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Abstract Observations of thermal radiation from neutron stars caem@lly pro-
vide information about the states of supranuclear matttrarinteriors of these stars
with the aid of the theory of neutron-star thermal evolutidve review the basics of
this theory for isolated neutron stars with strong magniéids, including most rel-
evant thermodynamic and kinetic properties in the steltse ccrust, and blanketing
envelopes.
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1 Introduction

The first works on neutron star cooling and thermal emiss&talfler 1960; Tsurlta
(1964] Chiu and Salpeter 19 64; Bahcall and \\e#f5E.b) appeared at
the epoch of the discoveries of X-ray sources outside thar&ystem in the rocket
and balloon experiments (Giacconi et'al. 1962; Bowyer é19648.b). The authors
estimated cooling rates and surface temperatures in oodanswer the question,
whether a neutron star can be detected in this kind of exmerisn However, the
first attempts failed to prove the relation between neuttarssand newly discovered
X-ray sources. In particular, Bowyer et al. (1964b) meadute size of the X-ray
source in the Crab Nebula from observations during a lunaukation on July 7,
1964. Their resulty 10 km, indicated that the source was much larger than a neu-
tron star should be. Ironically, there was a neutron stanetitee famous Crab pulsar,
but it was hidden within a compact plerion pulsar ne@@@ and later
Pacinli @7) conjectured that the Crab Nebula could be petMey the neutron-star
rotational energy, which was transferred to the nebulahgamagnetic field, but this
model remained a hypothesis. Curiously, the Crab pulsaolasrved as a scintillat-
ing radio source since 1962 (Hewish and Okoye 1965), but #tere of this source
remained uncledr. Sandage et al. (1966) identified Sco Kelfitst detected and the
brightest cosmic X-ray source, as an optical object of 13tynitude| Shklovsky
) analyzed these observations and concluded that -ttag Xadiation of Sco
X-1 originated from the accretion of matter onto a neutrar §iom its companion.

Later this conjecture was proved to be trle (de Freitas Raobieal. 1977), but at
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the time it was refuted (Cameron 1967). Because of thesg eanffusions, the first
generally accepted evidence of neutron stars was providithy the discovery of
pulsars|(Hewish et al. 1968) after a successful competitfotne theoretical inter-
pretation of pulsars as rotating neutron stars (Gold 1968) mumerous alternative
hypotheses (see, e.g., the review by Ginzhurg 1971).

The foundation of the rigorous cooling theory was laid by T$a (1964) and
Tsuruta and Cameron (1966), who formulated the main elesrafnthe theory: the
relation between the internal and surface temperaturesetiron star, the neutrino
and photon cooling stages, etc. After the discovery of meustars, a search for their
soft X-ray thermal emission has become a topical challemdpich stimulated the
development of the cooling theory. The first decade of thigttgpment was reviewed
by Tsurutal(1979) and Nomoto and Tsuruta (1981a).

Thorne (1977) presented the complete set of equationsidiegrthe mechani-
cal and thermal structure and evolution of a sphericallysatric star at hydrostatic
equilibrium in the framework of General Relativity (GR). &I1GR effects on the
thermal evolution of neutron stars were first included irite tooling calculations
by|Glen and Sutherlahd (1980); Nomoto and Tsuruta (1/981d; Riper and Lamb
(1981). A generally relativistic cooling code for a sphatig symmetric non-
barotropic star was written by Richarson et al. (1982). Ntmamd Tsurufa (1986,
1987) studied neutron star cooling using an updated phyrgicg and discussed the
role of different physical factors for thermal relaxatioidifferent models of neutron
stars. Tsuruta (1986) provided a comprehensive review efgutron star cooling
theory with a comparison of the results of different resbapoups obtained by mid-
1980s.

The early studies of the neutron-star cooling were mosthu$ed on the stan-
dard scenario where the neutrino emission from the stetiee was produced mainly
by the modified Urca (Murca) processes, which compete wittirited emission via
plasmon decay, nucleon bremsstrahlung, etc. The enhaaceelérated) cooling due
to the direct Urca (Durca) processes was believed possitile ibthe core con-
tains a pion condensate or a quark plasma (e.g., Tsuruta [3&0 and Sutherland
1980; Van Riper and Lanmb 1981; Richarson et al. 1982). By titkaf 1980s a new
cooling agent, kaon condensate, was introduced (Browrn |&088; Page and Baron
1990). The studies of the enhanced cooling were intensifiest the discovery
by [Lattimer et al. [(1991) that the Durca process is allowedha neutron star
core with the standard nuclear composition for some réalestuations of state
(EoS) without “exotic” models. The standard and Durca-ekea neutron star cool-
ing scenarios were compared in a number of numerical simounlatstarting from
Page and Applegate (1992), who also noticed that nucleceruidity becomes the
strongest cooling regulator in the Durca-allowed stellamiels. This result triggered
a flow of papers on the cooling of superfluid neutron stars.

The progress in the theoretical studies of the neutrontseamal evolution was
influenced in the 1980s and 1990s by the spectacular progfrées X-ray astronomy,
notably due to the space observatof@sstein(1978—1981)EXOSAT(1983-1986),
and ROSAT(1990-1998)ROSATwas the first to reliably detect X-ray thermal ra-
diation from isolated neutron stars. This theoretical ahgepvational progress was
reviewed by Tsuruta (1998); Yakovlev and Pethick (2004uePat al.|(2004).
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In the 21st century, the data collected by X-ray observas@handraandXMM-
Newtongive a new impetus to the development of the cooling theocoyn& new
theoretical results on the cooling of neutron stars andicelaof the theory to ob-
servations were reviewed by Yakovlev et al. (2008); Pag®920Tsuruta|(2009).
Recently, 2D simulations of the fully coupled thermal andgmetic field evolution
have been possible (Pons etlal. Z2009; Viganolet al.| 20133tlynmotivated by the
increasing number of observed magnetars and high magredtiqfilsars.

The theory of thermal evolution of neutron stars has différ@spects associ-
ated with rotation, accretion, etc. In this review, we wilbgtly focus on the physics
that determines thermal structure and evolution of slowtating non-accreting neu-
tron stars, whose thermal emission can be substantialietafl by strong magnetic
fields. The processes of formation of thermal spectra in thiermost layers of such
stars are explicitly excluded from this paper but considarethe companion re-
view (Potekhin, De Luca, and Pons 2015, hereafter Paperd)wW pay a special
attention to the effects of strong magnetic fields on thentiastructure and heat
conduction in the crust and heat-blanketing envelopes aifrae stars.

