using the standard
quantum mechanical approach which apply for photodissociation
of diatomics as well as polyatomic molecules into two fragments
[25–27], the general spherical tensor expression describing the
photofragment A angular momentum polarization can be pre-
sented in a double expansion form:

rðjAÞKQ ðk; eÞ ¼
r0

4p
X

kd ;qd ;q

cK
kdqk

DK�

Qqk
ð/; h;0ÞDkd

qdqk
ð/; h;0ÞEkdqd

ðeÞ; ð2Þ

where Dkd
qdqk
ð/; h;0Þ is a Wigner D-function [28], / and h are polar

angles specifying the photofragment recoil direction k, and

r0 ¼ rjA
00

D E
is the total photodissociation cross section.

The irreducible differential cross section rðjAÞKQ ðk; eÞ in the left
part of Eq. (2) describes the polarization of a photofragment with
angular momentum jA flying apart in the recoil direction k. The
rank K and laboratory frame projection Q describe the orientation
and alignment of the photofragment A angular momentum:
K = 0 � � � 2jA and Q = �K � � � K.

The term Ekdqd
ðeÞ in Eq. (2), where e is the photolysis light polar-

ization vector, is the light polarization matrix [19] with rank kd = 0,
1, 2 and laboratory frame spherical projection qd = �kd � � � kd.

The spherical tensor rðjAÞKQ ðk; eÞ describes the photofragment
angular momentum polarization in the laboratory frame. In the
body frame referred to the recoil direction k the differential cross
section in Eq. (2) can be written in a compact form [16]:

rðjAÞKqk
ð#k;ukÞ ¼

r0

4p
X

kd

cK
kdqk

Ekdqk
ð#k;ukÞ; ð3Þ

where both spherical tensors rðjAÞKqk
ð#k;ukÞ and Ekdqk

ð#k;ukÞ are quan-
tized onto the recoil direction k and the polar angles (#k,uk) specify
the direction of the light polarization vector e in the recoil frame
XkYkZk.

The laboratory and body frame expressions for the differential
cross section in Eqs. (2) and (3) have been derived for the case of
one photon photoexcitation in the low light intensity (dipole)
approximation. It was also assumed that only one of the two
photofragments (A) is detected and the averaging over the
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quantum numbers of the other, nondetected photofragment was
performed.

Under these conditions, Eqs. (2) and (3) are valid for any photo-
dissociation reaction in diatomic, or polyatomic molecules irre-
spectively on the reaction mechanism.

The scalar expansion coefficients cK
kdqk

in Eqs. (2) and (3) are
anisotropy transforming coefficients which contain all information
about the photodissociation dynamics and can be either deter-
mined from experiment, or calculated from theory. They depend
on three quantum numbers K, kd, and qk, where K is the photofrag-
ment rank, kd is the light polarization rank, and qk is the coherent
quantum number [17] which is the projection of the ranks K and kd

onto the recoil axis k. The coefficient c0
00 is a normalization con-

stant fixed to c0
00 ¼ �

ffiffiffi
3
p

. Although the anisotropy transforming
coefficients are in general complex values, all measurable vari-
ables, like intensity of the probe light absorption are always real,
because they contain only real, or imaginary parts of the coeffi-
cients. As can be seen from Eq. (3), the projection qk onto the recoil
axis k is preserved in the photochemical reaction, which is an
important conservation law underlying many vector correlation ef-
fects of photochemical reactions. As can be shown, this conserva-
tion law is in general based on the conservation of the projection
of the total angular momentum of the system photon+molecule
onto the recoil axis. The physical meaning of the projection qk is
very clear. It is equal to

qk ¼ l� l0 ¼ XA �X0A; ð4Þ

where l = 0, ±1 and XA = �jA . . . jA are the projections of the photol-
ysis light polarization vector e and of the photofragment A total
angular momentum jA, respectively, onto the asymptotic recoil
direction k.

The values l � l0 and XA �X0A in Eq. (4) relate to the coherence
in the light polarization matrix and in the photofragment angular
momentum system, respectively. Therefore, the conservation of
the projection qk in photochemical reactions is equivalent to the
conservation of the corresponding coherences.

In the particular case K = 0, Q = 0, using the explicit expression
of the polarization matrix Ekdqk

[19] Eq. (3) can be readily trans-
formed to the well known expression describing the angular distri-
bution of photofragments [1]:

r00 ¼
r0

4p
½1þ bP2ðcos#kÞ�; ð5Þ

where P2(cos#k) is the Legendre polynomial of the second order and
the parameter b is equal to b ¼

ffiffiffiffiffiffiffiffi
2=3

p
c0

20.
If K – 0, Eqs. (2) and (3) describe the angular momentum polar-

ization of the photofragment A as function of the recoil angles.
In this paper we derive and analyze the quantum mechanical

expressions for the polarization cross section describing the pho-
tolysis of a symmetric top molecule resulting in two photofrag-
ments, one of them is a symmetric top molecule and another is
an atom. The parent symmetric top molecule is considered to be-
have during dissociation like a rigid rotator, which means that pos-
sible vibration effects are neglected.

