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Abstract—The model of a magnetized rotating neutron star with an electric current in the region of its
fluid polar magnetic caps is considered. The presence of an electric current leads to differential rotation of
the magnetic caps. The rotation structure is determined by the electric current density distribution over
the surface. In the simplest axisymmetric configuration, the current flows in one direction near the polar
cap center and in the opposite direction in the outer ring (the total current is zero for the neutron star
charge conservation). In this case, two rings with opposite directions of rotation appear on the neutron star
surface, with the inner ring always lagging behind the star’s main rotation. The differential rotation velocity
is directly proportional to the electric current density gradient along the polar cap radius. At a width of the
region of change in the electric current from 1 to 10% cm and a period ~1 s and a magnetic field B ~ 102 G
typical of radio pulsars, the linear differential rotation velocity is ~1072—10"* ¢m s~! (corresponding to a

revolution time of ~0.1—10 yr).
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INTRODUCTION

For rotating magnetized neutron stars, existing
magnetosphere models (Goldreich and Julian 1969;
Beskin 2006; Beskin et al. 2013) predict the existence
of an electric current in the region of open mag-
netic field lines. In particular, in the model of a free
charge emission (for example, electrons) (Scharle-
mann et al. 1978; Arons and Scharlemann 1979) and
the inner-gap model (Sturrock 1971; Ruderman and
Sutherland 1975), the electric current density is

QB cos x
— 1
N (1)

where y is the angle between the angular velocity 2
and the magnetic field B on the stellar surface. Ac-
cording to the model of current braking of radio pul-
sar (Jones 1976; Beskin et al. 1983), an oppositely
directed current, such that the total electric current is
zero and the system’s charge remains constant, flows
over the side surface of the pulsar flux tube. In this
paper, we will assume that the neutron star surface
layer is an electrically conducting fluid. This requires
a surface temperature higher than 10° K (Haensel
et al. 2007). Note that the regime of a space charge
limited flow is realized precisely at such temperatures
(Kantor and Tsygan 2003).
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When passing through a fluid conducting layer,
the electric current partially flows across the magnetic
field lines. In this case, the Lorentz force causing
the differential rotation of the fluid acts on the fluid
conducting medium. The goal of this paper is to cal-
culate the velocity of this differential rotation within
the magnetohydrodynamic approach.

BASIC EQUATIONS

We will assume that the upper layer of the polar
cap with thickness d is an incompressible conduct-
ing fluid with a constant density p, an electric con-
ductivity o, and a kinematic viscosity v. The polar
cap radius is R = Rns\/QRnS/c, where 2 = 27 /P is
the angular velocity of neutron star rotation, Rps ~
10% cm is its radius. At a pulsar period of ~1 s, the
polar cap radius is ~10* cm. The depth of the fluid
layer is d ~ 3 x 103 cm (Haensel et al. 2007). Since
both the fluid layer depth and the polar cap radius are
much smaller than the neutron star radius, we may
assume the layer to be flat and the dipole magnetic
field B to be uniform and perpendicular to the surface.

A steady flow of conducting incompressible fluid
is described by the magnetohydrodynamic equations
(Landau and Lifshitz 1984):

(U-V)U = —ll)VP (2)
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+vAU — 4717/) (B x curlB) + g,
curl (U x B) +nAB =0, (3)
divU = 0, (4)
divB = 0, (5)

where U is the fluid flow velocity, P is the pressure,
B is the magnetic field strength, n = ¢?/(4mo) is the
magnetic diffusivity, and g is the free-fall acceleration
(assumed to be constant, because the layer is thin
compared to the neutron star radius). Below, we will
assume that the magnetic field and angular velocity
vectors are aligned and directed across the layer. In
this case, the current density on the neutron star
surface is axisymmetric and, hence, it is convenient to
use a cylindrical coordinate system (r, ¢, z) with the z
axis directed along the outward normal to the layer.
For simplicity, we will consider only axisymmetric
flows.