2 The essential physics of neutron star cooling

In this section we briefly present the essential physicaledignts needed to build
a model of a cooling neutron star regardless its magnetid. fiede effects of strong
magnetic fields will be discussed in subsequent sectioatirg} from Sec{ 4.

2.1 Structure and composition of a neutron star

A neutron star is born hoty 10 K) and lepton-rich, but only a few days after its
birth, its temperature drops to a feal 0° K. Thus, the Fermi energs: of all particles

is much higher than the kinetic thermal energy in most of tae wlume, except in
the thin outermost layers (a few meters thick), which dodsaffect the mechanical
and thermal structure of the rest of the star. Therefore,@gmpproximation is to
describe the state of matter as cold nuclear matter in beiifitrgum, resulting in an
effectively barotropic EoS. The mechanical structure efdtar is decoupled from its
thermal structure and can be calculated only once and kegat fiwring the thermal
evolution simulations.

To a very good approximation, the mechanical structure caadsumed to be
spherical. Appreciable deviations from the spherical swtmgncan be caused by
ultra-strong magnetic field8(> 10'7 G) or by rotation with ultra-short periods (less
than a few milliseconds), but we will not consider such axteecases. Then the
space-time is described by the Schwarzschild metricl(eignét et al. 1973)

ds? = —?*2dt? + e Vdr? + r2(d6? + sir? 6d¢?), (1)
where(r,6,¢) are the standard spherical coordinatéé,'é = 1 — 2GM, /c?r, and
@(r) is determined by equation

da(r)/dP(r) = — [P(r) +p(r)c?] *

)
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with the boundary condition?®(R) = 1 —rq/R at the stellar radiuR. Here,rg =
2GM/c? = 2.95(M /M) km is the Schwarzschild radius} = Mg is the stellar mass,
M = 47 f; p(r)r2dr is the mass inside a sphere of radiys is the gravitational
constantc is the speed of lightP is the pressure, and is the gravitational mass
density.

The mechanical structure of a spherically symmetric stagéscribed by the
Tolman-Oppenheimer-Volkoff equation

P GMp P 4mrep 2GM \
dr— r? (1+W) (1+ M, c? == ’ 3

wherer is the radial coordinate measured from the stellar cemtender to determine
the stellar mechanical structure, El (3) should be suppteed by an EoS, which
depends on a microscopic physical model (dect. 2.4). Seyedsditatively different
regions can be distinguished in a neutron star, from theecémthe surface: the inner
and outer core, the mantle, the inner and outer crust, themaeand the atmosphere
(e.g.,Haensel et al. 2007).

The outer coreof a neutron star has mass densitg@) < p < 2pg, wherepy =
2.8 x 10 g cm 2 is the nuclear saturation density (the typical density okavy
atomic nucleus). It is usually several kilometers thick andtains most of the stellar
mass. The outer core is mostly composed of neutrons with aixéke of the protons
and leptons — electrons and muongéu matter).

The inner corewhich can exist in rather massive neutron st&fs; 1.5Mg, occu-
pies the central part with 2> 2pg. It is defined as the region where the composition is
uncertain, but probably more rich than simply neutrons aodgms. Its composition
and properties are not well known because the results af¢hkbulation strongly de-
pend on details on the theoretical model of collective fundatal interactions. Some
of the proposed models envision the following hypothetigaions:

1. hyperonization of matter — the appearance of varioustoyyefirst of all A- and
2~ -hyperons -npeu/ > matter);

2. pion condensation — formation of a Bose condensate oéadle interactions
with the properties of-mesons;

3. kaon condensation — formation of a similar condensake-ofesons;

4. deconfinement — phase transition to quark matter.

The last three options are often callexbtic(Haensel et al. 2007, Chapt. 7). In this
paper we will not consider the exotic matter in any detail.

In the stellarcrust and ocearthe matter is less extraordinary: it contains elec-
trons, nuclei composed of protons and neutrons, and, inrthericrust, quasi-free
neutrons. Nevertheless, this region is also under extremeitions (density, temper-
ature, magnetic field) that cannot be reproduced in the &boy. In the crust, which
is normally~ 1 km thick, the nuclei are arranged into a crystalline lattiand in the
ocean with a typical depth from a few to 100 meters (depending on temperature)
they form a liquid (see Sedf. 2.4.1).

With increasing density, nuclei become progressively reutich due to the
beta-captures that are favored by the increase of pres$ute alegenerate elec-
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trons. Neutrons start to drip out of nuclei at dengity, = 4.3 x 10t g c3. Thus
atp > pgrip Neutron-rich nuclei are embedded in the sea of quasi-fratrores.

At the bottom of the crust, the nuclei may take rodlike andealike shapes to
compose so callepasta phase®f nuclear matter| (Pethick and Ravenhall 1995).
Then they form amantlewith anisotropic kinetic properties (Pethick and Potekhin
1998). Thermodynamic stability of the pasta phase state tadefore, the exis-
tence of the mantle depends on the model of nuclear interatiorenz et all (1993)
demonstrated stability of the pasta phasgs at10' g cm 2 for the FPS EoS model
oflPandharipande and Ravenhall (1989), but they were notftube stable in mod-
ern EoS models SLy (Douchin and Haensel 2001) and 3Sk (Reatsd. 2012).

The strong gravity drives the rapid separation of chemitahents in the crust
and the ocean. Estimates of characteristic sedimentatierange from seconds to
months, depending on local conditions and composition ésee Eq. 20 in Potekhin
2014), which is a very short timescale compared to the stali@. Therefore the
envelopes are thought to be made of chemically pure layénghnare separated by
narrow transition bands of diffusive mixing (De Blasio 20@hang et al. 2010).

2.2 Thermal evolution equations

The multidimensional heat transport and thermal evolutiguations in a locally flat
reference frame read (e.g., Aguilera et al. 2008; Pons |20819; Vigano et al. 2013)

Cvewtfy_l--l-ﬂ'(esz):ezm(H—Qv)v F=—e%-06T), @

where F is the heat flux densityH is the heating power per unit volumey
is specific heat (Sectf._2.5, B.2, dndl 4Q), is neutrino emissivity (Sect§. 2.6,
B:3,[4.3),k is the thermal conductivity tensor (Sedis.]14.7] 3.4, land, 44d 0 =
(e /ar,r=19/08, (rsinf)~1d/d¢) in compliance with Eq.[{1). The inner
boundary condition to the system of equations (4Fis= 0 atr = 0. The outer
boundary condition is determined by the properties dfeat-blanketing envelope
which serves as a mediator of the internal heat into the dnggbermal radiation. It
will be considered in Sedtl 5. Solutions to the thermal etiofuequations and their
implications are briefly reviewed in Selt. 6.