We start form the expression for the generalized photofragmen-
tation cross section r(k,E; jm0, jm) which can be written in the form
[15,25,26]:

rðk; E; jm0; jmÞ ¼ C
ð2Ji þ 1Þ

X
JiMi ;Xi

hW�ðk;jm
0 ÞðR; r; EÞjd̂ � ejWJiMiXi

i

	 hW�ðk;jmÞðR; r; EÞjd̂ � ejWJiMiXi
i�NðJi;XiÞ; ð6Þ

where j and m are the total photofragment angular momentum,
j = jA + jB and its laboratory frame projection, respectively, d̂ is a di-
pole moment operator, R is the vector connecting the centers of
mass of the fragments, while r denotes collectively all the internal
coordinates of fragments.

Note, that in this paper we denote the molecular frame projec-
tion of a symmetric top angular momentum J by the letter X, not
by the frequently used letter K (see, e.g., Ref. [19]) in order to avoid
a confusion, because the letter K is used throughout paper for
labelling spherical tensor ranks.

The coefficient C in Eq. (6) is given by C = 2p2m/c�o, where m is
the frequency of the photolysis light. The term WJiMiXi

is the wave
function of the parent molecule initial state, where Ji, Mi, and Xi

are the total initial state angular momentum and its projections
onto the laboratory axis Z, and onto the molecular axis R, respec-
tively. The initial molecular state is assumed to be unpolarized,
the term N(Ji,Xi) denotes the population of the corresponding rota-
tional energy sublevels.

The term W�(k, jm)(R,r,E) is the dissociative wave function
describing two photofragments flying apart with total energy E
in a direction specified by the vector k. At large internuclear dis-
tance R the dissociative wave function obeys usual boundary con-
dition corresponding to an outgoing plane wave with specific
internal states and incoming spherical waves in all other channels:
[27,30]

W�ðk;jmÞðR; r; EÞ 
R!1 eikRjjmi þ
X
�j �m

f�j �m;jmðR; kÞ e
�ik�jR

R
j�j �mi: ð7Þ

Let the letter A denote the molecular fragment and B denote the
atomic fragment. At large internuclear distance R the total photo-
fragment wave function jjmi in Eq. (7) can be expressed in terms
of the free fragment wave functions:

jjmi � wjm ¼
X

mA ;mB

Cjm
jAmAjBmB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2jA þ 1

8p2

r
DjA�

mAKA
ðU;H;NÞjnAijjBmBi; ð8Þ

where the first term in the right side is a Clebsch–Gordan coefficient
and the Euler angles (U,H,N) describe the position of the molecular
fragment axis with respect to the laboratory frame XYZ.

The Wigner D-function DjA�
mAKA
ðU;H;NÞ in Eq. (8) is the rotational

wave function of the molecular fragment A with angular momen-
tum jA, laboratory frame projection mA, and the projection on the
fragment axis KA. The terms jnAi and jjBmBi are electronic wave
functions of the free fragments A and B, respectively.

At any internuclear distances R the dissociation wave function
W�(k,jm)(R,r,E) and the wave function of the initial molecular state
WJiMiXi

in Eq. (6) can be expanded over the orthogonal set of the
Wigner D-functions and the internal fragment wave functions
[22,25,26]. In this paper for simplicity we use the diabatic basis
set, in contrast to the adiabatic basis set usually used for the dia-
tomic molecules [22]. Within the diabatic basis set the photofrag-
ment wavefuncions are taken in the asymptotic form (8) which
depends on all electronic coordinates and the angles U, H, N, but
does not depend on R. The expansion coefficients vJ

�jXR ;jXk
ðRÞ (the

scattering functions) which are the function of R are the subject
of the set of closed-coupled equations [25,26]. These functions de-
pend on the total molecular angular momentum J, on the initial
and final quantum numbers �j; j, and on the helicities XR, Xk.

Using the standard transformations of the quantum theory of
angular momentum [11,16,22,25,26,29], the fully quantum
mechanical expression for the anisotropy transforming coefficients
was derived. This expression was simplified using the quasiclassi-
cal approximation in the high-J (J, Ji� 1) limit. According to the
quasiclassical approximation the regions of the internuclear dis-
tance R where the dissociation dynamics is mostly adiabatic are as-
sumed to be isolated from the relatively narrow regions where the
nonadiabatic interactions occur [27]. Within this approximation
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the quantum mechanical scattering matrix SJ
�jXR ;jXk

ðRÞ (see Ref. [22])
can be presented as a product:

SJ
�jXR ;jXk

ðRÞ � gJ
�jXR ;jXk

ðRÞe�2idJ
jXk ; ð9Þ

where dJ
jXk

is the elastic scattering phase which is assumed to be

large and results in fast oscillations of the exponent with J, while
the term gJ

�jXR ;jXk
ðRÞ weakly depends on J and is responsible for non-

adiabatic interactions.
The quantum numbers XR and Xk = XA + XB in Eq. (9) are the

projections (helicities) of the total angular momentum onto the
molecular axis R and onto the recoil direction k, respectively.