The magnetic field corresponding to the currents
in the pulsar flux tube (see (1)) is negligible compared
to the neutron star field B. It allows one to use the
perturbation theory. In the zeroth approximation, the
fluid layer is in a constant axial magnetic field B and
rotates as a solid body with an angular velocity Q. In
this approximation, no electric current is brought to
the layer and the solution of Eqgs. (2)—(5) is

U=Qre,;, B=DBe, j=0, (6)

927,2
;)
where g = —ge,, g = const.

Note that a nonzero electric charge density (Gol-
dreich and Julian 1969) and the related azimuthal
electric current density exist in a magnetized neutron
star in the laboratory frame of reference. However, it
is easy to estimate that this azimuthal electric current
density is extremely low, being QR/c ~ 1076 of the
density of the current flowing along the pulsar flux
tube. Accordingly, both the charge density and the
corresponding azimuthal current density may be ne-
glected.

To a first approximation, the electric current is
incident perpendicularly to the layer surface (z = 0).
In this case, we will seek a solution of Egs. (2)—(5) in
the form

U=0Qres,+u, B=De,+b, (7)
P=P(r,z)+p,

where u, b, and p are quantities of the first order of

smallness, which allows system (2)—(5) to be lin-

earized in these quantities. To make the linearized
system dimensionless, we use d as a unit of length, B

P=P(r,z)=p <—gz+
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as a unit of magnetic field, n/d as a unit of velocity,
and pvn/d? as a unit of pressure. Using the same
symbols for the dimensionless quantities as those for
the dimensional ones, we will obtain

—2Reuy = —gﬁ + Ly(uy) + %2:; (8)
().
2Reu, = L (ug) + 8;:;’ + Ha? aabj, (9)
P Lo+ 0, (10)
_%“Z’“ = Li(b,) + %2:;, (11)
—aa“j = Li(by) + %zjf, (12)
_5;; — Lo(b) + %2:;, (13)
i; (ruy) + a;; —0, (14)
ron T e =0 (15)
where
2 2
Lo 887“2 71“887“’ 1_887“2 71“867“_7“12’ (16)
and
2
Re = Q;l . Ha= (477;7357)1/2 (17)

are the dimensionless Reynolds and Hartmann num-
bers, respectively.

The operators Ly and Ly have the Bessel functions
Jo(kr) and Jy(kr) as eigenfunctions finite at zero
and bounded at infinity, Lo(Jo(kr)) = —k2Jo(kr) and
Ll(Jl(k"l")) = —k‘le(k‘T).

The solution of system (8)—(15) must be real.
Accordingly, we represent u, b, and p as the Hankel
integrals over the variable r with a real 0 < k& < oo
(Bateman and Erdeii 1953). We will represent the
functions u,, b,, and p as the Hankel integrals of the
zeroth kind

flr,z) = / KOk, ) o(kr)dk,  (18)
0

[e.e]

Ok, z) = /rf(r, z)Jo(kr)dr,

0

(19)
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and the functions w,, ug, b, and by as the Hankel
integrals of the first kind
£ = [RE DD, (20)
0
ik, 2) = /rf(r, z)J1(kr)dr. (21)
0

For the Hankel transforms, system (8)—(15) takes
the form

2,1
“9Reu!, =k + %:L; Rl (22)
1
+ Ha? <k:b2 + abT) ,
0z
9%ul bl
Reuj = —Kuj+Ha® 7. (23)
8]90 82“2 2.0
9z = 622 —k Uy, (24)
oul 82b$ 9.1
. = g2 R (25)
oul 92!
¢ _ (o] 271
— e = o K (26)
o 9%pY 9.0
9: ~ 92 b (27)
ou?
1 z
kup 4+ = =0, (28)
0
kbl + % _ 0. (29)
0z

When deriving system (22)—(29), we used the rela-
tions

10 0

o PTU) = Do), To(r) = ().
System (22)—(29) is a system of the tenth order in z
(note that only three of the four equations (25)—(27)
and (29) are linearly independent). Accordingly, to
find the solution of the system, we should specify ten
boundary conditions. For the free upper boundary
(z = 0) stationary along the z axis, we have

(30)

6u1 811,; 0
"= = = 0. 31
0z 0 0z 0, u;=0 (3D
For the lower solid stationary boundary (z = —1), all

velocity components are equal to the velocity at the
boundary:

u,{:ué:ugzo.