For weak magnetic fields, we can assume that the temperatunleegts are es-
sentially radial, and that in most of the star volume (innerst and core) the con-
ductivity tensor is simply a scalar quantity times the idgntnatrix. In this limit,
corrections for deviations from the 1D approximation hattel effect on the total
luminosity. However, for strong fields and neutron starshwitcally intense inter-
nal heating sources, such as magnetars, a more accuratgptiescbeyond the 1D
approximation, must be considered.

2D calculations of thermal structure and evolution of stignrmagnetized neutron
stars have been done by several groups (Geppert et al.[ 2006t Rerez-Azorin et al.
2006;| Aguilera et al._2008; Kaminker et al. 2012, 2014). Imeoof these works
(Geppert et all_2006; Pérez-Azorin et al. 2006; Aguilerale2008), neutron-star
models with superstron@(~ 10'°— 10'6 G) toroidal magnetic fields in the crust were
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considered, in addition to the less stroBg 1012— 10 G) poloidal component that
penetrates from the crust into the magnetosphere. The tatidels help to explain
the strongly non-uniform distribution of the effective tparature over the neutron-
star surface and the possible energy source for magnettrsrsts (Pons and Perna
2011; Pons and Rea 2012). Only recently (Vigano gt al.[2ah8)fully coupled evo-
lution of temperature and magnetic field has been studield détailed numerical
simulations, which allow one to follow the long-term evadut of magnetars and
their connection with other neutron star classes. Somdtsesfisuch calculations
will be discussed in Sedi] 6.

2.3 Basic plasma parameters

In this section we introduce several basic parameters ofdbau plasmas that are
used below. To be concrete, we start with electrons and iogkifling bare atomic
nuclei). When other charged particles are present, thepeaetive parameters are
defined analogously, with the obvious replacements of@anthass, charge, number
density, etc.

Since the major constituents of the neutron-star mattemargtly degenerate, an
important parameter is the Fermi energy, which (withoutrthst energy) equals

&=/ (MQ2+ (p)? ~mE, (5)

wherem is the particle mass, angk is the Fermi momentum. For instance, for the
Fermi gas in the absence of a quantizing magnetic figid- h(372n)/3, wheren
is the number density, arfdis the reduced Planck constant. It is convenient to use
the dimensionless density parameter related to the Fermientum of electrons,
Xr = Pre/MeC, Wherem is the electron mass. In the outer core and the envelopes, as
long as the baryons are non-relativistig ~ (paYe)l/?’, whereYe is the number of
electrons per baryon amgy = p/10° g cm 3,

Thermal de Broglie wavelengths of free ions and electroesusually defined

asAj = \/2nh?/mT andAe = \/21R?/meT, wherem, = Am, is the ion mass, and
my is the unified atomic mass unit. Here and hereafter, weTuge energy units
and suppress the Boltzmann constant (i.e%,K 6= 86.17 eV). The quantum effects
on ion motion are important either &t > a or atT < Tp, whereT, = haw, is the

ion plasma temperature, ang, = (47Te2ni Zz/m)l/2 is the ion plasma frequency.
Debye temperature of a cryst@ is closely related to the plasma temperature. In
the harmonic approximation for the Coulomb crys@, ~ 0.45T,, (Car1961).

The Coulomb plasmas are called strongly coupled if the patanc =
(Ze)?/a T, which estimates the electrostatic to thermal energy réitarge. Here,
a = (%nni)*l/3 is the ion sphere, or Wigner-Seitz cell, radius, ani the ion num-
ber density. If the plasma only consists of electrons andnetativistic ions of one
kind, which is typical for neutron-star envelopes, then

Tp=7.832(Z/A)/pe x 1P K,  Tc=22747Z53(pYe)/3/Te. (6)
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Analogously, Tpe = R(41€?ne/me)Y/? = 3.34,/psZ/A x 10° K is the electron
plasma temperature. Other plasma parameters, which beicopagtant in a strong
magnetic field, will be considered in Sdct.]4.1.

2.4 Equation of state
2.4.1 Equation of state for the outer crust and the ocean

The composition of the outer crust and the ocean of a neutamiss particularly
simple: their basic constituents are electrons and nuelgich, to a good accuracy,
can be treated as pointlike. The EoS of such electron-ianma is well known (see,
e.g./Haensel et al. 2007, Chapt. 2, and references therein)

The ions thermodynamic state will go from liquid to solid be star cools, and in
the solid state from a classical to a quantum crystal. It isegaily assumed that the
ions form a crystalline solid and not an amorphous one. T$8siaption is confirmed
by molecular dynamics numerical simulations (Hughto €@l 1) and corroborated
by the analysis of observations of neutron-star crust ogafter an accretion episode
(see Secf. 612).

The simplest model of the electron-ion plasmas is the onepooient plasma
(OCP) model, which considers Coulomb interactions of id@hpointlike ions and
replaces the degenerate electron gas by a static uniformettampensating back-
ground. The OCP has been studied analytically and numbricaihany papers (see
Haensel et al. 2007, Chapt. 2, for references). In the dalsségime T > Tp) its
thermodynamic functions depend on a single paranieteAt c < 1 the ions form
a Debye-Hiuckel gas, with increasihg the gas gradually becomes a liquid, and with
further increase of ¢ the OCP liquid freezes. An analysis of Monte Carlo simu-
lations of the OCP shows that its ground state is crystalvhenlc > I, = 175
(Potekhin and Chabrier 2000). However, supercooling cabroexcluded up to a
value Ic ~ 250. Indeed, Monte Carlo simulations of freezing of classiOCP
(Dewitt et all 1993) indicate that, as a rule, the ions do ree4e at the equilibrium
melting temperatur@y, but form a supercooled fluid and freeze at loWedepending
on initial conditions and other parameters). This happeesbse the phase transition
is really tiny.

At T < Ty, the quantum effects on ion motion become significant. Themto-
dynamic functions depend not only dég, but also orrs. The quantum effects are
especially important for the solid neutron star crust ahhdgnsities, although they
can also be significant in the deep layers of the ocean cordpdsight elements (for
instance, they prevent solidification of H and He plasmabg ffee energy per unit
volume of an OCP crystal can be written as

Fat (Ze)z 3 Fin = Fan
&ty iUy 4 0y e 7
v niCo a +2n.ulp+v+v7 @)

where the first term is the classical static-lattice ene@gys —0.9 is the Madelung
constant, and the next two terms describe thermodynamitegihonon gas in the
harmonic approximation (e.g., Kittel 1963): the secondhtaccounts for zero-point



Neutron Stars — Cooling and Transport 9

quantum vibrations, anéln/V = 30T (In[1 — exp(—htka /T)]) oy is the thermal con-
tribution. Here,u; = (wxq)ph/@wp ~ 0.5 is the reduced first moment of phonon fre-
quencieswy,, and(...)ph denotes the averaging over phonon polarizatianand
wave vector in the first Brillouin zone. The last term in Eq.](7) arisesrfran-
harmonic corrections, which have only been studied in detaéhe classical regime
(T > Tp; e.g.,.[Farouki and Hamaguchi 1993 and references thermanalytical
extrapolation ofy, for any T was proposed in Potekhin and Chabrier (2010).

