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ABSTRACT

Context. In the X-ray spectra of most X-ray dim isolated neutron stars (XDINSs), absorption features with equivalent widths (EWs)
of 50–200 eV are observed. These features are usually connected with the proton cyclotron line, but their nature is not yet well known.
Aims. We theoretically investigate different models to explain these absorption features and compare their properties with observations
to obtain a clearer understanding of the radiation properties of magnetized neutron star surfaces. Based on these models, we create a
fast and flexible code to fit observed spectra of isolated neutron stars.
Methods. We consider various theoretical models of the magnetized neutron star surface, including naked condensed iron surfaces
and partially ionized hydrogen model atmospheres, with semi-infinite and thin atmospheres above a condensed surface. Spectra
of condensed iron surfaces are represented by a simple analytical approximation. The condensed surface radiation properties are
considered as the inner atmosphere boundary condition for the thin atmosphere. The properties of the absorption features (especially
equivalent widths) and the angular distributions of the emergent radiation are described for all models. A code for computing light
curves and integral emergent spectra of magnetized neutron stars is developed. We assume a dipole surface magnetic field distribution
with a possible toroidal component and corresponding temperature distribution. A model with two uniform hot spots at the magnetic
poles may also be employed.
Results. Light curves and spectra of highly magnetized neutron stars with parameters typical of XDINSs are computed using different
surface temperature distributions and various local surface models. Spectra of magnetized model atmospheres are approximated by
diluted black-body spectra with one or two Gaussian lines having parameters, which allow us to describe the model absorption
features. The EWs of the absorption features in the integral spectra cannot significantly exceed 100 eV, if a local surface model
assumes either a semi-infinite magnetic atmosphere or a naked condensed surface. A thin atmosphere above a condensed surface can
have an absorption feature whose EW exceeds 200 eV in the integrated spectrum. If the toroidal component of the magnetic field on
the neutron star atmosphere is 3–7 times higher than the poloidal component, the absorption feature in the integral spectrum is too
wide and shallow to be detectable.
Conclusions. To explain the prominent absorption features in the soft X-ray spectra of XDINSs, we infer that a thin atmosphere above
the condensed surface must be present, whereas a strong toroidal magnetic field component on the XDINS surfaces can be excluded.
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1. Introduction

X-ray dim isolated neutron stars (XDINSs) represent a new class
of X-ray sources, established by ROSAT observations (Walter
et al. 1996). At present, seven of these objects have been found
(“The Magnificent Seven”, see review by Haberl 2007). All of
these objects have ages ≈106 yr and thermal-like spectra with
effective temperatures Teff ∼ 106 K. The radiation of XDINSs is
pulsed with amplitudes from 1% (RX J1856.5−3754, Tiengo &
Mereghetti 2007) to 18% (RBS 1223, Schwope et al. 2005).

Absorption features in the 0.2–0.8 keV range are detected
in the spectra of almost all XDINSs (Haberl 2007). In three ob-
jects, the presence of two (RBS 1223, Schwope et al. 2007, and

RX J0806.4-4123, Haberl 2007) or three (RX J1605.3+3249,
Haberl 2007) absorption lines is claimed. Equivalent widths
of these features are about 30–100 eV (Haberl et al. 2004;
Haberl 2007) with the most prominent absorption in RBS 1223
(≈200 eV, Schwope et al. 2007). If these features are interpreted
as proton cyclotron lines, they correspond to magnetic fields
B ∼ 0.4−1.6 × 1014 G on the XDINSs surfaces, but if they are
interpreted as electron cyclotron lines, then B ∼ 2−8 × 1010 G
(see van Kerkwijk & Kaplan 2007).

The optical counterparts of some XDINSs have been found
(see reviews by Mignani et al. 2007; Mignani 2009 and refer-
ences therein, and Eisenbeiss et al. 2010). It is very intriguing
that their optical/ultraviolet fluxes are a few times higher than
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the black-body extrapolation of the X-ray spectra (Burwitz et al.
2001, 2003; Kaplan et al. 2003; Motch et al. 2003). Two explana-
tions of this excess have been suggested. First, it may be caused
by non-uniform temperature distributions across the XDINS sur-
faces. Second, the emergent spectral energy distribution of the
surfaces may differ from those of a black body. For example,
the use of H/He non-magnetic model atmosphere spectra infers
an even larger optical excess over observations than the excess
in the black-body model (Pavlov et al. 1996). Ho et al. (2007)
explained the optical excess in RX J1856.5−3754 using a sin-
gle magnetic model atmosphere of finite thickness above a con-
densed surface. Both of these mechanisms may be important for
XDINSs.

The XDINSs are nearby objects, and distances to some of
them have been estimated by parallax measurements (Kaplan
et al. 2002; van Kerkwijk & Kaplan 2007). This helps us to eval-
uate their radii (Trümper et al. 2004), yielding useful informa-
tion about the equation of state (EOS) for the neutron-star core,
which is important to studies of particle interactions at supranu-
clear densities and pressures (Lattimer & Prakash 2007; Haensel
et al. 2007) and computations of templates of gravitational wave
signals produced by neutron star merging (e.g., Baiotti et al.
2008).

The theoretical emergent spectra of the XDINS surfaces
are also necessary for the evaluation of neutron star radii. The
XDINS surface layers can either be condensed or have plasma
atmospheres (Ruderman 1971; Romani 1987, see also Lai &
Salpeter 1997; Lai 2001; Medin & Lai 2007), depending on
the surface temperature and magnetic field strength. The ra-
diation spectra of magnetized condensed surfaces were calcu-
lated by many authors in the framework of different assumptions
(Brinkmann 1980; Turolla et al. 2004; Pérez-Azorín et al. 2005;
van Adelsberg et al. 2005). Investigations of the neutron-star at-
mospheres are even more extended, from the first relatively sim-
ple models (Romani 1987; Shibanov et al. 1992) to more sophis-
ticated models, including complete (Lai & Ho 2002; Ho & Lai
2003) or partial (Lai & Ho 2003; van Adelsberg & Lai 2006)
photon mode conversion due to the vacuum polarization effect
(Pavlov & Gnedin 1984), and partially ionized hydrogen models
(Potekhin et al. 2004; Ho et al. 2008). Mid-Z element partially
ionized atmospheres of magnetized neutron stars (although with-
out detailed account of atomic motion effects) have also been
modeled and used to interpret the absorption features (see Mori
& Ho 2007, and references therein).

Absorption features in the soft X-ray spectra of XDINSs may
be a Rosetta stone for understanding the physical nature of their
surfaces. For this purpose, it is necessary to fit the observed spec-
tra by theoretical spectra of model atmospheres and condensed
surfaces. A correct model should allow one to describe the ob-
served absorption features, as well as the overall spectral energy
distribution, including the optical/UV fluxes, and the pulse pro-
files. In this comparison, an integration of local spectra over the
neutron star surface should be performed taking relativistic ef-
fects into account. Therefore, the distribution of the magnetic
field and the effective temperature over the neutron star surface
must also be found. Computations of integral spectra from lo-
cal atmosphere emergent spectra have been carried out by many
authors (e.g., Zavlin et al. 1995; Zane & Turolla 2006; Ho et al.
2008). Some authors have also used model atmospheres to fit the
observed isolated XDINS X-ray spectra (Zane & Turolla 2006;
Ho 2007, see also review by Zavlin 2009 and references therein).