(32)

For the magnetic field, the boundary condition is
determined by the incident current that fixes the

TSYGAN et al.

azimuthal magnetic field component at the upper
boundary and by the magnetic field continuity at the
conductor—dielectric (vacuum) boundary:

oY
0z

where by (k) is a function of the variable & whose form
is determined by the electric current density on the
surface. Indeed, the electric current density j,(r, 2)
and the azimuthal magnetic field component by(r, 2)
are related via Maxwell’s equation (we use ¢B/(4md)
as a unit for the current density)

. 10
jz("f’, Z) = T@T(Tb(z))’

by (k, z = 0) = by(k), + kb2 =0, (33)

(34)

which leads to the relation between their Hankel
transforms

0
Jz(k, 2

bé(k7 Z) = (k ) I

where jY(k, 2) is the Hankel transform of the electric

current density of the zeroth kind (see (19)). Accord-

ingly, for by(k) we have

(39)

k,0)

L (36)

bo(k) = by (k,0) = 2

We will assume that the layer at the lower bound-
ary rests on a semi-infinite solid medium of the same
conductivity (in reality, the thickness of this solid layer
must be of the order of or greater than the thickness
of the fluid layer). In this case, the magnetic field
continuity condition must be met:

o oy
o —R2=0, Y —kby=0.  (37)

System (22)—(29) is a system of linear differential
equations with constant coefficients, which allows
its solution to be sought in the form f ~ exp(—sz),
where s satisfies the tenth-order characteristic equa-
tion

(82 . 1)[((82 _ k2)2 _ H3282)2

+ 4Re?s%(s? — k%)) = 0.

(38)

If the roots of the characteristic equation are known,
then the solution of system (22)—(29), along with the
boundary conditions (31)—(37), can be found exactly.
However, both seeking for the roots of the charac-
teristic equation (38) and the subsequent solution
of system (22)—(29) are too cumbersome. Below,
we provide an approximate solution that turns out
to be quite sufficient for our purposes and allows
the solution to be obtained in an analytical form (via
integrals).

ASTRONOMY LETTERS Vol.40 No.9 2014
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APPROXIMATE SOLUTION

Let us neglect the term 2Reu! in Eq. (23) (below,
we will test the applicability of this approximation).
The equations for the variables uj and by are then

separated from the complete system

obl 9%ul
—Ha? a,j — < (%j - m;) , (39)
1
8u¢

The characteristic equation of this system has a sim-
ple form:

(s — k?)? — Ha%s®> = 0. (41)
The roots of this equation are defined by the expres-
sion
Ha? + 2k2 + Ha(Ha? 4 4k2)1/2

2
— . 42
s ; (42)
Hence the relation between the roots is
k2
§1 = —S82, 83= —84—= . (43)
S1

As will be seen below, the relation Ha? >> k2 usually
holds. In this case, we will obtain the following
approximate expressions for the roots:

k2
§1 = —89 = Ha <1 + H32> N (44)

k2 k2

5T T 51 " Ha

The general solution of system (39), (40) is

b, = Cpen + O e (45)

+Cl§¢>) s32 —I—C( ) €547
up = C e 0(2) (46)

_|_ C((b)eSBZ + C( ) 542’
where the coefficients Cb((; and C’f;; (i=1,2,3,4) are

not independent but are related by the relations that
follow from the equations of system (39) and (40):

@ _ _ siHa @
Cy) = e 12 Cho (47)
2 2
@) _ k=i o0 A
cy) 5 Cug: (48)

Obviously, when the characteristic equation (41)
holds, relations (47) and (48) are equivalent and are
brought to the form

L) = ~HaC}) (49)
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at7=1and 4 and

o) _

) = Hacy) (50)

att=2and 3.