For mixtures of various ion species, the simplest evaluaifahe thermodynamic
functions is given by the average of their values for purestarices, weighed with
their number fractions, which is called the linear mixindergHansen et al. 1977).
The linear mixing rule is accurate within a few percent, i #lectrons are strongly
degenerate anf: > 1 for each of the ion species in the mixture. However, this ac-
curacy may be insufficient for such subtle phenomena asméiteezing or phase
separation in the Coulomb plasmas. Corrections to thediméging rule were ob-
tained byl Potekhin et al. (2009). Medin and Cumming (201@dukese results to
construct a semianalytical model for prediction of the cosifion and phase state of
multicomponent mixtures. Hughto et al. (2012) confirmeddhalitative validity of
this model by molecular dynamics simulations.

The OCP model is a reasonable first approximation, but irityethle electrons
do not form a uniform background: they interact with eacheothnd with the ions,
which gives rise to exchange-correlation and polarizatiommections, respectively.
The polarization corrections are appreciable even fomgfypdegenerate plasmas.
For instance, they can substantially shift the meltinggition away fromi'c = 175
(Potekhin and Chabrier 2013). In the outer envelopes of &roestar, the electron
degeneracy weakens, and one should takeTtuependence of their EoS into ac-
count. Analytical fits for all above-mentioned contributioto the EoS of electron-
ion plasmas were presented lby Potekhin and Chabrier (2@1AR)2Their Fortran
implementation is publicly available attp://wuw.ioffe.ru/astro/EIP/.

An essential input for calculating the EoS is the chemicahposition of the
plasma. The ground state of the matter in the outer crust eafound following
the method of Baym et al. (1971). The procedure, based on thienimation of the
Gibbs free energy per nucleon, is described in detail in_Idakst al. |((2007). The
structure of the crust is completely determined by the exrpemtal nuclear data up
to a density of the ordep ~ 6 x 101° g cm3. At higher densities the nuclei are so
neutron rich that they have not yet been experimentallyistyénd the composition
of these dense layers is model dependent. However, thislmegdendence is not very
significant in the models based on modern nuclear physies(#gtensel and Pichion
1994 Rister et al. 2006; Pearson et al. 2011).

While a newly born neutron star is made of hot matter in nucépuilibrium,
its subsequent evolution can lead to the formation of regjihere the matter is out
of nuclear equilibrium. This is the case of an old accretiegtron star. Burning of
the helium layer near the surface is followed by electrontwags and beta decays
in deeper layers. The growing layer of the processed actretgter pushes down
and eventually replaces the original catalyzed (grouate}tcrust. These processes
were studied by several authors (see Haensel and Zdunik 12098, and references
therein).
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2.4.2 Equation of state for the inner crust and the core

The pressure in the inner crust of a neutron star is largegted by degenerate neu-
trons. However, the electrons and nuclei may give an impbtantribution to the
heat capacity (see Sect. 2.5). In the core, there are catitiits from neutrons, pro-
tons, electrons and muons (and other particles in the exwditels, which we do not
consider here). Different theoretical EoSs of the neutroid fandn peu matter have
been proposed, based on different methods of theoreticaigh the Brueckner-
Bethe-Goldstone theory, the Green'’s function methodatianal methods, the rela-
tivistic mean field theory, and the density functional metfgee Haensel etlal. 2007,
Chapt. 5, for review). The model bf Akmal et al. (1998) (APRstbeen often cited
as the most advanced one for the core. It was derived fromethational principle of
guantum mechanics, under which an energy minimum for tabwive function was
sought. The trial function was constructed by applying thedr combination of op-
erators describing admissible symmetry transformatiarthé coordinate, spin, and
isospin spaces to the Slater determinant consisting of fuamations for free nucle-
ons. The APR EO0S exists in several variants, which diffenaeffective potentials of
nucleon-nucleon interaction and in relativistic boostreotions. The potentials bor-
rowed from earlier publications were optimized so as to namsturately reproduce
the results of nuclear physics experiments.

Many theoretical neutron-star EoSs in the literature csinsf crust and core
segments obtained using different physical models. Thetamore interface there
has no physical meaning, and both segments are joined usiag aoc matching
procedure. This generally leads to thermodynamic inctersises. The EoS mod-
els that avoid this problem by describing the core and thatdruframes of the
same physical model are calledified Examples of the unified EoSs are the FPS
(Pandharipande and Ravenhall 1989; Lorenz et al./1993)([3auMchin and Haensel
2001), and BSK (Goriely et &l. 2010; Pearson €t al. 2011, PES families. All of
them are based on effective Skyrme-like energy densitytionals. In particular,
the BSk21 model is based on a generalized Skyrme functitwa&lnhost success-
fully satisfies various experimental restrictions alonghwa number of astrophysical
requirements (see the discussion.in Potekhinlet al.|2013).

2.5 Specific heat
2.5.1 Specific heat of electron-ion plasmas

The two components that largely dominate the specific bgat the crust are the
electron gas and the ions. In the neutron-star crust and tleeeslectrons form an
ultra-relativistic highly degenerate Fermi gas, and tleeintribution in the heat ca-
pacity per unit volume is simply given by

L ®)

In the ocean, where the density is lower, approximafidon (8 mot work. Then it is
advisable to use accurate approximations, cited in Sekfl.2.
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Fig. 1 Left panel: Heat capacity per ion verslis(bottom axis) and¢ (top axis) for8Ni at p = 101

g cm 3. The solid line displays the total normalized heat capagjtin;; the long-dashed line shows this
quantity for a classical Coulomb lattice of ions, includihgrmonic and anharmonic terms; the short-
dashed line is the harmonic-lattice approximation in tH&gzhase; the dot-dashed line is the same plus
anharmonic and electron polarization corrections in tHel shase. The dotted line is the electron Fermi
gas contribution. The vertical line is the OCP melting pdipt= 175, and the hatched band shows the
rangelc = 150—200, where melting is expected to occur in realisticdd@mns. The inset illustrates the
competition between the electron and ion contributionsvt To Right panel: Heat capacity per baryon as
function of mass density from the ocean throughout the @usttcore of a neutron star at= 10° K.
The solid line displays the total, /n,, and the other lines show its constituents due to the elestf ),
neutrons ) in the inner crust and core, nucléil), including electrostatic terms in the ocean and crust but
neglecting the neutron entrainment effects in the innestof8ect2.512), protongp) and muons ) in

the core, assuming that the nucleons are non-superfluiccdfoparison, the thick long dashes display an
example of the totat, /n, in the inner crust and core in the case of superfluid nucleSest{(3.2). The
top axis shows the volume contained inside a sphere witmgiveor a 1.4M, neutron star. The stellar
structure and composition correspond to the BSk21 EoS model