A simple dipole magnetic field distribution over the neu-
tron star surface is usually assumed with corresponding relativis-
tic correction (Pavlov & Zavlin 2000; Ho et al. 2008). If this

surface dipole field corresponds to a global dipole field of the
star, one can find a surface effective temperature distribution de-
pending on the magnetic field strength and the inner neutron-star
temperature (Greenstein & Hartke 1983; Potekhin & Yakovlev
2001; Potekhin et al. 2003). The surface temperature distribu-
tion is defined by the local inclination angle of the magnetic
field to the surface normal, which determines the value of the
local radial thermal conductivity in the neutron star crust. Bright
pole spots are too large to explain the observed XDINSs’ pulsed
fractions if the dipole field model and the black-body approxi-
mation are used for the emergent spectra (Geppert et al. 2006).
Quadrupole or more complicated magnetic field configurations
in neutron star crusts have been suggested (e.g., Ruderman 1991;
Zane & Turolla 2006), which may provide an explanation of
the high pulsed fraction, although an equally likely explanation,
may be provided by models of polar cap heating. Geppert et al.
(2004) assumed that the magnetic field is concentrated only in
the crust. Geppert et al. (2006) and Pérez-Azorín et al. (2006a)
propose that the magnetic field in the crust in addition has a
strong toroidal component. In both cases, the polar hot spots are
small and can explain the observed XDINS pulsations. In partic-
ular, Pérez-Azorín et al. (2006b) used the model with the toroidal
field to interpret all the observed features of RX J0720−3125 on
the basis of condensed surface emission.

Most observed XDINSs spectra have been fitted by a simple
black-body model with one or more Gaussian lines. The detailed
modeling of observed spectra using accurate model atmosphere
or condensed surface spectra is computationally very expensive,
particularly if the temperature and magnetic field distributions
over the stellar surface are considered. For example, the spec-
trum of RX J1856.5−3754 was described by a single model at-
mosphere (Ho et al. 2007), and the pulsed fraction of the same
object was modeled using only four latitude points (Ho 2007).
One possible way of fitting spectra of XDINSs involves creating
an extensive set of theoretical XDINSs spectra with (inevitably)
a limited variation in the stellar parameters and temperature and
magnetic field distributions over the surface (see, e.g. Ho et al.
2008). We suggest an alternative in which the local spectra of the
neutron star together with temperature and magnetic field dis-
tributions are fitted by simple analytical functions. An integral
spectrum of the neutron star with a sufficiently detailed latitude
set can then be computed rather quickly. This approach is both
more flexible and faster, but the results are more approximate.
However, in this way one can first constrain the XDINS param-
eters, and then the more accurate, expensive calculations can be
performed to refine the analysis. Here we develop this approxi-
mate approach and its application to the fitting of XDINS spectra
will be presented in a different paper. Some preliminary conclu-
sions about the possible nature of the XDINS emitting surface
will be made on the basis of test calculations.

In this work, we analyze the properties of the emergent spec-
tra of magnetized model atmospheres, condensed surfaces, and
thin magnetized model atmospheres above condensed surfaces,
paying special attention to the equivalent widths of the absorp-
tion features and the angular distribution of the emergent radia-
tion. Spectra of naked condensed surfaces are represented using
a simple analytical approximation. We also present test calcula-
tions of the integral spectra and light curves of the magnetized
neutron star models, using a simple representation of the con-
sidered local model spectra by analytical functions. These cal-
culations allow us to formulate the qualitative characteristics of
the local spectra that are necessary to fit the observed pulsed
fractions of XDINS light curves and the absorption features of
XDINS spectra. These simple computations allow us also to
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choose the model of the radiative neutron star surface that will
be used later in more extensive and accurate computations of the
integral spectra and light curves of XDINSs.

2. Local models of a neutron star surface

A magnetized neutron star surface can either be condensed or
have a plasma atmosphere. It depends mainly on chemical com-
position, temperature, and magnetic field strength, but neces-
sary conditions are not established exactly (Lai & Salpeter 1997;
Potekhin et al. 1999; Lai 2001; Potekhin & Chabrier 2004;
Medin & Lai 2007). In this section, we briefly describe the the-
oretical radiation properties of the condensed surfaces and the
model atmospheres of magnetized XDINSs. The bulk of our at-
tention is focused on the equivalent widths of the absorption
features and the angular distributions of the emergent spectra,
which are also very important to the integral spectra computa-
tions. The model atmospheres are discussed in more detail.

2.1. Radiation from the condensed surface of magnetized
neutron stars

The description of magnetized condensed surface radiation
properties is based on the results of van Adelsberg et al. (2005)
(see their Figs. 2–6; the results of Pérez-Azorín et al. 2005 are in
good agreement). They were obtained using a free-ion approx-
imation, which may not be entirely accurate. Earlier work by
Turolla et al. (2004) was based on the approximation of fixed
(non-moving) ions. The true radiation properties of a condensed
magnetized surface may be in-between these limits (see the dis-
cussion in van Adelsberg et al. 2005).

In the free-ion approximation, there exist two broad absorp-
tion features in the spectrum. The first lies between the ion
cyclotron energy

Ec,i = � ZeB/mic ≈ 0.0635 B13

(Z
A

)
keV, (1)

where A is the mass number of the ion (≈1 for H and ≈56 for
Fe), Z is the ion charge, mi is the ion mass, B13 = B/1013 G, and
some boundary energy EC, which can be estimated as

EC ≈ Ec,i + E2
p,e/Ec,e. (2)

Here Ep,e is the electron plasma energy

Ep,e = �

(
4πe2ne

me

)1/2

= 0.0288
(Z

A

)1/2 (
ρ

1 g cm−3

)1/2

keV, (3)

and Ec,e is the electron cyclotron energy

Ec,e = �eB/mec ≈ 115.8 B13 keV, (4)

where ne is the electron number density, ρ is the mass density,
and me is the electron mass.

Only one radiation mode can propagate between Ec,i and EC,
therefore the radiation emissivity is approximately a factor of
two lower in this range. The condensed surface density depends
on magnetic field and chemical composition (e.g., Lai 2001)

ρs ≈ 8.9 × 103 η′ A Z −3/5 B 6/5
13 g cm−3, (5)

where η′ is a coefficient ranging probably between 0.5 and 1 (see
discussion in van Adelsberg et al. 2005). Therefore, the plasma
energy at the surface can be expressed as (van Adelsberg et al.
2005)

Ep,e ≈ 2.7 η′1/2 Z1/5B 3/5
13 keV. (6)

We conclude that it is possible to estimate the equivalent width
of this absorption feature as

EW ≈ 0.5
E2

p,e

Ec,e
≈ 117 η′ (Z/26)2/5 B 1/5

13 eV. (7)

In all calculations below, we used η′ = 1.
The second feature is at the plasma energy Epe, which is

far less important for us. The observed absorption lines lie at
E < 1 keV, which would correspond to the plasma energy at
B < 6.4 × 1011 (Z/26)−1/3 G. Meanwhile, the critical temper-
ature for the plasma phase transition leading to the formation
of the condensed surface is roughly 7.5 × 105B 2/5

13 K (Potekhin
et al. 1999; Lai 2001). We note that the observed temperatures
of the XDINSs are about 106 K, and conclude that the absorp-
tion feature at the plasma energy in the condensed surface radi-
ation cannot be of energy any lower than 1 keV in these stars.
Therefore, the observed absorption features in XDINSs cannot
be associated with the absorption feature at the plasma energy.
However, the first absorption feature (between Ec,i and EC) may
be prominent in their spectra.

The angular distribution of the condensed surface emissivity
can be estimated from the results of van Adelsberg et al. (2005)

IE = (1 − R) BE, (8)

where BE is Planck function,

1 − R = (1 − 0.27(1 − cosα)2) (1 − 0.36(1 − cosΦ)5/2) (9)

for E > EC1 ,

1 − R = 0.3 + 0.2 cosΦ for Ec,i < E < EC1 , (10)

1 − R = (0.5 + 0.25 cosΦ) for E < Ec,i, (11)

and

EC1 = EC (1 + 3(1 − cosα)3/2). (12)

Here α is the angle between radiation propagation direction and
the surface normal, and Φ is the angle between the surface nor-
mal and the magnetic field lines. This approximation is presented
graphically in Fig. 1 with accurate calculations, performed using
the method described by van Adelsberg et al. (2005) in the free
ions approximation.