Using the boundary conditions (31)—(33) and (37)
and the more stringent condition Ha > k2 (below, we
will see that this condition also holds good), we will
obtain the expressions

uy = Habo(k){ Ifa [1 + k(1 +2) (51)

k k2 k2 Haz
S s (R
k

-y [1 _ P’;a(1+(1+z)k)

k2 k222 Ha
_ _ _ (1+2)
32 <2 k(l + k)Z 9 > :|€ s

2
bt =bo(k)d1—
b= n{1-

k2227 K2 K7 4
_ 1 az
2 :| + Ha? |: + HaZ:| ¢

, [1 —k(1+k)z  (52)

_ ;a [1 _ £3(1+k(1+z))

k2 k222 Ha
_ _ _ (1+2)
32 <2 k(l + k)Z 9 > :|€ .

Note that the factors at the exponentials are written
out with a higher accuracy. This is needed when they
are substituted into the boundary conditions, because
large factors Ha appear when the exponentials are
differentiated with respect to z. In addition, Eq. (52)
allows the variation of the radial electric current den-
sity component with depth to be calculated (it is

proportional to 9b} 3/ 02).

We see that the azimuthal velocity (51) changes
abruptly in a narrow (Hartmann) layer near the lower
solid boundary but behaves smoothly near the upper
free boundary. The azimuthal magnetic field has a
smooth behavior at both boundaries.

From Eq. (51) for the Hankel transform of the
azimuthal velocity on the surface to within k/Ha we
have

ub(0) = bo(k)k(1 + k), (53)

where by (k) is determined by the electric current den-
sity on the surface (36).

For our subsequent calculations, we need to have
a specific expression for the Hankel transform of the



570

Fi+F,

45
40
35
30
25
20
15
5 —
0 3 Ak \

29

Fi+F,

140 F ;
120+ %
100
80 |
60 -
40 -
20 F

0 L
9.8 10.0

Fi+F,

= v " . ') 'y .
10.210.4 10.6 10.8 11.0 11.2
r

TSYGAN et al.

600
400
200
0
—-200
-400
—600

2000
1500
1000

500 -

-500
—1000
—1500
—2000

6000
4000
2000

T
2

)
iy,

—-2000
—4000
—-6000

§=10"! —— |
8 - 10—2 et
& =103 numnmms i

1
9.8 10.010.210.410.6 10.8 11.011.2
r

waRRIERNN Y

Fig. 1. The function G defining the dimensionless current density (55) and the function Fy + F» defining the dimensionless
azimuthal velocity (57) on the neutron star surface for Ry = 1 (a, b), 3 (c, d), 10 (e, ), 8 = 10™*. The values of § are given in

the figures.

electric current density on the surface. As this ex-
pression we will choose

R?R2
i0(k,0) = joG°(k) = jo ., 2 54
111 1 2
_ —Bk
X k‘ R2J1(k‘R2) RlJl(k‘Rl) e s

where jg is an arbitrary constant. Note that the
current density can be calculated by using the inverse
Hankel transform (18)

jz(rv 0) = jOG(T)’ (55)

G(r) = / kGO (k) Jo (kr)dk.

0

In the limit 8 — 0, we will obtain
1
G(r) =
Ve mem
x [RI0(Ry — 1) — R30(Ry — )],

where 6(r) is the Heaviside step function. In this
limit, G(r) = =1 for 0 <r < Ry, G(r) = R?/(R3 —
R%) for Ry <r < Ry,and G(r) = Oforr > Ry. Thus,
a uniform electric current with a density —jo is in-

cident on the surface within the radius R; and a
uniform electric current with such a density that the

(56)
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Fig. 2. Same as Fig. | for 3 = 107°.

total current is zero flows out from the surface within
the ring Ry < r < Ra. The parameter 3 allows the

function j,(r,0) to be smoothed in such a way that
the derivatives with respect to r are everywhere finite.
Note that the current density (54) qualitatively corre-
sponds to the actual behavior of the electric current
density in the region of the polar caps of neutron stars
(see the Introduction).