Using a known asymptotic expression for the elastic scattering
wave function

vJ � sin kR� pJ
2
þ dJ

jX

� �
ð10Þ

and Eq. (9), the scattering functions vJ
�jXR ;jXk

can be presented in the
form:

vJ
�jXR ;jXk

ðRÞ � e
�idJ

jXk ~vJ
�jXR ;jXk

ðRÞ ð11Þ

where the term ~vJ
�jXR ;jXk

ðRÞ only weakly depends on J and X. This al-

lows to take out the phase factors e
�idJ

jXk from the dipole transition
matrix element in Eq. (6) while the rest part of the matrix element
can be calculated at J = Ji (Q branch). This procedure leads to appear-
ance of a phase factor difference in Eq. (6) which can be approxi-
mately presented in the form:

d
p
2

J � dJ
jXk

� �
� cprðJÞdJ þ csðJ;XÞdX; ð12Þ

where X �XR �Xk �Xi.
In the quasiclassical limit the quantities cpr(J) and cs(J,X) in Eq.

(12) relate to two classical rotation angles of the symmetric top
molecule, see Fig. 6. In particular, cpr(J) is the angle of precession
[19] of the molecular axis around the total angular momentum J
during the dissociation time s:

cprðJÞ ¼
J

I?
s; ð13Þ

where I\ is the ‘‘perpendicular’’ symmetric top inertia moment.
The value cs(J,X) in Eq. (12) is the angle of self-rotation [19] of

the symmetric top molecule around its symmetry axis during
dissociation:
A B

J

J

Fig. 1. The vector scheme of the molecular angular momenta coupling in case of a
diatomic molecule.
csðJ;XÞ ¼ Xs 1
Ik
� 1

I?

� �
¼ ðJ þ 1=2Þ cos bJs

1
Ik
� 1

I?

� �
� c0

s ðJÞ cos bJ ;

ð14Þ

where Ik is the ‘‘parallel’’ symmetric top inertia moment and the an-
gle bJ is the declination angle of the angular momentum J with re-
spect to the molecular axis (see Figs. 1 and 2) which is defined as:

cos bJ ¼ Xk=ðJ þ 1=2Þ � Xi=ðJi þ 1=2Þ: ð15Þ

The angle c0
s ðJÞ � c0

s in Eq. (14) is the X-independent part of cs

which is equal to the self-rotation angle at bJ = 0.
Transforming Eq. (6) to the form of Eq. (2) we obtain the expres-

sion for the anisotropy transforming coefficients cK
kdqk

in the follow-
ing form:

cK
kdqk
¼ 3ð2K þ 1Þ1=2

N�1
X
q;q0
ð�1Þkdþq0Ckdðq�q0 Þ

1q1�q0

X
Ji ;Xk

X
D

expfi½cprðJiÞD

þ csðJi;XkÞqk�gd
kd
ðq�q0ÞDðbJÞd

kd
qkDðbJÞfKðq; q0; qkÞ ð16Þ

where dkd
qkDðbJÞ in the second line is the Wigner d-function [28] and

D = J � J0.
As will be shown in detail later the sum over D in Eq. (16) is

responsible for the angular momentum depolarization due to
rotation.

The term fK(q,q0,qk) in the Eq. (16) is the dynamical function
[11,18]

fKðq; q0; qkÞ ¼
X

x

CjAXA
jAX0AKqk

CjXk
jAXAjAXB

C
j0X0k
jAX0AjAXB

NðJi;XiÞ

	 hw�j0X0R
~vJi

�j0X0R : j0X0k
ðRÞjd̂q0 jwjiXi

viðRÞi

	 hw�jXR
~vJi

�jXR : jXk
ðRÞjd̂qjwjiXi

viðRÞi�; ð17Þ

where two terms in the last line are the matrix elements of the dipole
moment component d̂q, where q, q0 = 0, ±1, denote the polar projec-
tion of the molecular dipole moment d̂ onto the body frame R axis.
These matrix elements are responsible for the optical excitation of
the parent molecule in the Frank–Condon area and for the following
evolution of the electronic and rotational molecular wave function.

The matrix elements contain integration over all ‘‘internal’’
coordinates and over the inter-fragment distance R. The index of
summation x in Eq. (16) is an aggregate of the quantum numbers
XA;X

0
A;XB;XR;X

0
R;Xi; j; j

0
;�j;�j0; ji. Note that the coherence quantum

number qk ¼ XA �X0A in Eqs. (4) and (17) is equal to Xk �X0k be-
cause the B fragment helicities are fixed to XB ¼ X0B due to the
averaging mentioned above.
A B

J

J

j

Fig. 2. The vector scheme of the molecular angular momenta coupling in case of a
symmetric top molecule.
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The wave functions w�jXR
and wjiXi

in Eq. (17) are the total excited
state and initial state photofragment wave functions (8), respec-
tively, transformed to the body frame:

w�jXR
¼
X

m

w�jmD
�j
mXR
ð/R; hR;vRÞ; ð18Þ

where the Euler angles /R, hR, vR specify the direction of the body
frame XRYRZR with respect to the laboratory frame XYZ.