Here we neglect the angular dependence on the azimuthal
angle ϕ between radiation propagation plane and the normal-
magnetic field line plane for the inclined magnetic field (see
Fig. 6 in van Adelsberg et al. 2005) and the absorption feature
at Epe. We also ignore damping effects, which smooth the transi-
tions between different bands. This approximation leads to sharp
boundaries at Ec,i and EC1 in the computed spectra (Figs. 3, 4,
6–8, 13), which can be smoother in more detailed computations
(see, however, next paragraph). In our approximation, we ig-
nore the azimuthal dependence of R in the case of an inclined
magnetic field. At some azimuthal angles, the absorption feature
considered can be less significant (see Fig. 4 in van Adelsberg
et al. 2005). Therefore, our calculations with this approximation
provide an upper limit to the strength of the absorption feature.
This effect must be less significant in the case of a thin model at-
mosphere above the condensed surface due to significant atmo-
spheric optical depth in the X-mode around the proton cyclotron
resonance (see Fig. 5).

Our approximation appears rough, but the more accurate cal-
culations of R also have significant uncertainties. First of all,
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Fig. 1. Approximation of dimensionless emissivity as a function of pho-
ton energy E for the case of a condensed iron surface at B = 1013 G.
Top panel: the magnetic field is normal to surface. The different curves
correspond to different angles α between emergent photon direction and
surface normal. Bottom panel: the emergent photon direction is inclined
45◦ to the surface. The different curves correspond to different angles Φ
between magnetic field lines and surface normal.

these calculations were performed after making two different ap-
proximations: a complete neglect of ion motions, and free ions.
The real picture is in some sense intermediate. Ions in the crystal
grid (or in liquid) are not free, but can move. These two limits
provide very different spectra at energies below Ec,i (see Figs. 2–
6 in van Adelsberg et al. 2005). The approximately known fac-
tor η′, which determines the value of EC and the width of the
absorption feature, was already mentioned above. Moreover, the
accurate calculations are applicable only to a perfectly smooth
condensed surface. If the surface has some roughness, the emit-
ted spectrum must be close to resembling a black body (van
Adelsberg et al. 2005). Our approximation corresponds to the
free-ions limit and produces radiation spectra reflecting the main
features of condensed surface spectra, especially if we take into
account all the uncertainties mentioned above.

2.2. Model atmospheres of magnetized neutron stars

Many scientific groups have computed model atmospheres of
magnetized neutron stars, but we use our own calculations to
describe of the radiation spectra. We employ the code presented
by Suleimanov et al. (2009), where details of the computational
method can be found.

Here we assume that the magnetic field strengths of the
XDINSs are about a few 1013 G and consider a pure hydro-
gen atmosphere. The effective temperatures are ≈106 K. At these
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Fig. 2. Emergent spectra of two thin model atmospheres above a black-
body condensed surface (solid curves) with Teff = 1.2 × 106 K and
B = 4× 1013 G together with fitting spectra (dashed curves). The fitting
spectra are black-body spectra with the color temperature Tc = fcTeff

and two Gaussian lines. Top panel: the spectrum of the model with sur-
face density Σ = 10 g cm−2. Parameters of the fitting spectrum: fc = 1.2,
D = 1.14−4, center of the first line (proton cyclotron) E1 = 0.25 keV,
optical depth τ1 = 2.6, and width σ1 = 6 eV, and for the second line (H
bound-bound transitions) E2 = 0.3 keV, τ2 = 1.1, σ2 = 40 eV. Bottom
panel: the spectrum of the model with surface density Σ = 1 g cm−2.
Parameters of the fitting spectrum: fc = 1.12, D = 1.12−4, line parame-
ters are the same as above, except τ2 = 0.08.

values of B and T , hydrogen is partially ionized (Potekhin et al.
1999) and the vacuum polarization effect and the partial mode
conversion can be significant (Ho & Lai 2003; van Adelsberg &
Lai 2006). The model atmospheres presented below therefore in-
clude these effects. The magnetic field in presented models is as-
sumed to be homogeneous and normal to the surface. In general,
it is necessary to study model atmospheres with inclined mag-
netic field when modeling the integral spectra of neutron stars
(Ho et al. 2008). However, we consider the general features of
the model spectra, and therefore neglect the distinctions between
spectra of the models with different field inclinations, which are
unimportant to the qualitative behavior of the spectrum (see cor-
responding figures in Shibanov et al. 1992; Suleimanov et al.
2009). In addition, the bright regions at magnetic poles of a star
in our models considered below have magnetic fields close to
normal.

The emergent spectra of two thin magnetized model atmo-
spheres (i.e., a hydrogen layer above a condensed surface) with
parameters typical for the XDINSs are shown in Fig. 2. We dis-
play the Eddington flux

HE =
1
2

∫ π/2

0
IE(cosα) cosα sinα dα, (13)
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where IE is a specific intensity. Later we also use the astro-
physical flux FE = 4HE. The physical flux often used is de-
fined to be F E = πFE = 4πHE. For black-body radiation, it is
FE = IE = BE. In the models shown in Fig. 2, the black-body
radiation is used as the inner boundary condition for the radia-
tion transfer equation. There are absorption features in the spec-
tra, which are produced by the proton cyclotron absorption and
bound-bound and bound-free transitions in hydrogen atoms. We
note that the proton cyclotron feature is weakened by vacuum
polarization and partial mode conversion, but remains promi-
nent in the spectra, as can be seen in our figures below (see also
Suleimanov et al. 2009). Equivalent widths (EWs) of these fea-
tures are ≈25 eV and ≈90 eV for the models with surface den-
sities Σ = 1 and 10 g cm−2, respectively. The absorption feature
in the spectrum of a semi-infinite atmosphere is less prominent
than in the model with Σ = 10 g cm−2 (see Suleimanov et al.
2009) and has a smaller EW (≈50 eV). The EW of the model ab-
sorption feature depends slightly on the magnetic field strength
and the relation between proton cyclotron energy and kTeff . For
example, the EW of the absorption feature is close to 80 eV in
the model with B = 1014 G, Σ = 10 g cm−2, and the same Teff
(see Fig. 4).

The spectra of these models can be fitted approximately
by diluted black-body spectra BE with a color temperature
Tc slightly higher than the effective temperature Teff and two
Gaussian absorption lines given by

FE = D BE( fc Teff) exp(−τ1) exp(−τ2), (14)

where fc = Tc/Teff is the hardness factor and D is the dilution
factor, which can differ from the usual f −4

c . We later present the
dilution factor in the form D = f

′ −4
c to distinguish it from the

usual value. The optical depths of the absorption lines at a given
photon energy E are

τ1,2 = τ
0
1,2 exp

⎛⎜⎜⎜⎜⎜⎝− (E − E1,2)2

2σ2
1,2

⎞⎟⎟⎟⎟⎟⎠ , (15)

where τ0
1,2 are the optical depths at the centers of the lines at

energy E1,2 and σ1,2 are the line widths. The values of these fit-
ting parameters for these two spectra are given in the caption
of Fig. 2. The first line corresponds to the proton cyclotron line
in the model atmosphere spectra, and the second corresponds to
the bound-bound transitions in hydrogen atoms (cf. Potekhin &
Chabrier 2004; Potekhin et al. 2004).

It is clear that the black-body radiation model is not an ac-
curate inner boundary condition for the thin model atmospheres
above the condensed surfaces, and that the true radiation prop-
erties of the surface have to be used when performing precise
modeling. Below we use our approximations in Eqs. (9)–(11)
for the inner boundary conditions of radiation transfer equation
for both radiation modes, extraordinary (X) and ordinary (O)

I X
τmax

(η, E) =
1
2

BE(T (τmax))(1 − 2R) + 2R I X
τmax

(−η, E), (16)

I O
τmax

(η, E) =
1
2

BE(T (τmax)), (17)

where η = cosα, and I X,O are the specific intensities of the
extraordinary and ordinary modes. In future work, we plan to
replace this approximation by accurately computed radiation
properties of the condensed surfaces. But we expect the present
approximation to be qualitatively correct.
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Fig. 3. Emergent spectra (top panel) and temperature structures (bot-
tom panel) of thin partially ionized hydrogen atmospheres (Teff =
1.2 × 106 K, B = 4 × 1013 G) above a condensed iron surface with
Σ = 10 g cm−2 (solid curves) and Σ = 1 g cm−2 (dashed curves). An in-
ner boundary condition for the radiation transfer equation, correspond-
ing to the condensed surface radiation properties (see text), was used.
The black-body spectra with T = Teff (dotted curve) and the diluted
black-body spectra ( fc = 1.5, D = 1.3−4), which describe the high-
energy part of the spectrum of the atmosphere with Σ = 1 g cm−2 (dash-
dotted curve) are shown for comparison in the top panel. In the bottom
panel, the temperature structure of the model with Σ = 10 g cm−2 us-
ing black-body radiation as the inner boundary condition is also shown
(dotted curve).