Using (53), (54), and (36), we can calculate the

azimuthal velocity and magnetic field components on
the surface

(1, 0) = / K1+ bo(k) i (kr)dk  (57)
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jo/kl-l-kGO
0

= jo[Fi(r) + Fa(r)],

k)Jy (kr)dk
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Fi(r) = / kGO (k)Jy (kr)dk, (58)
0

Fy(r) = / E2GO(k)Jy (kr)dE,
0

by (r,0) = / Kebo (k) Jy () dk (59)
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Zjo/Go(k)Jl(kT)dr:joFo("f’)-
0

Equations (57) and (59) depend on three dimen-
sionless parameters, Ry, 6 = (R — Ry)/R1, and g.
Recall that the polar cap radius Ry is normalized to
the depth of the fluid layer d. In our numerical cal-
culations, we used three different values of the radius,
Ry =1, 3, 10. For the parameter ¢, it is reasonable to
assume that it is much less than unity. We performed
our calculations for § = 0.1, 0.01, 0.001. The param-
eter § defining the characteristic scale of the change
in current density was chosen so that it was less than
or of the order of §. Our calculations were performed
for 3 =10"%,10"%,1075.

Figures 1—4 present plots of the functions G and
Fy + F5 that define, respectively, the behavior of the
dimensionless current density and the azimuthal ve-
locity on the surface for the above values of the pa-
rameters. We see that the amplitude of the current
density depends much more significantly on 3 than
on ¢ (at the same time, the amplitude increases as
both 3 and § decrease). Note that saturation occurs
at Ry = 10 and the amplitude ceases to depend on 3
(compare the plots for 3 = 107° and 107%). Our cal-
culations show that the function Fy + F; defining the
azimuthal velocity on the surface (57) behaves simi-
larly. At the points where the values of the functions
differ significantly from zero, the inequality | Fa(r)| >
|F1(r)| holds. Accordingly, the azimuthal velocity
presented in Figs. 1—3 is actually determined by the

ASTRONOMY LETTERS Vol.40 No.9 2014
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Fig. 4. Panel (a) shows the same as that in Fig. 2e; (b) the same as that in Fig. 2f; (¢) the same as that in Fig. 3¢; (d) the same
as that in Fig. 3d; (e) the same as that in Fig. 3e, (f) the same as that in Fig. 3f but on a larger scale.

function F5(r). Note that the following relation holds:
B dG(r)
dr ’

i.e., the azimuthal velocity on the surface is deter-
mined by the electric current density gradient with
radius. Indeed, according to Figs. 1—4, the azimuthal
velocity changes significantly in narrow regions (the
smaller the parameter (3, the narrower they are) of
change in the electric current density. Thus, two
oppositely rotating narrow rings appear on the stellar
surface.

Fy(r) = (60)

Figure 5 presents the function Fy defining the be-
havior of the azimuthal magnetic field on the surface
for the electric current density distribution shown in

ASTRONOMY LETTERS Vol.40 No.9 2014

Figs. 1—4. We see that the behavior of the mag-
netic field depends weakly on the parameters. How-
ever, the amplitude of the azimuthal magnetic field
depends significantly (directly proportional) on R;.
This behavior obviously follows from the fact that the
azimuthal magnetic field is determined by the total
current flowing within the ring of radius . According
to(54)and (55), the current density within the ring R
at small § is virtually constant and the magnetic field
grows linearly (in magnitude) with radius. Since the
total current was assumed to be zero, the azimuthal
magnetic field falls to zero on the scales determined
by the parameter § aiter the region of its linear growth.

To justify our approximation, let us estimate the
velocity w,. For this purpose, let us substitute
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Egs. (57) and (59) into the remaining equations of
system (22)—(29) (except for Egs. (23) and (26),
which have already been used in deriving Eqs. (57)
and (59)). Using the boundary conditions (31)—(33)
and (37), we will obtain the following expression to

within the terms k2 /Ha?:

k k
ut(k,z) = Rebo(kz)Ha {(1 + 22) Ha (61)
k 2 k? —(z+1)Ha
- [1—{—2— Ha —(142) Ha} e

+ k B 3 +k2Z2 Haz
Ha & Ha Ha € '

Thus, the ratio of the Hankel transforms, along with

the ratio of the radial and azimuthal velocities them-
selves, is Re/Ha? in order of magnitude. The corre-
sponding term in Eq. (23) is smaller than the principal
terms of the equation by a factor of Re? /Ha?, which
is a very small number for typical parameters of the
surface layers of neutron stars (see below) and, ac-
cordingly, our approximation is a good one. Note that
ul can be estimated from the continuity equation and

it will be of the order of ku!.