In Fig.[d we show the temperature and density dependencée afdrmalized
heat capacity of the ground-state matter in a neutron stee.|8ft panel illustrates
the dependence a,/n; on T, and the right panel the dependencecgfn, on p.
Since the electron polarization effects shift the meltigperature (Sedt. 2.4.1), the
phase transition may occur anywhere within the hatchedregiound the vertical
line I'c = 175 in the left panel.

When the temperature of the Coulomb liquid decreases, thedapacity per ion
increases from the ideal-gas valug /nj = % atT > Ty, to, approximately, the sim-
ple harmonic lattice value,j/ni = 3 atT < T, (the Dulong-Petit law for a classical
harmonic crystal). This gradual increase is due to the Gublaon-ideality in the
liquid phase, which effectively smears a phase transitietwben the strongly cou-
pled Coulomb liquid and OCP crystal (see Baiko el al. 1998jh\Wirther cooling,
guantum effects suppress the heat capacity. Once theldsyd&gep into the quantum
regime its specific heat is given by the Debye result

o) _, 121 (L)s

= o

G =g (9)
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The calculations of Baiko et al. (2001b) show that the Dul@mgit law applies at
temperatures down t& ~ Ty, while the Debye value of EqL](9) is attained when
T < 0.1T,. The same authors present a simple analytical approximédicthe heat
capacity of a harmonic Coulomb crystal, accurate to a fewsparl® at anyT.

However, the harmonic OCP model is an idealization. The anbaic correc-
tions and electron polarization corrections (Skect. 2.dat) amount up to (10—20) %
of ¢y;. Because of the anharmonic effeats; /n; is not equal to 3 exactly, but is
~ 10% larger afl = Ty, If the above-mentioned supercooling takes place in stella
matter, various fluid elements solidify at differéhtbelow Ty, and the average heat
capacity, as function of temperature, can contain a bungocéasted with latent heat
releases (see Sect. 2.4.6 of Haensel et al.|2007 for a disnjss

The right panel of Fid.J1 shows the density dependence obtléhieat capacity,
normalized per one nucleony/ny, throughout the neutron star from the ocean to
the core, and partial contributions tp/ny,. Different particle fractions are adopted
from the BSk21 model (Goriely et al. 2010; Pearson &t al. 2@D12), as fitted by
Potekhin et al. (2013). Here, we have mostly neglected tleetsfof nucleon super-
fluidity to be discussed in Se€f 3. The importance of thefex&fis demonstrated,
however, by the heavy long-dashed line, which displays tit& hormalized heat
capacity suppressed by nucleon superfluidity (see Bedt. 3.2

2.5.2 Specific heat of neutrons

In the inner crust, besides electrons and nuclei, therelsoeautrons. In a thin layer

at densitiesp just above the neutron drip poikyp, the dripped neutrons are not
paired (non-superfluid) and largely dominate Heat capacity of strongly degener-
ate non-superfluid neutrons can be accurately evaluated tis¢ above-referenced
analytical fits, but since the neutrons are strongly degegaarlmost everywhere in

the neutron star, the simpler Sommerfeld result for Fermnsegaafl < &f is usually

applicable,
T
Cvx ~ 2 SF,x7
where x stands for the fermion type £xn, p, e, i). For neutrons ap only slightly
above pgrip, however, the latter formula is inaccurate becaagg is not suffi-
ciently large. For this reason, Pastore etlal. (2015) preg@s interpolation between
Eqg. (10) and the ideal-gas ling = 3n,

(10)

3 _ 3¢
Cux ~ 5 (1f e T/Tcl) L Ta=5 (11)

They also showed that corrections due to the coupling to phe(e.g., Sect. 1.4.4 in
Baym and Pethick 1991) turn out to be unimportantdps. Approximation [(11) is
accurate within 17% for non-relativistic Fermi gases at degsity. For a relativistic
Fermi gas, we can preserve this accuracy by using[Bq. (5ferand multiplying
both T and prefactog by the ratio(me + 10T)/(mc + 5T).

With further density increase, the neutrons become supefiect[3), and then
their contribution toc, nearly vanishes. However, even in a superfluid state, the neu
trons have a dramatic effect op. Indeed, Flowers and 1tbh (1976) noticed that since
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Fig. 2 Iso-contour lines ot in the crust, labeled by the value of lggc, /erg cm 3K 1), Also shown
are the melting curvd@y, and the critical temperature for neutré8q superfluidity, T, the electron and
ion plasma temperature3p e and T, respectively, the Debye temperatu@, ~ 0.45T, that marks the
transition from classical to quantum solid and T below which the wholly quantum crystal regime is
realized. The outer crust chemical composition is fiom Haéand Pichor (1994) and inner crust from
Negele and Vauthetfin (1973) with the neutron drip poinb@g = 4.3 x 10* g cm—3. The electron con-
tribution dominates in the two dark-shadowed (green) regjiat highT and p below pgrip and at lowT
and highp, while neutrons dominate in the light-shadowed (yellovgioe at highT andp abovepyrip,
and ions dominate in the intermediate regime. The right panlg displays the inner crust but assuming
that about 80% of the dripped neutrons are entrained, rifitiay the resulting increase @ ;, mainly due
to the strong reduction o, andOp, significantly extending the regime whesg; dominates ovec, e.

free neutrons move in a periodic potential created by kattitatomic nuclei, their
energy spectrum should have a band structure, which cact &ffestic and neutrino
emission phenomena involving the free neutrons. Cham@&P€alculated the band
structure of these neutrons, in much the same way as eldzairhstructure is calcu-
lated in solid state physics. The effect of this band stmecisithat a large fraction of
the dripped neutrons are “locked” to the nuclei, i.e., therial motion of the nuclei
entrains a significant part of the dripped neutrons resmltma strongly increased
ion effective massrnef;. This increasen — meg; significantly increases, ; in the

guantum regime sinaé/?) O Tp*1 O m3/2 (Chamel et al. 2013).