We computed thin hydrogen model atmospheres above con-
densed iron surfaces using these new inner boundary condi-
tions. The results are presented in Figs. 3–8. Model atmospheres
are optically thick in the O-mode in the observed part of the
X-ray band (0.1–5 keV), and almost everywhere optically thin
in the X-mode. Therefore, the total spectra are defined mostly by
the X-mode spectra, because the O-mode spectrum originates in
the cooler layers of the atmosphere.

The emergent spectra of the thin magnetized model atmo-
spheres above the condensed surface are harder ( fc ∼ 1.5−1.7)
than models above a black body, because the temperatures at the
inner boundaries of these models are higher (see bottom panels
in Figs. 3–4).

Because of the condensed surface emission properties, broad
absorption features appear between Ec,i(Fe) and approximately
EC, which are especially prominent at Ec,i. The dependence of
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Fig. 4. Effect of the inner boundary condition of the radiation transfer
equation on emergent spectrum (top panel) and temperature structure
(bottom panel) of a thin partially ionized hydrogen atmosphere (Teff =
1.2 × 106 K, B = 1014 G) with Σ = 10 g cm−2, above the condensed
iron surface (solid curves) and black-body surface (dashed curves). For
comparison, the black-body spectrum with T = Teff (dotted curve) and
the diluted black-body spectrum ( fc = 1.6, D = 1.4−4), with a Gaussian
line representing the proton cyclotron line (E1 = 0.63 keV, τ1 = 8.5,
σ1 = 11 eV), and a half-Gaussian line (E2 = 0.3 keV, τ1 = 2.5, σ1 =
150 eV) describing the absorption feature at energies higher than Ec,i

(dash-dotted curve) are shown. That last curve fits the spectrum of the
atmosphere above the condensed iron surface.

optical depths of thin atmospheres in both modes on the photon
energy are shown in Fig. 5. The atmospheres are optically thin in
the X-mode at almost all energies, except the region around the
proton cyclotron energy. The total spectra are dominated by the
X-mode (see Fig. 6), hence are close to the condensed iron spec-
tra in the X-mode, especially in the Wien tail. However, this is
not the case for the band between Ec,i(Fe) and EC. In this region,
the O-mode flux can contribute a significant part to the total flux
(see Fig. 6). At energies in the vicinity of Ec,i(H), the opacity
in the X-mode increases, hence the optical depth of atmosphere
and the emergent flux also increase. As a result, a complex ab-
sorption feature is produced with a total EW ≈ 400 eV for the
model with B = 1014 G and Σ = 10 g cm−2, EW ≈ 370 eV
for B = 4 × 1013 G and Σ = 1 g cm−2, and EW ≈ 260 eV for
B = 4×1013 G and Σ = 10 g cm−2. We note that the EWs of these
features are larger than the sums of the EWs of the cyclotron line
in the atmosphere spectra and the EWs of the absorption feature
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Fig. 5. Optical thickness of a thin partially ionized hydrogen atmo-
spheres with Teff = 1.2 × 106 K above the condensed iron surface
in X-mode (solid curves) and O-mode (dashed curves). Top panel:
B = 4× 1013 G and Σ = 1 and 10 g cm−2. Bottom panel: B = 1014 G and
Σ = 10 g cm−2.

in the condensed surface spectra (see Eq. (7)). The reason for
this difference is the following. Between Ec,i and EC, a naked
condensed surface radiates mainly in the O-mode, which has ap-
proximately half of the flux of modes at other energies. In con-
trast, a thin atmosphere above the condensed surface is optically
thick in the O-mode, and the emergent flux forms in the upper
atmosphere layers, which have significantly lower temperatures
than the condensed surface. Therefore, the emergent flux in this
band is significantly lower than the naked condensed surface.
This is particularly true for the model with B = 1014 G.

In addition to the spectral energy distribution of the emer-
gent flux, the angular distribution is also important. Examples
of angular distributions for various models of magnetized atmo-
spheres are shown in Figs. 7–8. There is a narrow spike at the
surface normal, but the total energy radiated in this spike is rel-
atively small and we neglect these spikes below. Angular distri-
butions of semi-infinite magnetized atmospheres have maxima
at α ≈ 40◦–60◦ (Pavlov et al. 1994). An example of such a dis-
tribution is presented in the bottom panel of Fig. 8. It can be
fitted by the function

IE(α) = FE × φ(α), (18)

where

φ(α) ≈ 3.6 cosα − 0.5 cos2 α − 2.9 cos3 α. (19)

The angular distributions of the specific intensities of the
thin magnetized atmospheres above a black body are close to
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Fig. 6. Total emergent spectra (solid curves) together with spectra in
the X-mode (dashed curves) and in the O-mode (dotted curves) of a
thin partially ionized hydrogen atmosphere with Teff = 1.2 × 106 K,
Σ = 10 g cm−2 above the condensed iron surface with B = 4 × 1013 G
(top panel), and B = 1014 G (bottom panel).

isotropic (Fig. 8). The corresponding distributions for the at-
mospheres above condensed surfaces are also almost isotropic
(see Fig. 8), but have some interesting features at energies be-
tween EC and 4EC. The location of the high energy boundary
of the broad depression depends on α (see Eq. (12)). Therefore,
at a given photon energy there is an angle α corresponding to
this location. At this angle, the specific intensity angular distri-
bution has a jump. At relatively small angles, the distribution
corresponds to the usual angular distribution for the model at-
mosphere, but at larger angles, the specific intensities are sig-
nificantly smaller (see Fig. 8). This jump is more prominent for
the model with B = 4 × 1013 G and is also clearly visible in the
spectra for the specific intensities of this model (the top panel
of Fig. 7). In the angular distributions of the intensities of the
model with B = 1014 G, this jump is less significant (Figs. 7 and
8), because for this model EC ≈ Ec,i(H) and the X-mode opacity
is more important, in addition to the mode conversion. The fea-
tures of the magnetized model atmospheres are very unusual and
have to be studied in more detail with a more accurate treatment
of the radiation properties of the condensed surfaces.

From the presented examples of the partially ionized hydro-
gen magnetized model atmospheres, we can conclude that they
display complex absorption features with EW <∼ 100 eV in the
spectra. The naked condensed surfaces can have broad absorp-
tion features with slightly larger EWs (≥120 eV), but the ab-
sorption structures in the spectra of thin atmospheres above con-
densed surfaces can have significantly larger EWs, up to 400 eV.
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Fig. 7. Emergent specific intensity spectra of two model atmospheres
above a condensed iron surface with Teff = 1.2 × 106 K, Σ = 10 g cm−2,
and B = 4× 1013 G (top panel) and B = 1014 G (bottom panel). Spectra
at different angles between radiation propagation and surface normal
are shown: 1◦ (solid curves), 30◦ (dashed curves), 60◦ (dotted curves),
and 75◦ (dash-dotted curves).

3. Calculation method for the integral neutron star
spectrum

We consider a slowly rotating spherical isolated neutron star
with given compactness M/R as a model for XDINS spectra and
light-curve fitting, taking into account distributions of the local
temperatures and magnetic field strengths over the stellar sur-
face. Local spectra are black-body-like spectra with correspond-
ing temperature and absorption lines, whose central energies de-
pend on the local magnetic field. Gravitational redshift and the
light bending are taken into account.

The geometry of our model is shown in Fig. 9. The magnetic
axis is inclined to the rotation axis by the angle θB, and i is the
inclination angle of the rotation axis relative to the line of sight.
The phase angle ϕ is the angle between the plane containing the
rotation axis and the line of sight and the plane containing the
magnetic and rotation axes. One magnetic pole can be shifted
relative to the antipode of the other pole by a small angle κ.
We assume that the brightest areas of the NS surface are located
at the magnetic poles. Therefore, the temperature and magnetic
field distributions close to the poles are the most important.