Note that the dynamical function does depend on the coherence
quantum number qk ¼ Xk �X0k, however it can only weakly de-
pend on each of the projections Xk;X

0
k because the main Xk-depen-

dence is already included in the phase factor in Eq. (16).
The normalization constant N in Eq. (16) is given by:

N ¼ 2
X
Ji ;Xi

X
�jj;q

X
XRXk

NðJi;XiÞ w�jXR
~v Ji

�jXR ;jXk
jd̂qjwjiXi

viðRÞ
D E��� ���2 ð19Þ

Eq. (16) is one of the main results of this paper. It is written in a form
where each of the letters A and B can label either the molecular, or the
atomic fragment, however the detected fragment is always labelled
by the letter A. Therefore, Eq. (16) can be used for description of the
angular momentum polarization of either molecular, or atomic frag-
ments produced in the photolysis of a symmetric top molecule.

In the high-J limit the angular momentum of the molecular
photofragment is assumed to be large and approximately equal
to the total fragment angular momentum, while the angular
momentum of the atomic fragment is small.

Comparing Eqs. (2) and (16) with the corresponding high-J limit
expressions (18) and (C1) in Ref. [22] which describe the photodis-
sociation of a diatomic molecule, one can see the following main
differences between these two expressions:

1. The argument of the d-functions in Eq. (16) is the angle bJ = arc-
cosine[Xk/(Ji + 1/2)], unlike bJ = p/2 in Ref. [22]. This feature
reflects a well known fact that the total angular momentum J
in a diatomic molecule is nearly perpendicular to the molecular
axis, while in a symmetric top molecule the angular momentum
can have any declination with respect to the molecular axis.

2. The Clebsch–Gordan coefficients are used in Eq. (16) instead of
the asymptotic expansion coefficients TnXk

jAXAjBXB
[22] because of

the diabatic representation of fragment wavefunctions used
for derivation of Eq. (16).

3. The transition dipole moments in the last line in Eq. (16) are dif-
ferent from those used for diatomic molecules because the
atom–diatom fragment wave functions j�jXRi in Eq. (16) differ
from the diatomic fragment wave functions.

4. The phase factor in Eq. (16) contains two angles, cprðJiÞ and
csðJi;XkÞ describing the rotation of a symmetric top molecules,
while the phase factor in Eq. (C1) in Ref. [22] contains one angle
cðJÞ describing the rotation of the axis of a diatomic molecule.

3. Detection of polarized photofragments

A method for extracting orientation and alignment information
from measurements which use two-photon excitation as a probe of
diatomic photofragments has been developed by Kummel et al.
[31,32]. This approach have been adapted for atoms by Bracker
et al. [14]. Both methods can be used for any probe light polariza-
tion, however the obtained expressions are rather cumbersome.

In this section we present a simplified, but very compact tensor
expression describing the intensity of the polarized probe light ab-
sorbed by the photofragments via two-photon excitation. The
expression is valid only in case if the probe light is fully linearly, or
circularly polarized, which is suitable for most of the applications.
It is convenient to transform from the dissociation polarization cross

section rðjAÞKqk
ð#k;ukÞ in Eq. (3) to the photofragment state multiple

moment qðjAÞKqk
ð#k;ukÞ using the expression:
qðjAÞKqk
ð#k;ukÞ ¼

rðjAÞKqk
ð#k;ukÞ

ð2jA þ 1Þ1=2r0

: ð20Þ

As shown by Chichinin et al. [33] in case if the light is fully linearly,
or circularly polarized the intensity of the two-photon transition in
atoms, or molecules for arbitrary direction of the light polarization
can be presented in the form:

I ¼ I0

X
K

ðCKðnprÞ � qKÞPK ; ð21Þ

where the factor in the parentheses is a scalar product of the mod-
ified spherical harmonics CKQ(npr) [19] and the fragment state mul-
tipole qKQ.

The unit vector npr in Eq. (21) is parallel to the probe light polar-
ization vector epr if the light is linearly polarized and is parallel to
the light propagation direction if the light is circularly polarized.
The term PK in Eq. (21) is the line strength factor introduced by
Mo and Suzuki [34].

Under the same conditions the photolysis light polarization ma-
trix Ekdqk

ðeÞ in Eq. (3) can be presented in terms of modified spher-
ical harmonics [33]:

Ekdqd
ðeÞ ¼ ð�1ÞkdþsCkd0

1s1�sCkdqd
ð#;uÞ: ð22Þ

If the light is linearly polarized, s = 0 and the angles (#,u) describe
the direction of the photolysis light polarization vector e. If the light
is right/left hand circularly polarized, s = +1/�1, respectively, and
the angles (#,u) describe the direction of the photolysis light
propagation.

Substituting Eqs. (3), (20), and (22) into Eq. (21), the intensity of
the two-photon absorption of the probe light by polarized photo-
fragments can be presented in the following spherical tensor form:

I ¼ I0

4pð2jA þ 1Þ1=2

X
K;kd ;qk

ð�1ÞkdþqkþsCK�qk
ðnprÞCkdqk

ð#;uÞcK
kdqk

Ckd0
1s1�sPK ;

ð23Þ

where both photolysis and the probe laser beam polarizations are
defined in the recoil frame Xk, Yk, Zk.

The corresponding two-photon absorption laboratory frame
expression can be readily obtained by substituting Eqs. (2), (20),
and (22) into Eq. (21).