The overall “landscape” of crustal specific heat is illustthin Fig[2. For highly
degenerate electrooge O T, while for ionsc, ; decreases a8® according to Eq[{9),
therefore the electron contribution dominatesla& ©p, and the ion contribution
prevails afl > ©p (cf. the inset in the left panel of Fif] 1). On the other handhie
non-degenerate regintee/cy i ~ Z, therefore the contribution of the electrons dom-
inates again foZ > 1 atT > & in the liquid phase (also cf. the left panel of Hig. 1).
The effect of dripped neutron band structure on low-levéleotive excitations in the
inner crust and the resulting increasecpf is illustrated in the right panel of Figl 2.
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2.5.3 Specific heat of the core

The specific heat is simpler to evaluate in the core than ircthst but it has larger
uncertainties. The core is a homogeneous quantum liquidrohgly degenerate
fermions, and its specific heat is simply taken as the sumsofamponents con-
tribution: ¢, = S cyvx where x stands for neutrons)( protons ), electrons €),
muons {1), and any other component as hyperons or quarks that mayapaphigh
densities. For each fermionic component, one can used E}y. lfbfor baryons one
should replace the bare fermion mamss by an effective massy;, which encapsu-
lates most effects of interactions. In principha, should be calculated from the same
microphysical interaction as employed for the EoS; cf. S8d.3. For leptonsg
andp), interactions have a negligible effect o1f and the bare fermion mass value
can be used. The nucleon heat capacity in the core is straifggted by pairing
(superfluidity) effects, as discussed in SEcil 3.2.

2.6 Neutrino emissivity

The neutrino luminosity of a neutron star is, in most castengly dominated by
the core contribution, simply because the core comprisésn&Ishare of the total
mass. The crust contribution can, however, prevail in treead strong superfluidity
in the core, which suppresses the neutrino emissivitiegstQreutrino emission is
also essential during the early thermal relaxation phdeef{tst few decades of the
life of the star), or the crust relaxation after energetangient events (e.g., strong
bursts of accretion in X-ray binaries and flares in magnitars

Yakovlev et al.[(2001) reviewed the main neutrino emissi@thanisms in neu-
tron star crusts and cores and collected fitting formulagHerneutrino emissivity
in each reaction as a function of density and temperature stimmary of the most
important processes is given in Table 1. The last columnisftéble contains refer-
ences to the analytical fitting formulae that can be direethployed to calculate the
relevant emission rates. These processes are briefly deddvelow.

2.6.1 Neutrino emission in the crust

There is a variety of neutrino processes acting in the cstnon-magnetized crust
the most important ones are thlasmon decaprocess and thelectron-ion brems-
strahlungprocess (see Tallé 1). Thair annihilationprocess can be also important
if the crust is sufficiently hot.

The total emissivity from the sum of these processes igtilitisd in the left panel
of Fig.[3. The first thing to notice is the enormous range ofigalofQ,, covered in
thep — T range displayed in this figure, which spans 26 orders of ntadai This is
a direct consequence of the strohglependence of the neutrino processes. The pair
annihilation process is efficient only at low densities ardnhigh temperatures, but
whenT < Tg e very few positrons are present and the process is strongiyressed.
In the whole range of this plofire > 10'° K but pair annihilation still dominates
at low p and highT. In the opposite higlp and low-T regime the dominant process
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Table 1 Main neutrino emission proces$es

Process / Control function

Symbolic notatfon

Formulae forQ, and/orR

In the crust

1  Plasmon decay r—v+v Egs. (15)-(32) of [1]

2 Electron-nucleus bremsstrahlung™ +N — e~ +N+v+v  Egs. (6), (16)—(21) of [2]

3 Electron-positron annihilation e~ +e" —v+v Eq. (22) of [3]

4  Electron synchrotron e Be +V+V Eq. (48)—(57) of [3]

In the core

1d  Direct Urca N— p+e + Ve,

(Durca) p+e —n+ve Eq. (120) of [3]

Magnetic modificatioh ngD) Egs. (247)-(250) of [3]

Reduction factors RP) Egs. (199), (202)~(206) of [3]
2 Modified Urca (Murca) N+Nn—n+p+e +Vve,

(neutron branch) Nn+p+e —n+n+ve Eq. (140) of [3]

Reduction factor’ RMM Appendix of [4]

3 Murca p+n—p+p+e +ve, EQ.(142)of[3], corrected at
(proton branch) p+p+e — p+n+ve 3PFp > Prn+ Pre s per [4]
Reduction factofs RMP) Appendix (and Eq. (25)) of [4]

i n+n—n+n+v+v Eq. (165) of [3]
4 E;%‘;gt?:;}f:g N+p—n+p+v+v  EQ. (166) of [3]
p+p—p+p+v+v EQq.(167) of [3]
R Egs. (221), (222), (228) of [3]
and Eqg. (60) of [4]
Reduction factofs RP) Eq. (220), (229) of [3]

and Eq. (54) of [4]

RPP Eq. (221) of [3]
- n+n—[nn+v+v Egs. (236), (241) of [3],

5°  Cooper pairing of baryons { p+p—[pp+v+Vv corrected as per [5] (Se€f"3.3)

6%¢ Electron-fluxoid Egs. (253), (263), (266) —(268)

bremsstrahlung

e +foe +f+v4v

of [3]

Notes. @References: [1] _Kantor and Gusakav _(2007); [2]_Ofengeimle(2014); [3] [Yakovlev et &l.
(2001); [4][Gusakdv[(2002); [5] Leinsof (2009, 2010%.7 means a plasmore™ an electrone™ a

positron, v a neutrino,v an antineutrino (in general, of any flavor, bt or ve stands for the electron
neutrino or antineutrino, respectively),a proton,n a neutron[pp| and [nn| their paired states\ stands
for an atomic nucleus, anfifor a proton fluxoid. At densities where muons are preses; farticipate in

the Urca and bremsstrahlung processes fully analogoug tortitesses 1, 2, 3, 6 in the core (see details in

Ref. [1]). R with subscripts/superscripts signifies a control functioorrection factor) due to superfluidity
or magnetic field. Subscriptin Ry substitutes for different superfluidity types (proton outven, singlet
or triplet); B indicates magnetic field ¢ The effect of strong magnetic field (see SECT] 4.8}t densities
beyond the Durca threshold (see SECE. 2.6 2Jhe effect of superfluidity (see Sei.B.3).