XDINSs pulse fractions are significant, and a classical tem-
perature distribution, produced by the global (core) dipole mag-
netic field of a NS, is insufficient to reproduce observed pulse
fractions (Page 1995; Geppert et al. 2006). Schwope et al. (2005)
showed that the RBS 1223 light curves can be fitted by two
models, namely two bright isothermal spots with different tem-
peratures, or two narrow peaked temperature distributions (with
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Fig. 9. Geometry of the model. The opposite bright spot is indicated by
the dashed circle.

different parameters) taken from Geppert et al. (2004). Geppert
et al. (2004) considered the thermal transport in the NS crust for
a poloidal dipole magnetic field, concentrated in the crust only.
In this case, the magnetic field lines have large inclinations to
the surface normal in a wider band around the magnetic equa-
tor than in the global dipole field case. The thermal conductivity

across magnetic field lines is lower than along them, therefore
the bright spots around magnetic poles are brighter and smaller
than they would be for the dipole distribution. Another possi-
bility is a strong toroidal magnetic field in the NS crust. Using
various approximations, these models were computed by Pérez-
Azorín et al. (2006a), who derived an analytical approximation
of the surface temperature distribution for the crust magnetic
field with a strong toroidal component calculated for the force-
free conditions. We use this approximation for the temperature
distribution in our model.

In a well-known approximation by Greenstein & Hartke
(1983), the temperature distribution is

T 4 = T 4
p

(
cos2Φ +

K⊥
K‖

sin2Φ

)
, (20)

where K⊥ and K‖ are thermal conductivities across and along
the magnetic field, respectively, and Tp is the temperature at
the magnetic pole. Magnetic fields of the isolated NSs can be
strong enough (∼1013 G) for the ratio K⊥/K‖ to be small. In
this case, the temperature distribution can be approximated as
(Pérez-Azorín et al. 2006b)

T 4 = T 4
p cos2Φ + T 4

min. (21)

In the force-free approximation, a simple relation between the
magnetic colatitude θ and the magnetic field inclination in the
NS crust was suggested by Pérez-Azorín et al. (2006a)

cos2Φ =
4 cos2 θ

(1 + μ2R2) + (3 − μ2R2) cos2 θ
, (22)

where μ−1 is a typical toroidal magnetic field length scale, and
μR is an approximate ratio of the toroidal component of the mag-
netic field to the poloidal one. The case μ = 0 corresponds to a
core dipole magnetic field. Although this magnetic field model
was derived for the crust, we also use Eq. (22) in the atmosphere,
because it allows us to investigate the possible effects of mag-
netic field and temperature inhomogeneity by changing a single
parameter μ. Finally, we use the following temperature distribu-
tions around magnetic poles

T 4 = T 4
p1,2

cos2 θ

cos2 θ + a1,2 sin2 θ
+ T 4

min, (23)

where a1,2 = (1 + μ2
1,2R2)/4 and Tp1,2 are the temperature distri-

bution parameters. This can describe various temperature distri-
butions (see Fig. 10), from strongly peaked (a
 1) to a classical
dipolar (a = 1/4) or homogeneous (a = 0) distribution.

Another possibility is to consider two isothermal bright spots
around the magnetic poles with fixed temperatures and angular
sizes.

The surface magnetic field distribution, which corresponds
to the magnetic field inclination in the force-free approximation
model (Eq. (22)) is described by

B = Bp1,2

√
cos2 θ + a1,2 sin2 θ, (24)

where Bp1,2 are the magnetic field strengths at the poles.
Temperature and magnetic field distributions are calculated

separately around each magnetic pole, therefore, the distribu-
tions are not smooth at the magnetic equator area if one of the
poles is shifted. But this small mismatch at the equator is unim-
portant, because this area is dim.

The local spectrum of the NS surface in the case of mag-
netized atmospheres at given temperature and magnetic field is
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taken as a diluted black-body spectrum with two additional ab-
sorption features (see also Eqs. (14), (15) and (18))

IE(α) = D BE( fcT ) φ(α) exp(−τ1) exp(−τ2), (25)

where the optical depth τi of the absorption line i at given pho-
ton energy E is defined by Eq. (15), and τ0

1,2 , σ1,2 are considered
as model parameters identical for all NS surface elements. The
photon energy of the line center Ei depends on the local mag-
netic field strength B. In particular, for the proton cyclotron line
we have

E1 = 0.0635 B13 keV. (26)

For the description of the local spectra of the model atmospheres
above a condensed iron surface, two additional absorption fea-
tures can be considered. The first feature is centered on the iron
ion cyclotron energy according to Eq. (1). This line is asymmet-
ric, i.e., τ2 > 0 only for E > E2, in agreement with the calcula-
tions (see Figs. 3 and 4). The second line is centered between E1
and EC, and its position depends also on the local magnetic field
strength.

We use three angular distributions φ(α) of the specific inten-
sity IE(α). The simplest is the isotropic function φ(α) = 1, which
corresponds to the thin model atmosphere above a black body.
For the semi-infinite model atmosphere, the angular distribution
in Eq. (19) are used. For the thin atmosphere models above a
condensed iron surface, the isotropic angular distribution is used
except for the energy band between EC and 4EC, where the an-
gular distribution has a jump at some cosα (see Fig. 8), a case
that has to be studied separately.

For the description of the naked condensed surface spectra,
the relations in Eqs. (8)–(12) are used.

The total spectrum of the NS is calculated in the spherical
coordinate system connected with the rotation axis (see, for ex-
ample, Poutanen & Gierliński 2003 and references therein)

fE =
R2

d 2

∫ 2π

0
d ϕ

∫ π

0
(1 + z)−3 IE′(α) cosα sin γ dγ, (27)

where d is the NS distance and γ is the angle between the radius
vector at a given point and the rotation axis. Here the observed
and the emitted photon energies are connected by the relation
E = E′(1 + z)−1, and z = (1 − RS/R)−1/2 − 1 is the gravitational

0.0 0.5 1.0 1.5 2.0

0.8

0.9

1.0

1.1

1.2

1.3

1.4

1.5

0.0 0.2 0.4 0.6 0.8 1.0
0.6

0.7

0.8

0.9

1.0

 

 

F = B exp(-0.16/cos(α))
i=80o, θB = 11o, θspot = 20o, Tinfty = 0.66 keV
z=0.4142  ( M=1.4,  R=8.4 km  ( 2rg ))

F ob
s /

 F
m

ea
n

Phase

class III

F = B,    i=80o, θB = 60o, 
θspot = 1o, Tspot = 0.14 keV
z=0.225  (R = 3rg )

 

F ob
s /

 F
1

Phase
Fig. 11. Test light curves calculated with the same parameters as used
by Poutanen & Gierliński (2003) (top panel) and Beloborodov (2002)
(bottom panel). F1 is the maximum possible flux that is observed when
one of the spots is viewed face-on.

redshift. Light bending in the gravitational field is accounted for
by the approximate relation (Beloborodov 2002)

cosα ≈ RS

R
+

cosψ
(1 + z)2

, (28)

where RS = 2GM/c2 is the Schwarzschild radius, and

cosψ = cos i cos γ + sin i sin γ cosϕ. (29)

The integration in Eq. (27) is restricted to the visible NS surface
area with cosα > 0.

Phase-resolved spectra can be calculated for various phase
angles, and the corresponding light curves can also be calculated
for various energy bands. The mean spectrum is summed from
separate phase spectra and then divided by the number of phases.

Using this code, we calculated two test light curves for
slowly rotating neutron stars (see Fig. 11). The first one corre-
sponds to the light curve presented by Poutanen & Gierliński
(2003) in their Fig. 4a (dashed curve), and the second one cor-
responds to Class III light curves in the classification performed
by Beloborodov (2002) (see his Fig. 4).