Eq. (23) can be used in practice for determination of the anisot-
ropy transforming coefficients cK

kdqk
from experiment for any exper-

imental geometry in case if both photolysis and the probe laser
beams are fully linearly, or circularly polarized.

Very recently Rakitzis and Alexander [20,21] have reported the
expression for the signal intensity in terms of the set of Akq polar-
ization parameters based on the density matrix treatment using
classical arguments which allow for the description of the photo-
fragment polarization from polyatomic molecule photodissocia-
tion. It is important to compare the Akq polarization parameter
nomenclature by Rakitzis and Alexander with the cK

kdqk
anisotropy

transforming coefficient nomenclature introduced earlier by Shter-
nin and Vasyutinskii [16] on the basis of the full quantum treat-
ment. This comparison can be readily done by close inspection of
Eq. (23) and intensity signal expression Eq. (6) from Ref. [21].

The results of the comparison are presented in Table 1. For com-
pleteness, in the second column we also added the corresponding
anisotropy parameter aK, cK, gK, sK expressions by Picheyev et al.
[12]. The constant V2(jA) in the second column of Table 1 is defined
as: V2(jA) = 5[jA(jA + 1)/((2jA + 3)(2jA � 1))]1/2. The constants s1 and
s2 in the third column are given in Ref. [20]. It should be pointed
out that the constant s2 (the detection sensitivity factor) in the third
column in Table 1 should be distinguished from the anisotropy
parameter s2 in the second column.



Table 1
Relationship between the anisotropy transforming coefficients cK

kd q [16], anisotropy
parameters [12], and the polarization parameters AK

q [20,21] of the ranks K = 0, 1, 2.
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Note, that the indices qk and q (as well as the index K) in the first
and the third columns in Table 1 have the same physical meaning. As
clearly seen from Table 1 all three sets of parameters describing
photofragment polarization from polyatomic molecule photodisso-
ciation are equivalent to each other as they are simply proportional
to each other in pairs. Eqs. (23) is equivalent to the intensity signal
expression Eq. (6) in Ref. [21], however it is written in more compact
tensor form. Therefore, each of the three sets of parameters in Table 1
can in principle be used for extracting the dynamical data from
experiment in polyatomic, or diatomic molecule photodissociation.

One can also conclude that the anisotropy transforming coeffi-
cients in the first column in Table 1 provides more physical insight
into the photolysis mechanism than two other nomenclatures, be-
cause of the additional quantum number kd (the rank of the light
polarization matrix). In particular, the coefficients with kd = 0 refer
to the isotropic part of the photolysis light. These coefficients de-
scribe the photofragment angular momentum polarization which
can exist only in the molecular fame and vanishes after averaging
over all recoil directions. The coefficients with kd = 1 refer to the
orientation (helicity) of the photon spin and can be produced only
by circularly polarized light. The coefficients with kd = 2 refer to the
alignment of the photon polarization vector e and can be produced
either with linearly polarized light, or with circularly polarized
light, or even with unpolarized light.

4. Investigation of the rotation factors

Neglecting the dependence of the dynamical function fK(q,q0,qk)
in the second line in Eq. (16) on the projection Xk, the rotation fac-
tor which is responsible for the depolarization of the photofrag-
ment angular momentum due to molecular rotation is written as:

Dkdqkðq�q0Þðcpr; csÞ ¼
X
D;Xk

expfi½cprðJiÞDþ csðXiÞqk�gd
kd
ðq�q0 ÞDðbJÞd

kd
qkDðbJÞ:

ð24Þ

As shown in Eq. (24), the rotation factor is a function of two classical
angles of rotation of a symmetric top molecule (cpr,cs) defined in
Eqs. (13) and (14). In general, the rotation factor depends on the
rank of the matrix of the photolysis light polarization kd and on
its projections onto the recoil axis qk and onto the molecular axis
(q � q0).
For obtaining a compact form of the rotational factor
Dkdqkðq�q0 Þðcpr; csÞ summation over the indices D = J � J0 and Xk

should be proceeded. The summation cannot be done in general
because the summation procedure depends strongly on the details
of the molecular structure and on the relationship between the val-
ues of the angular momentum of the detected photofragment A,
the total molecular angular momentum J � Ji, and the projection
of Ji onto the molecular axis Xi. However, the expression for the
rotational factor Dkdqkðq�q0 Þðcpr ; csÞ can be simplified under certain
assumptions for several important particular cases.

4.1. Photolysis of a diatomic molecule under the Hund’s a, or c cases

In this case the symmetric top parent molecule is reduced to a
linear rotator, where cpr = c is the classical angle of rotation of the
molecular axis during photodissociation and the angle cs in Eq. (24)
can be held equal to zero. In this case the photofragment angular
momentum jA is pure electronic and in the high-J limit the follow-
ing inequality is valid: Ji� jA, Xi. The vector scheme of the molec-
ular angular momenta coupling is shown in Fig. 1, where l is the
molecular rotation orbital momentum which is always perpendic-
ular to the molecular axis. As can be seen from Fig. 1 the total
molecular angular momentum J is practically perpendicular to
the molecular axis, therefore Xi/Ji � 0 and the angle bJ in Eq. (16)
can be set equal to bJ � p/2.