For our numerical estimations, we will choose a
density p ~ 10* g cm™3, a temperature 7'~ 107 K, a
fluid layer depth d ~ 3 x 103 cm (Haensel et al. 2007),
a polar cap radius R ~ 10* cm, an angular velocity of
rotation  ~ 10 rad s™!, a neutron star radius Ry ~
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10% e¢m, and a magnetic field B ~ 10'? G as typical
values. In this case, the electric conductivity is o ~
10" s=1 (Potekhin 1999) and the kinematic viscosity
isv ~ 1072 cm? s~! (Chugunov and Yakovlev 2005).
Note that the influence of the magnetic field on the
kinetic coefficients is disregarded. Accordingly, we
have Re ~ 10'% and Ha ~ 10'3. Thus, the parameter
Re? /Ha? is actually extremely small (~1076).

To estimate the actual differential rotation velocity
in the polar cap of a neutron star, let us return to the
dimensional quantities. Recall that the electric cur-
rent density at the polar cap center is given by Eq. (1),
where cos xy = 1 for the aligned angular velocity and
magnetic field vectors. Accordingly, jo from (54)
takes the form

. 2Qd
Jo =
c
and for the dimensional azimuthal velocity on the
surface V/(r) we have (see (57))

V(r) = Vo[Fi(r) + Fa(r)]

2Q
= “ R0 + B()

For the above parameters, we will obtain Vy ~
1077 ecm s~!. Recall that the function Fy + F} is
concentrated in narrow layers of change in the elec-
tric current density (Figs. 1—4), while its amplitude
increases with decreasing § and 5. The maximum
amplitude is ~10°, corresponding to characteristic
scales of the change in electric current density ~3—
30 cm. Thus, the maximum rotation velocity can
reach ~1072 ¢cm s~!, corresponding to a revolution
time of ~0.1—1 yr.

The typical values of the integration variable & in
Egs. (51)—(53) and in integrals (58) and (59) are
determined by the maximum value of two quantities,
1/+v/Band 1/6,i.e., k ~ 103. Obviously, the condition
Ha > k2 we use is met.

As has already been pointed out, the azimuthal ve-
locity distribution on the surface in our model corre-
sponds to two oppositely rotating rings. In this case,
the inner ring always lags behind the main rotation.

(62)

(63)

CONCLUSIONS

We showed that differential rotation arises in the
presence of an electric current in the region of the po-
lar caps of magnetized neutron stars with a fluid sur-
face. The properties of this rotation are determined by
the magnitude and distribution of the electric current
density over the surface. We considered the density
distribution of a current consisting of two parts with
opposite signs. In this case, the current of one sign
flows in the region of open field lines, while the current
of opposite sign flows in the region surrounding the
region of open field lines. The total current through
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the surface is assumed to be zero. For such a struc-
ture of the current density, there exist two regions
with an enhanced gradient (one in the interval of
current sign reversal and the other in the outer region
as the current falls to zero). Note that the direction of
the current density in the region of open field lines cor-
responds to the fact that the force acting on the star
brakes its rotation (the “—" sign in Eq. (1)). Given
that the differential rotation velocity is determined
mainly by the current density gradient (60), we will
qualitatively obtain two oppositely rotating rings. Our
estimates show that the typical azimuthal velocity on

the surface is 1072—10=* ¢cm s~ 1, corresponding to a
revolution time of ~0.1—10 yr, while the typical radial
and vertical velocities are much lower (approximately
by 6 and 3 orders of magnitude, respectively).
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