4. Results of modeling

We present examples of model light curves and integral emer-
gent spectra for magnetized neutron stars with various surface
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temperature distributions. We choose symmetric models with
equal temperatures and magnetic field strengths at both magnetic
poles, and equivalent temperature and magnetic field distribu-
tions in both hemispheres. We consider a neutron star model with
polar temperature kTp = 0.15 keV, polar magnetic field strength
Bp = 6×1013 G, and a compactness corresponding to the gravita-
tional redshift z = 0.2. Three temperature distributions are used.
Two of them are described by Eq. (23) with a = 0.25 and a = 60.
In both distributions, Tmin equals 0.316Tp. The results are almost
the same for any lower value of Tmin. The third temperature dis-
tribution is a uniform surface temperature kT = 0.01 keV plus
two uniform bright spots around the magnetic poles with the
same temperatures Tp and angular radii θsp = 5◦. Most of the
models are calculated for angles i = θB = 90◦, which provides
the largest change in the visible local parameters during a rota-
tion period. For simplicity, we take dilution D and the hardness
fc factors equal to 1. Most of our results will not be changed by
this; in particular, the normalized spectra and EWs of absorption
lines will not change, if fc and D are constant over the neutron
star surface. This approximation will only change the absolute
value of the flux. Therefore, it is important for the ratio of X-ray
to optical fluxes, because fc and D can be different for X-ray
and optical bands (see Sect. 4.3). Therefore, in this section we
consider the temperature distribution over the neutron star to be
a color temperature distribution instead of an effective tempera-
ture distribution.

4.1. Averaged spectra

The main goal of our modeling is to study possible absorp-
tion features in the magnetized neutron star thermal spectra. To
achieve this aim, the spectra of the models with the three temper-
ature distributions, as described above, and the three local spec-
tral energy distributions, as described in Sect. 2, are computed.
In all cases, we consider the color temperature distribution over
the neutron star surface.

4.1.1. Black body plus Gaussian line

The first spectral model is a simple isotropic black-body spec-
trum with a temperature equal to the local temperature of a given
model and one Gaussian spectral line. The line is centered on
the proton cyclotron energy (see Eq. (26)) and has parameters
τ1 = 3, σ1 = 30 eV, hence EW ≈ 100 eV. This model roughly
represents the shape of the spectrum of a thin magnetized par-
tially ionized hydrogen atmosphere above the black-body con-
densed surface (see Fig. 2). The same model can represent the
shape of the spectrum of the semi-infinite atmosphere at the
maximum of the flux, but, of course, with higher fc. Model spec-
tra of semi-infinite magnetic atmospheres have harder tails than
a black body. To first approximation, these spectra at maximum
flux can however be described as diluted black-body spectra
(see, for example, Suleimanov & Werner 2007 for non-magnetic
atmospheres). Moreover, the model spectra with vacuum po-
larization and partial mode conversion have smaller deviations
from a blackbody than the models, where these effects are ig-
nored (see Fig. 10 in Suleimanov et al. 2009). We mainly inves-
tigate the absorption features, and ignore the harder spectral tail
in the model atmosphere spectra.

Integral photon spectra for all the temperature distributions
are shown in the top panel of Fig. 12. The overall shapes of
the spectra can be described by black-body spectra with kT ≈
0.114 keV for the model with a = 0.25, kT ≈ 0.086 keV for
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Fig. 12. Phase-averaged photon spectra for the neutron star model with
kTp1 = kTp2 = 0.15 keV, Bp1 = Bp2 = 6 × 1013 G, z = 0.2, i = θB = 90◦
and different temperature distributions across the surface. Top panel: the
temperature distribution Eq. (23) with a1 = a2 = 0.25 (dotted curve),
with a1 = a2 = 60 (dashed curve), and two uniform bright spots
with T = Tp and angular size θsp = 5◦ (solid curve). The local spec-
tra are isotropic black-body spectra with an absorption line (τ1 = 3,
σ1 = 30 eV) centered according to Eq. (26). The spectrum of the model
with a = 0.25 and a weaker absorption line (τ1 = 2.6, σ1 = 6 eV)
is also shown (dash-dotted curve). The thin solid curves are the contin-
uum spectrum of a model with a = 60 and a single black-body spectrum
with a Gaussian line (E1 = 0.25 keV, τ1 = 0.85, σ1 = 52 eV) for the
strong-line a = 0.25 model. Bottom panel: the photon spectra for two
temperature distributions (a = 0.25 and two bright spots) under various
inclination angles to the line of sight: i = 0◦ (solid curves), i = 45◦
(dashed curves), and i = 90◦ (dotted curves).

the model with a = 60, and kT ≈ 0.125 keV for the model with
two bright spots. Therefore, these spectra can be described to
first approximation by single black-body spectra with a Gaussian
line. An example of this approximation is shown in Fig. 12. The
model spectrum with a = 0.25 is represented well by the black-
body spectrum with kT ≈ 0.114 keV and a Gaussian line with
E1 = 0.25 keV, τ1 = 0.85, σ1 = 52 eV. The integral spectra
have a soft excess and an asymmetric line compared to single
blackbody spectra. These features increase if a increases (see
also Fig. 17).

The spectrum of the model with a = 60 is the softest caused
by the relatively large contribution of the cooler parts of the neu-
tron star. The spectrum of the two spot model has a relatively
narrow absorption line, because most radiation comes from the
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pole regions where the magnetic field strength is nearly constant.
The spectrum of the model with a = 0.25 shows a wide asym-
metric line, shifted to lower energy. The large width of the line
is a consequence of the smooth temperature distribution, and,
accordingly, a large variety of magnetic field strengths, which
effectively contribute to the spectrum. The absorption feature
in the spectrum of the model with a = 60 is very wide and
difficult to see. It can be recognized by comparison with the
spectrum without the line (the thin curve in Fig. 12, top panel).
In the model, the magnetic field changes significantly, from Bp
at the poles to 7.7Bp at the equator, and the absorption line is
strongly smoothed. An observable absorption feature appears
only in models with a ≤ 10−50 (depending on the EW of the
local absorption line). Therefore, strong toroidal fields on the
surface of XDINSs (corresponding to a > 50) are incompatible
with the observed absorption lines.

The equivalent widths of these absorption features range
from 65 eV (a = 60 model) to 85 eV (the other models).
Therefore, the magnetic field distribution does not result in an
increase of the EW of the absorption line in the integral spec-
trum. For illustration, the integral spectrum of the model with
a = 0.25 and a line with τ1 = 2.6, σ1 = 6 eV, and EW ≈ 19 eV
is also shown in the upper panel of Fig. 12. The line has a sig-
nificant width but a small depth with EW ≈ 17 eV.

The integral spectra of the model with a = 0.25 and the two-
spot model at different inclination angles of the magnetic axis
and rotation axis (which coincide), to the line of sight (i = 0◦,
45◦ and 90◦) are shown in the bottom panel of Fig. 12. These
spectra represent phase-resolved spectra at various phases of the
stellar rotation for the case θB = 90◦. The spectra of the two-
spots model only exhibit the flux level variation, without any
change in line shape. In contrast, the spectra of the models with
a = 0.25 exhibit line shape variations. At larger i, the line center
is shifted to lower energy and becomes wider, because a more
significant part of the observed radiation comes from the mag-
netic equator regions. The dependence of the absorption line EW
on the inclination angle is insignificant.

4.1.2. Naked condensed iron surface

The second model used for the local spectrum is the spectrum
of the naked condensed iron surface, provided by Eqs. (8)–(12).
The computed spectra for the neutron star models with the same
parameters and temperature distributions, as in the case of the
first local model, are shown in the top panel of Fig. 13. These in-
tegral spectra are close to being black-body spectra with similar
color temperatures, as in the first case (see Sect. 4.1.1). The ab-
sorption features are very wide and shallow and have EWs equal
to ≈110 eV for the two-spots model,≈140 eV for the model with
a = 0.25, and ≈95 eV for the model with a = 60. In the last case,
the line is again not observable, and the EW is obtained with a
lower accuracy because of uncertainties in the continuum defini-
tion.