is electron-ion bremsstrahlung, for whi("®™ 0 T8. At intermediateT and p
the plasmon decay process is most important and, when ing@gralominates, its

emissivity behaves a8\P) 0 T4,

The right panel of Fig3 illustrates the density dependaic@”’ and Q™9
in either ground-state or accreted crust of a neutron stér Wi= 10° K. Pair an-
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Fig. 3 Neutrino emissivityQ, in a non-magnetized crust from the pair annihilation, plasndecay,
and electron-ion bremsstrahlung processes. Left paned: ciimtour lines are labeled by the value of
log;0[Qv/(ergent 3s~1)]. Regions where the pair, plasma, and bremsstrahlung Eesafominate are
indicated: the boundaries happen to be quite well desctilyetthe two dotted lines that sh0§/Tp‘e and

l%,;Tp‘e. (Also indicated is the ion melting curve, dashed line.)lRiganel: Density dependencesQf for

the ground-state nuclear matter (solid lines) and for tteeded crust (dashed lines) Bt= 10° K. The
dotted line represents an older fit to the bremsstrahlunggs®(see text for detail).

nihilation is negligible in this casle,p') is calculated according to Yakovlev ef al.
(2001) andQ{P™®™ according td Ofengeim etal. (2014). For comparison, anrolde
fit to Q"™ (Kaminker et all 1999) is plotted by the dotted line. The gubstate

composition and the nuclear size are described by the BSkitlehi{Goriely et al.

2010; Pearson et al. 2012, as fitted by Potekhinlet al.|2018). atcreted compo-
sition is taken from_Haensel and Zdunik (1990); in this cdsedpproximation by
Itoh and Kohyame (1983) is used for the nuclear size.

The band structure of the energy spectrum of neutrons inrthericrust, which
was mentioned in Sedi._2.5.1, should reduce the neutrinctioes of the brems-
strahlung type and initiate an additional neutrino emissioe to direct inter-band
transitions of the neutrons, in analogy with Cooper paifigeutrons discussed in
Sect[3.B. These effects have been mentioned by Yakovldy(@0@1), but remain
unexplored.

Electron and positron captures and decays by atomic nuoéta (processes),
which accompany cooling of matter and non-equilibrium eaclreactions, pro-
duce neutrino emission. A pair of consecutive beta captotedecay reactions is
a nuclear Urca process. Urca processes involving electnere put forward by
Gamow and Schoenberg (1941), while those involving pasitteere introduced by
Pinaev [(1964). In the neutron star crust, the appropriatérim® luminosity de-
pends on cooling rate and should be especially stronf a(2—4) x10° K when
the main fraction of free neutrons is captured by nuclei. Eesv, there are other ef-
ficient neutrino reactions open at such temperatures, whike the neutrino emis-
sion due to beta processes insignificant (Yakovlev et al1200n the other hand,
heating produced by non-equilibrium nuclear reactiong (leep crustal heating,
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Haensel and Zdunik 1990) that accompany accretion memtion8ect[2.411, may
be more important than non-equilibrium neutrino cooling.

There are a number of other neutrino-emission processé®{¥v et al! 2001),
which are less efficient than those listed in TdHle 1. In tmeircrust with dripped
neutronsh — n bremsstrahlung is very efficient but it is suppressed byipgiand,
hence, only acts in the layers where> Tg,, whereTe, is the neutron pairing crit-
ical temperature (Sedi._3.1). This process operates in a widge of densities and
temperatures, and the density dependence of its emiss\ggnerally smooth. Neu-
trino emission from the formation and breaking of Coopergaiakes a significant
contribution, much stronger than the bremsstrahlung, abinfined to a restricted
region ofp andT (Sect[3.B). In the presence of a very strong magnetic fieldgsof
the above-mentioned processes are modified, and new ckdaneéutrino emission
may open (Sectl4).

2.6.2 Neutrino emission in the core

Yakovlev et al.|(2001) discussed a wealth of neutrino reastivhich may be impor-
tant in thenpeu/A >~ matter in a neutron star core, which include

1. 8 direct Urca (Durca) processes of the electron or muodymrtion and capture
by baryons (baryon direct Urca processes),

2. 32 modified Urca (Murca) processes, also associated tétteliectron or muon
production and capture by baryons (baryon Murca processes)

3. 12 processes of neutrino-pair emission in strong baklyanyon collisions (baryon
bremsstrahlung),

4. 4 Murca processes associated with muon decay and produstielectrons (lep-
ton Murca process),

5. 7 processes of neutrino pair emission in Coulomb colisigCoulomb brems-
strahlung).

In this paper we basically restrict ourselves to thpeu matter. We refer the reader
to the review by Yakovlev et all (2001) for the more generalegaas well as for a
discussion of other exotic models (such as the pion or kaodewsates). It appears
that the reactions that proceed in thygeu matter are often sufficient for the neutron-
star cooling, even when the appearance of¥heandA hyperons is allowed. The
reason is that these hyperons can appear at high densifigsadrere the baryon
Durca processes are likely to be allowed and dominate, &distee E0Ss.

The Durca cycle consists of the beta decay and electron aptacesses (see
Table[1). They are threshold reactions open at sufficierigl bensities, and not for
every EoS model. For the degenerate nucleons they are osbilpe if the proton
fraction exceeds a certain threshold. In thgematter (without muons) this threshold
is &~ 11%, which follows readily from the energy and momentum eowation com-
bined with the condition of electric charge neutrality ofttea Indeed, for strongly
degenerate fermions the Pauli blocking implies that thetrea is possible only if
the energies of the reacting particles are close to thepett/e Fermi energies.
Then the momentum conservation assumes the inequaity< pre+ Prp, that is

nﬁ/‘q’ < né/3 + nﬁ/‘q’. For thenpematteme = np because of the charge neutrality, there-
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fore n, < 8np, ornp > ny/9, whereny is the total baryon number density. The pres-
ence of muons can increase this threshold by several pett@at > prn— prp, then
the muon Durca process adds to the electron Durca.

If allowed, the Durca processes produce a rapid (enhanasding of neutron
stars. If they are forbidden, the main reactions are thoshebaryon Murca and
bremsstrahlung processes which produce a slow (standaotihg. The Murca pro-
cess is a second order process, in which a bystander neutymoton participates
to allow momentum conservation (see Tdble 1). Since thisge®involves five de-
generate fermions, instead of three for the Durca procesegfficiency is reduced,
simply by phase space limitation, by a factor of or@&y r)?, which gives an over-
all temperature-dependenté instead ofT®. This reduction, for typical conditions
in the neutron-star core, amounts to 6 orders of magnitude.certainly the domi-
nant process for not too high densities in absence of paising is the essence of the
“standard cooling scenario”. However, in presence of silygdity, neutrino emission
by the formation of Cooper pairs (Selct.13.3) can dominate thesMurca process.