As shown by Kuznetsov and Vasyutinskii [22], in this case the
right hand part of Eq. (12) contains only the first term. Under the
above conditions summation over the index D in Eq. (24) gives:

Dkdqkðq�q0 ÞðcÞ ¼
X

D

eicDdkd
ðq�q0 ÞDðp=2Þdkd

qkDðp=2Þ

¼ Dkd
qkq�q0 ðp=2; c;�p=2Þ; ð25Þ

where Dkd
qkq�q0 ðp=2; c;�p=2Þ is a Wigner D-matrix [28].

The term in Eq. (25) is the rotation factor for photodissociation
of diatomic molecule from a single Xi and Ji-state. In general, if sev-
eral initial states are involved in the photolysis, summation over
them should be proceeded in Eq. (16) having in mind that the angle
c depends on Ji, according to Eq. (13).

If the Coriolis interactions during the photolysis can be ne-
glected, XR = Xk and X0R ¼ X0k. In this case the indices
qk ¼ Xk �X0k ¼ q� q0 ¼ XR �X0R in Eq. (25) and the rotational fac-
tors are given by diagonal d-matrices:

Dkdqkqk
ðcÞ ¼ dkd

qkqk
ðcÞ: ð26Þ

Therefore, the rotation depolarization factors depend on the photol-
ysis rank kd and on its projection qk. In the long-lifetime limit and
under the condition of the broad-band excitation the rotational fac-
tors can be obtained simply by averaging of the functions dkd

qkqk
ðcÞ

over the angle c [23].
The particular values of the rotational factors dkd

qkqk
ðcÞ for all pos-

sible anisotropy parameters in the second column in Table 1 for di-
rect dissociation and predissociation have been tabulated by
Kuznetsov and Vasyutinskii [22,23].

4.2. Photolysis of symmetric top molecules: detection of atomic
photofragments

In this case in the high-J limit the total angular momentum Ji is
much larger than the angular momentum of the detected photo-
fragment: Ji� jA, where the photofragment angular momentum
jA is assumed to be pure electronic. However the total photofrag-
ment angular momentum j = jA + jB has mainly the rotational origin
and is assumed to be large, j � jB� 1. The vector scheme of the
molecular angular momenta coupling is shown in Fig. 2 where
the vectors J and j have the same projection X onto the molecular
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axis, the rotation orbital momentum l is perpendicular to the
molecular axis, and J = l + j. In case of photodissociation of a sym-
metric top molecule all Xi states from Xi = 0 to Xi = Ji are populated
(in contrast to the diatomic case) and summation over the projec-
tion Xk should be proceeded in Eq. (16).

Proceeding the summation we assumed that the initial Xi states
of the parent molecule are equally populated and that the molecule
behaves as the rigid rotor thus neglecting molecular vibrations dur-
ing dissociation. Under the latter condition the helicity is preserved
during the reaction: Xk = XR, qk = (q � q0) and the rotational factor
in Eq. (24) is labelled with two indices kd and qk instead of three.

In the high-J limit the summation over Xk in Eq. (24) can be re-
placed by integration over the angle bJ and the exponent can be
presented as an expansion over the Legendre polynomials
Pn(cosbJ). Proceeding in Eq. (24) summating over D and integrating
over bJ the rotation factor can be presented in the following form:

Dkdqk
cpr; c

0
s

� �
¼ 1

2kd þ 1

X
L

ð2Lþ 1ÞCkdqk
kdqkL0jL c0

s qk

� 	
vkd

L ðcprÞ; ð27Þ

where the summation index L ranges from L = 0 to L = 2kd.
The term jL c0

s qk

� 	
in Eq. (27) is the spherical Bessel function of

the rank L and the term vkd
L ðcprÞ is the generalized character of

the rotational group [28]. The explicit expressions of the function
vkd

L ðcprÞ of the rank kd = 1, 2 are given in Table 2 v0
0 ¼ 1

� 	
and the

explicit expressions of the spherical Bessel functions of the ranks
L = 0 � � � 4 are given in Table 3.

Eq. (27) presents a compact analytical expression for the rota-
tion factor of a symmetric top molecule. It is clear from Eq. (27)
that the rotation factor in general depends on the indices kd, qk

and on two angles of rotation: cpr in Eq. (13) and c0
s in Eq. (14).

However, this dependence is qualitatively different for the incoher-
ent (qk = 0) and for the coherent (qk – 0) anisotropy-transforming
coefficients cK

kdqk
.

If qk = 0, the corresponding incoherent anisotropy-transforming
coefficients depend only on the rank kd and on the precession angle
cpr, but not on the self-rotation angle cs because the spherical Bessel
function in Eq. (14) is equal to jL(0) = dL,0. In this case Eq. (27) is re-
duced to:

Dkd0ðcprÞ ¼
1

2kd þ 1
vkd

0 ðcprÞ ¼
1; if kd ¼ 0
1
3 ð1þ 2 cos cprÞ; if kd ¼ 1
1
5 ð1þ 2 cos cpr þ 2 cos 2cprÞ; if kd ¼ 2

8><
>:

ð28Þ

As can be seen in Eq. (28), the kd ¼ 0 anisotropy transforming coef-
ficients (see Table 1) demonstrate no depolarization due to molec-
ular rotaion.