It is possible to compare approximate calculations of neu-
tron star spectra that have a naked condensed iron surface with
the accurate calculations performed by the method described in
van Adelsberg et al. (2005). An example of this comparison is
shown in Fig. 14. The qualitative agreement is satisfactory. The
accurate spectrum is (as expected) more smooth at EC , and the
flux at energies less than Ec,i is higher. The EWs of the absorp-
tion features are very similar, ≈190 eV for the accurate spectrum
and ≈180 eV for the approximate spectrum.
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Fig. 13. Top panel: phase-averaged photon spectra of the same neutron
star models as in Fig. 12, but here the local spectra are from a naked iron
surface. The continuum spectra without absorption features are shown
by the thin solid curves for the two-spots model and the model with
a = 0.25. Bottom panel: phase averaged photon spectra of the same
neutron star models as in Fig. 12, but here the local spectra are isotropic
blackbodies with absorption features as in the spectra of the thin hydro-
gen model atmosphere above the condensed iron surface (see text). The
continuum spectrum without absorption feature is shown by the thin
solid curve for the model with a = 60.

4.1.3. Thin atmosphere above condensed iron surface

The shape of the spectrum of a thin hydrogen atmosphere above
a condensed iron surface can be roughly fitted by a black-
body spectrum with two absorption features in Gaussian profiles,
which describe the proton cyclotron line and one half of the wide
line at Ec,i(Fe). The half line means that the line optical depth is
equal to zero at energies E < Ec,i(Fe), and calculated in the usual
way (Eq. (15)) at E > Ec,i(Fe). For our illustrative calculations,
we assume that τ1 = 8.5,σ1 = 11 eV, and τ2 = 2.5, σ2 = 150 eV
with a total EW ≈ 230 eV (see also Fig. 4). The Gaussian lines
with these τi and σi reproduce well the absorption features in
the spectrum of the thin hydrogen atmosphere above the con-
densed iron surface with Teff = 1.2 × 106 K, B = 1014 G, and
Σ = 10 g cm−2 (Fig. 4). The computed spectra for the used tem-
perature distributions are shown in the bottom panel of Fig. 13.
The temperature of the neutron star surface again corresponds
to the color temperature. The hard tails of the integral spectra
can be fitted by the black-body spectra with approximately the
same temperatures as those obtained for the first local spectral
model. The absorption feature has a prominent two-component
structure for the two-spots model, and a smoothed shape for the
model with a = 0.25. In the spectrum of the model with a = 60,
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Fig. 14. Phase averaged photon spectra of the neutron star models with
parameters kTp1 = kTp2 = 0.15 keV, Bp1 = Bp2 = 6×1013 G, i = θB = 0◦
and a = 0.25. The local spectra are from a naked iron surface, com-
puted accurately using the code presented by van Adelsberg et al. (2005)
(thick solid curve), and using approximate Eqs. (8)–(12) (thick dashed
curve). The adopted continuum spectra without absorption features are
shown by the corresponding thin curves. The EWs of the absorption
features are rather similar, ≈190 and 180 eV.

the absorption line is again very smooth. The EWs of the features
in spectra of the two-spot model and the model with a = 0.25 are
≈210 eV, and the EW of absorption feature in the spectrum of the
model with a = 60 is ≈150 eV.

4.2. Light curves

Light curves calculated for illustrative purposes in a wide en-
ergy band (0.02–2 keV) are shown in Fig. 15. The light curves
are computed for the orthogonal rotator (i = θB = 90◦), the
three temperature distributions, and two angular distributions of
the emergent flux, i.e., the isotropic one and the distribution cor-
responding to a semi-infinite magnetized hydrogen model atmo-
sphere as described by Eq. (19). The light curves, computed with
the isotropic angular distribution, agree with the well-known re-
sult (see, e.g. Page 1995; Geppert et al. 2006) that the tempera-
ture distribution for a core dipole magnetic field (a = 0.25) can-
not provide a pulsed fraction PF ≡ (Fmax − Fmin)/(Fmax + Fmin)
larger than several percent. To account for larger PF values,
more peaked temperature distributions have to be considered
(Schwope et al. 2005). Computed light curves have PF ≈ 5%
for the temperature distribution with a = 0.25, ≈10% for a = 60,
and ≈25% for the two bright spots.

Using the angular distribution corresponding to the magne-
tized model atmosphere, we obtain completely different pulse
profiles with four maxima instead of two for the isotropic an-
gular distributions (bottom panel in Fig. 15). The model with
a = 0.25 shows additional maxima at the phases of the minima in
the light curve computed with isotropic angular distribution. The
models with the narrow peaked temperature distributions (two
spots and a = 60) exhibit deep minima at the phases of the max-
ima in the light curves computed by assuming an isotropic angu-
lar distribution. Each minimum in these light curves is replaced
by two maxima with a shallow minimum between them. The
pulsed fractions of the light curves for the models with a = 0.25
and a = 60 are the same as in the isotropic distribution case,
but the pulsed fraction of the light curve for the model with two
bright spots increases to 60%. A qualitatively similar class III
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Fig. 15. Examples of light curves for the neutron star model with kTp1 =
kTp2 = 0.15 keV, Bp1 = Bp2 = 6 × 1013 G, z = 0.2, i = θB = 90◦ and
different temperature distributions across the surface: the temperature
distribution (23) with a1 = a2 = 0.25 (dotted curves), with a1 = a2 =
60 (dashed curves), and two uniform bright spots with T = Tp and
angular size θsp = 5◦ (solid curves). Two different angular distributions
of the emergent radiation are used: the isotropic distribution (top panel)
and the semi-infinite magnetic atmosphere distribution Eq. (19) (bottom
panel).

light curve for a slowly rotating neutron star with magnetic at-
mosphere model radiation was obtained by Ho (2007) (see his
Fig. 2).

We also investigate the influence of the absorption features
on light curves and pulsed fractions. In a wide energy band, the
influence on the light curves is very small. However, it is signif-
icant on both the light curves and pulsed fractions in the narrow
energy bands in the vicinity of the absorption feature energies.
For illustration, we calculate the dependences of PF on the pho-
ton energy for the models with a smooth temperature distribution
(a = 0.25) and the different local spectra (see Fig. 16). The cor-
responding average spectra are presented in the same figure for
illustrative purposes. The common characteristic of all the pre-
sented dependences is the decrease in the pulsed fraction at the
absorption feature energies.

In the top panel of Fig. 16, the local spectrum is approxi-
mated by the black body with and without an absorption line,
and the change in the pulsed fraction at the absorption line ener-
gies can be clearly seen. The PF for the bolometric light curve
(∼5%) is determined by the soft part of the spectrum, where most
of the photons originate. The PF can be more significant for the
higher energy bands. We also calculate the average spectrum and
the PF dependence on energy using the same model but a more
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Fig. 16. Energy dependence of pulsed fractions (symbols and left verti-
cal axes) together with averaged photon spectra (lines and right vertical
axes) for the neutron star models with the same parameters as in Fig. 12
and a = 0.25. Top panel: the models with pure black-body local spec-
tra (open circles and dotted curve), black-body local spectra with an
absorption line (τ = 3.0, σ = 30 eV) centered according to Eq. (26),
and the isotropic angular distribution (filled circles and solid curve),
and black-body local spectra with the absorption line and the electron
scattering atmosphere angular distribution (triangles and dashed curve).
Bottom panel: the model of a naked condensed iron surface (open cir-
cles and dotted curve), a thin atmosphere above condensed iron sur-
face spectra with corresponding angular distribution (filled circles and
solid curve), and the same local spectra, but with slightly different pole
temperatures: Tp,1 = 0.15 keV, Tp,2 = 0.14 keV (triangles and dashed
curve). The position of EC, which corresponds to the magnetic pole, is
shown by vertical dotted line.

peaked angular distribution of the local emergent radiation for
an electron scattering atmosphere

φ(α) = 0.4215+ 0.86775 cosα. (30)

The average spectrum is altered insignificantly, but the pulsed
fraction is increased by a factor of two (the top panel in Fig. 16).
We present this result to demonstrate that a pencil-like peaked
angular distribution of the emergent radiation can have an effect,
similar to the effect of a peaked temperature distribution.

The dependence of the pulsed fraction on energy for the
models with local spectra corresponding to a naked iron surface
and a thin atmosphere above the condensed iron surface is simi-
lar (the bottom panel in Fig. 16). The PF at energies E > EC is
larger because of the peaked angular distributions (see Eqs. (8)–
(12) and Fig. 8). In our calculations, we approximate the angular
distribution of the thin atmosphere above the condensed surface
emergent radiation using a simple step function in the EC–4EC
energy range

φ(α) =
1 − aμ cosα2

1 − cosα2
, if cosα ≥ cosαc, (31)

and

φ(α) = aμ, if cosα < cosαc, (32)

where

cosαc =

(
1
3

(
EC1

EC
− 1

))2/3

, (33)

and aμ is a parameter, which is taken to be 0.2 here. At other
energies, φ(α) = 1 is used.

The pulsed fraction at these energies can be even more sig-
nificant if slightly different temperatures at the poles are used.
Here we do not take into account the azimuthal dependence of
the angular distribution of the magnetized semi-infinite atmo-
spheres with inclined magnetic fields. Therefore, the light curves
may be even more complicated.

4.3. Fluxes in the optical band

Here we compare the fluxes of our computed models in the opti-
cal band with the fluxes of the black-body extrapolations of the
X-ray model spectra. It is well known that the observed opti-
cal fluxes of XDINSs exceed the black-body extrapolations by
many times (see Introduction), thus, this comparison can pro-
vide information about the temperature distribution and the na-
ture of local spectra. The comparisons are presented in Fig. 17.
The models with a smooth temperature distribution (a = 0.25)
exhibit small excesses (factor ≈1.3–1.5) for all local model spec-
tra. The narrow peaked temperature distributions exhibit more
significant excesses (up to a factor of ∼10), which depend on the
values of a and the adopted temperature for the cool part of the
neutron star surface.

There is additional uncertainty related to the dilution D and
hardness fc factors. In our magnetized neutron star model spec-
tra, we represented the local model atmosphere spectra using
black-body spectra with D = fc = 1 for simplicity. But in the
real model atmosphere spectra these factors can differ from 1
and can be different for the X-ray and the optical band spectra
(Pavlov et al. 1996; Suleimanov et al. 2009).

5. Conclusions

We have initiated our study of the XDINS surface radiation prop-
erties. We have considered a few theoretical models of a highly
magnetized (B > 1013 G) neutron star surface including partially
ionized hydrogen atmospheres, which are semi-infinite and thin;
condensed iron surfaces; and thin partially ionized hydrogen at-
mospheres above a condensed iron surface.

To describe the emergent spectra of the model atmospheres,
we have used the results of Suleimanov et al. (2009) and demon-
strated that the equivalent widths of the absorption features
do not exceed 100 eV. We have presented a simple analytical
approximation of the emergent spectra of the condensed sur-
faces, previously studied by Pérez-Azorín et al. (2005) and van
Adelsberg et al. (2005), and evaluated the equivalent widths of
the absorption features in these spectra (120–190 eV for XDINS
magnetic fields, see Eq. (7)).

Using this approximation, we have studied thin partially ion-
ized hydrogen atmospheres above a condensed iron surface. The
radiation properties of the condensed surface are used to define
the inner boundary condition of the model atmospheres. Some
examples of these models are presented. We have demonstrated
that the interaction of the condensed surface radiation and the
radiation transfer in the atmosphere leads to strongly increased
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Fig. 17. Comparison of the integral averaged spectra of the magnetized
neutron star models (solid and dashed curves) with black-body spec-
tra, which fit the model spectra at E ≥ 0.5 keV (dotted curves). The
differences at the optical band are also shown. Top panel: the mod-
els with black-body local spectra and the Gaussian line (τ = 3.0,
σ = 30 eV), centered according to Eq. (26), for three temperature distri-
butions: a = 0.25 (upper curves), a = 60 (middle curves), and two-spot
model (lower curves). The parameters of the distributions are the same
as in Fig. 15. The spectrum of two-spot model with the temperature
kT = 0.03 keV of the cold surface is also shown (dashed curve). Bottom
panel: the models with smooth temperature distribution (a = 0.25) and
various local model spectra: naked iron spectrum (solid curves) and the
thin model atmosphere above condensed iron surface spectra (dashed
curve). Parameters of the local spectra are the same as in Fig. 13.

equivalent widths of the absorption features, up to 300–450 eV.
Another interesting property found is the prominently peaked
angular distribution of the radiation at energies between EC and
4EC.

All of these different local models were used to compute in-
tegral emergent spectra of neutron stars with parameters close to
XDINS ones. We presented the modeling code for light curves
and integral spectra. We considered a magnetic field distribu-
tion with a possible toroidal component and two different mod-
els for the temperature distribution on the neutron star surface.
The first model studied was a simple uniform relatively cold sur-
face with two uniform hot spots of fixed angular sizes at the
magnetic poles. The second model was taken from Pérez-Azorín
et al. (2006a) and describes a continuous temperature distribu-
tion, peaked at the magnetic poles. An additional parameter a
(connected to the relative contribution of the toroidal compo-
nent of the magnetic field) controls the width of the temperature
profile peaks.

Light curve modeling has confirmed that a classical core
dipole temperature distribution (a = 0.25 in our model) with

local black-body spectra is insufficient to explain the observed
pulsed fractions in XDINSs. Therefore, more peaked temper-
ature distributions or more peaked angular distributions of the
specific intensity are needed. We have demonstrated that the
isotropic or peaked angular distribution of the emergent radia-
tion, as well as angular distributions in the models of thin at-
mospheres, more accurately explains the observed pulse profiles
than a magnetized semi-infinite model-atmosphere angular dis-
tribution.

We also investigated the dependence of the pulsed fractions
on energy. The pulsed fraction increases with photon energy due
to a strong dependence of the thermal flux on the temperature
in the Wien part of the spectrum. The pulsed fraction decreases
at absorption feature energies. The emergent flux angular distri-
bution of a thin atmosphere above the condensed iron surface
and a naked condensed surface is peaked with respect to the sur-
face normal in an energy range between EC and 4EC, hence, the
pulsed fraction is higher there. It also increases if the pole tem-
peratures are different.

We computed some examples of integral emergent spectra of
hot magnetized neutron star models for various temperature dis-
tributions and all considered surface models. We demonstrated
that the absorption features in the integral spectra become wider,
but do not exhibit an increase in their equivalent widths when
the magnetic field strength is varied across the neutron star sur-
face. Therefore, the observed EWs in XDINS spectra must be
similar to the local EWs on the neutron star surfaces. Most of
the XDINSs have observed absorption lines with EWs ≤ 100 eV,
which can be explained by magnetized model atmospheres or
naked condensed surfaces, but the EW of the absorption line in
the spectrum of RBS 1223 is about 200 eV, and an atmosphere
above the condensed iron surface provides a better explanation.

The models with a strong toroidal magnetic field on the neu-
tron star surface (a > 10–50) exhibit a smoothed absorption
feature, which is too wide and cannot be detected by observa-
tions. Therefore, a strong toroidal magnetic field component on
the XDINS surfaces can be excluded. At the same time, the large
pulsed fraction in some XDINSs indicates that small hot regions
exist on the neutron star surfaces. Therefore, the model with a
poloidal magnetic field concentrated in the neutron star crust
(Geppert et al. 2004) and models with a strong toroidal com-
ponent in the crust, which vanishes on the surface (for example,
Aguilera et al. 2008), are applicable. On the other hand, simi-
lar results can be reached if the peaked angular distribution of
the emergent spectra is considered. For example, the thin hydro-
gen atmosphere above the condensed iron surface with a smooth
temperature distribution over the neutron star surface (a = 0.25)
and slightly different pole temperatures can provide the pulsed
fraction observed in RBS 1223.

In the present work, the radiation properties of the magne-
tized neutron star condensed surfaces have been assumed to be a
rough approximation only. More accurate investigations of the
magnetized model atmospheres above the condensed surfaces
are necessary in the future. However, our present model can be
used to fit the observed spectra of XDINSs to obtain basic infor-
mation about the radiation properties of magnetized neutron star
surfaces.
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