As can be shown from Eq. (27), if the angle c0
s is equal to zero,

than the rotational factors Dkdqk
ðcpr;0Þ do not depend on the index

qk. The plots of the rotation factors D10ðcprÞ ¼ D11ðcpr ;0Þ and
D20ðcprÞ ¼ D21ðcpr;0Þ in Eq. (28) as function of the precession angle
Table 2
Explicit expressions for the generalized characters
vkd

L ðcprÞ [28].

v1
0

1 + 2coscpr

v1
1

ffiffiffi
2
p

sin cpr

v1
2

ffiffiffiffiffiffiffiffi
2=5

p
ð1� cos cprÞ

v2
0

1 + 2coscpr + 2cos2cpr

v2
1

ffiffiffiffiffiffiffiffi
2=3

p
sin cprð1þ cos cprÞ

v2
2

ffiffiffiffiffiffiffiffi
2=7

p
ð3þ cos cpr � 4 cos2 cprÞ

v2
3 2

ffiffiffiffiffiffiffiffi
2=7

p
sin cprð1� cos cprÞ

v2
4

2
3

ffiffiffiffiffiffiffiffi
2=7

p
ð1� cos cprÞ
cpr are presented by solid lines in the left panels of Figs. Figs. 3 and
4, respectively.

If qk – 0, the corresponding coherent anisotropy-transforming
coefficients depend on the rank kd, on its projection qk, and on both
the precession angle cpr and the self-rotation angle c0

s . The explicit
analytical expressions for the rotation factors in case qk – 0 can be
easily obtained from Eq. (27) using Tables 2 and 3. We do not pres-
ent these expressions here as they are rather cumbersome. Instead,
we plot the rotational factors D11;D21, and D22 in Figs. 3–5, respec-
tively. In each figure the left panel shows the rotational factor as
function of the precession angle cpr for different values of the angle
c0

s and the right panel shows the rotational factor as function of the
angle c0

s for different cpr values. Note, that the rotation factor is a
periodic function of cpr but not of c0

s .
The difference between the incoherent (qk = 0) and coherent

(qk – 0) angular momentum depolarization mechanisms can be
understood by examining the picture of classical rotation of a sym-
metric top molecule shown in Fig. 6. For definiteness, the case of
the prolate symmetric top is shown in this figure, however the
explanation is the same for the oblate top.

Rotation of a free symmetric top molecule can be presented as
true rolling of the body cone centered on the molecular symmetry
axis z over the space-fixed cone centered on the total angular
momentum vector J [19]. The angular velocity vector x is at any
time directed along the line belonging to both cones. The rotation
of the molecular axis z about the total angular momentum J shown
in Fig. 6 is the free precession referring to the rotation angle cpr,
while the rotation of the body-fixed cone is the self-rotation refer-
ring to the rotation angle cs.

As known [10,19,35] the qk = 0 components of the body-frame
photofragment spherical tensor cross section (state multipole)
rðjAÞKqk
ðeÞ in Eq. (3) are proportional to the mean value of the (jz)K-

components of the fragment angular momentum j which are axi-
ally symmetric with respect to the molecular axis z. As shown in
Fig. 6 these components refer to the angular momentum distribu-
tion which is not affected by the rotation about this axis and there-
fore the corresponding depolarization rotation factors depend on
the precession angle cpr only.

The qk – 0 components of the body-frame photofragment
spherical tensor cross section in Eq. (3) are proportional to the
mean value of the (jx, y)K projections [10,19,35] which are perpen-
dicular to the molecular axis z. As clear from Fig. 6, these compo-
nents are effectively depolarized by rotation about the molecular
axis z and about the total angular momentum J. Therefore, the cor-
responding rotation factors depend on both the precession angle
cpr and the self-rotation angle cs.

In the long-lifetime limit the rotational factor in Eq. (27) ap-
proaches the asymptotic value

Dkdqk
cpr; c

0
s

� �
! 1

2kd þ 1
ð29Þ

for qk = 0 and

Dkdqk
cpr; c

0
s

� �
! 0 ð30Þ

for qk – 0.
Table 3
Explicit expressions for the spherical Bessel
functions jL(z).

j0(z) sin z
z

j1(z) sin z�z cos z
z2

j2(z) ð3�z2Þ sin z�z cos z
z3

j3(z) �3ð2z2�5Þ sin zþzðz2�15Þ cos z
z4

j4(z) ð105�45z2þz4Þ sin zþ5zð2z2�21Þ cos z
z5



Fig. 3. The rotational factor D11 cpr ; c0
s

� �
as function of cpr (left panel) and c0

s (right panel).

Fig. 4. The rotational factor D21 cpr ; c0
s

� �
as function of cpr (left panel) and c0

s (right panel).

Fig. 5. The rotational factor D22 cpr ; c0
s

� �
as function of cpr (left panel) and c0

s (right panel).
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Fig. 6. The scheme of the classical rotation motion of the prolate symmetric top
molecule. The total angular momentum J, molecular symmetry axis z and instant
angular velocity vector x are shown as well as the projections of the fragment
angular momentum onto the z and x body-frame axes. See text for details.
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Eq. (30) shows that the anisotropy-transforming coefficients
with qk – 0 vanish in the long-lifetime limit.

An important particular case of Eq. (27) is a spherical top mol-
ecule where Ik = I\. In this case, c0

s ¼ 0 in Eq. (27) and the rotation
factor is given by Eqs. (28) and (29) irrespectively of the value of the
projection qk. This result has recently been obtained by Bougas and
Rakitzis [24] on the basis of classical arguments.

4.3. Photolysis of symmetric top molecules: detection of molecular
photofragments

Here we assume that the photofragment A angular momentum
is large and has mainly the rotational origin while the photofrag-
ment B angular momentum is small: jA � j� jB � 1. As shown in
the vector scheme in Fig. 2, the angular momenta J and j have
the same projection value X onto the molecular axis. In this case
the projection XA can be large and is approximately equal to the
projection Xk, while the projection XB is always small. Therefore,
summation over Xk in Eq. (16) cannot be proceeded as above be-
cause it should involve also the Clebsch–Gordan coefficient CjAXA

jAX0AKqk
.

A peculiar feature of the considered case is that different values
of the projection X in the dissociating parent molecule refer to dif-
ferent values of the photofragment angular momentum jA � j. This
statement can be proved by determining the photofragment angu-
lar momentum j from the set of three following equations:

J2

2I?
þX2 1

2Ik
� 1

2I?

� �
� l2

2I?
þ j2

2IA
ð31Þ

Jk ¼ jk ¼ X ð32Þ
J? ¼ j? þ l; ð33Þ

where Eq. (31) represents two alternative expressions for the
molecular rotation energy calculated at the distance Rb where the
chemical bond breaks, while Eqs. (32) and (33) represent the con-
servation laws for the angular momentum projections parallel (k)
and perpendicular (\) to the molecular axis, respectively, see Fig. 2.

The terms I\ and Ik in Eqs. (31)–(33) are two inertia moments of
the dissociating parent molecule calculated at the distance Rb and
the term IA is the fragment A inertia moment which is assumed to
be approximately the same along the directions of all three main
fragment inertia axes. The set of Eqs. (31)–(33) can be easily solved
under assumption IA � Ik giving the following expression for the
photofragment angular momentum:

j � 2J
ð1þ I?=IkÞ

1þ X2

4J2 ½ð1þ I?=IkÞ2 � 4�
" #1=2

: ð34Þ
It is clear from Eq. (34) that the fragment angular momentum j is a
function of the projection X. In particular, if X = 0, then j � 2J

ð1þI?=IkÞ
,

while if X = ± J, then j � J.
Therefore the description of the angular momentum polariza-

tion of a single jA photofragment state in general does not need
summation over the projections Xk in Eq. (16). The rotation factors
in this case depend on the projection Xk ’Xi (or, equivalent, on
the declination angle bJ in Eq. (15)). The parent molecule quantum
states Xi can be isolated by orientation, or alignment of the parent
molecule angular momenta in the body frame.

However in practice pump-and-probe experiment in molecular
photofragment angular momentum polarization usually involves
simultaneous generation and detection of many jA fragment states
by short laser pulses [36–38]. Therefore summation over the quan-
tum numbers Xk and Ji is needed for correct interpretation of the
experimental data. The description of these effects is out of the
scope of this paper.

5. Conclusion

The fully quantum mechanical expression is presented for the
photofragment angular momentum polarization in the photolysis
of symmetric top molecules. The angular distribution is written
in terms of the anisotropy transforming coefficients cK

kdqk
which

contain all dynamical information on the photolysis dynamics
and can be either determined from experiment, or calculated from
theory. Explicit expressions for the coefficients cK

kdqk
are presented

in the quasiclassical approximation in the high-J limit. As shown,
the coefficients contain important information on photo-excitation
of the parent molecule and on the following dynamical processes
including possible nonadiabatic interactions, interference effects,
long-range interaction between the photofragments, and rotation
of the molecular axis during photodissociation.

The role of the photofragment angular momentum depolariza-
tion due to molecular rotation is analyzed. The depolarization ef-
fect is described by a number of the rotation factors that depend
on the rank of the incident-photon polarization matrix and on
two classical angles of rotation: the free precession angle cpr and
the self-rotation angle cs. Three important particular cases are dis-
cussed: photolysis of diatomic molecules, photolysis of symmetric
top molecules when the angular momentum polarization of atomic
photofragments are detected, photolysis of symmetric top mole-
cules when the angular momentum polarization of molecular
photofragments are detected. In the two first cases the explicit
expressions for the rotational factors are derived.

A compact spherical tensor expression is presented for the 2 + 1
REMPI absorption signal which can be used for direct determina-
tion of the anisotropy transforming coefficients cK

kdqk
from experi-

ment. A comparison between the anisotropy transforming
coefficients cK

kdqk
and the polarization parameters AK

q introduced
very recently by Rakitzis and Alexander has shown that these
two sets of coefficients are equivalent to each other as they just
proportional to each other in pairs.
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