Other neutrino reactions in the core involve neutrino-paémsstrahlung in Cou-
lomb collisions lepton modified Urca processes, electrositpon annihilation, etc.
All of them are not significant under the typical conditionsthe non-exotic core.
For instance, the plasmon decay process that is efficierttdmeutron star crust
(Sect[2.6.11) is exponentially suppressed in the core,usecthe electron plasmon
energy in the core~{ hw, ~ 10 MeV) is much larger than the thermal energy.

In a strong magnetic field penetrating into the core, somh@&bove-mentioned
processes can be modified, and new channels for neutrinciemisiay open (see
Sect[#).

2.6.3 Remarks on in-medium effects

Neutrino emissivityQ, may be strongly modified by in-medium (collective) effects
at the high densities of neutron stars (see Voskresenski, 200a review). For in-
stance, these effects may result in renormalization ofteleeak interaction param-
eters. Moreover, the in-medium effects may open new charfbelneutrino emis-
sion.| Voskresensky and Senatorov (1986) found that thectd&ned modified Urca
processes appreciably exceed the estimates obtainedctiegléhe collective ef-
fects, provided the density is sufficiently large. On theeothand, the in-medium
effects suppress then bremsstrahlung in the neutron-star core by a factor of 10—-20
(Blaschke et al. 1995). According to the studylby Schaablgi1807), the medium
effects on the emissivity of the Murca process cause a mgid oling than ob-
tained for the standard scenario and result in a strong tedspendence, which
gives a smooth crossover from the standard to the enhanadithgscenario (see
Sect[6.1) for increasing star masses.

The problem of calculation of the in-medium effects in thetnen star matter is
complicated. Various theoretical approaches were usealve &, results of different
techniques being different typically by a factor of a fewgse.g.| Blaschke etal.
1995, and references therein). The renormalization of teetreweak coupling is
usually taken into account in an approximate manner by capdethe bare baryon
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massesng with effective onesim (e.g., Yakovlev et al. 2001). The values of these
effective masses should be taken from microscopic theories

The in-medium effects are also important for the Cooperipgineutrino emis-
sion mechanism related to baryon superfluidity, as discLliss&ect[3.B below, for
heat capacity (Sedt. 2.5.3), and for baryon heat condufent[Z2.7.8) in the core of
a neutron star.

2.7 Thermal conductivity

The most important heat carriers in the crust and ocean oftdreare the electrons.
In the atmosphere, the heat is carried mainly by photonseheral, the two mech-
anisms work in parallel, henge= k; + ke, Wherek, andke denote the radiative (r)
and electron (e) components of the thermal conductwityhe radiative transfer is
considered in Paper I. In this paper we will pay most attentmthe electron heat
conduction mechanism. Both the electron and photon healumtion are affected by
strong magnetic fields. We will consider these effects int.$&c

The elementary theory in which the effective collision ratef heat carriers with
effective masan* and number density does not depend on their velocity, gives
(Ziman/1960)

K=anT/m"v, (12)

whereais a numerical coefficienti= 3/2 for a non-degenerate gas, ang 12/3 for
strongly degenerate particles. (We remind that we use gnarigs for T; otherwise
a should be multiplied by the squared Boltzmann constant.)

The most important heat carriers and respective scattpriocesses that control
the thermal conductivitk are listed in Tablé]2, and briefly discussed below. The
last column of the table contains references to either igalyfitting formulae or
publicly available computer codes for the evaluatiorkofFigure[4 illustrates the
magnitude ok, and characteristic temperatures in the crust.

2.7.1 Heat conduction in the outer envelopes

Electron heat conduction is the most important processamtutron star envelopes
that determines thermal luminosity of neutron stars. Is taisem* = me /1 + X2 in
Eq. (12), andv = v, is mostly determined by electron-ioaiY and electron-electron
(e® Coulomb collisions. In the crystalline phase, the eletfi@n scattering takes
the form of scattering on phonons (collective ion excitasip The Matthiessen rule
(e.g..Ziman 1960) assumes that effective frequenciesftirdnt collisions simply
add up, i.e.Ve = V4 + Vee This is strictly valid for extremely degenerate electrons
(Hubbard and Lampe 1969). In general case it remains a gdiotets, because; +
Vee < Ve < Vg + Vee+ OV, Wheredv < min(vg, Vee) (Ziman|1960). The relative
importance of the different types of collisions and praaitiormulae for evaluation
of ve can be different, depending on the composition and phase atéhe plasma
(see AppendikA.).
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Table 2 Main contributions to thermal conductivity

Conduction type and regime Refererttes
1°  Photon conduction Egs. (14)—(20) of [1]
— plasma cutoff correction Sect. 3.3 of [2]
— magnetic field modificatiofis Egs. (21)-(23) of [1]
2 Electron conduction in the ocean and the crust: see App&ati
— Electron-ion / electron-phonon scattering [3] (theopd],(public code)
— the effects of magnetic fieltis [5] (theory), [4] (public code)
— the effects of finite nuclear sizes in the inner crust  [6¢€ity), [4] (public code)
— Electron scattering on impurities in the crust see AppelAddl
— Electron-electron scattering:
— strongly degenerate electrons Egs. (10), (21) - (23) of [7]
— arbitrary degeneracy see Appendix]A.3
3 Baryon conduction in the core Egs. (7), (12), (21), (28)3) X [8]
— Effects of superfluidity Egs. (45)—(48), (50)—(53) of [8]
4  Lepton conduction in the core Eqgs. (4)—(6), (16), (17)) 3387) of [9]
— Effects of superfluidit§ Egs. (45), (54)—(61), (84)— (92df [9]

Notes.2References: [1]_Potekhin and Yakovlev (2001); [2] Poteldtial. (2003); [3]_Potekhin et al.
(1999); [4] http://www.ioffe.ru/astro/conduct/; [5] Rakhin (1996,1 1999); [6] Gnedin etlal. (2001);
[71/Shternin_ and Yakovlév (2006); [8] Baiko et &l. (20019} [Ehternin and Yakovlév (2007)° For fully
ionized atmospheres only. For partially ionized atmosebesee references lin_Potekhin (2014)See
Sect[Z.4]1. 9See Secl_4.4122See Sec{_3l4.f The power index 2 should be suppressed at its first
occurrences in the third and fourth lines of Eq. (92) of R€f. [

Chugunov and Haensel (2007) considered an alternative treatport by the
plasma ions (phonons in the solid OCP), which works in paraliith the trans-
port by the electrons. The ion (phonon) heat conduction igllg unimportant in
neutron stars. Although the ion thermal conductivity caridvger than the electron
conductivity across the strong magnetic field, the multigisional modeling shows
that in such cases the heat is mainly transported by theretechon-radially (i.e.,
not straight across the field lines; see Selct. 6).

2.7.2 Heat conduction in the inner crust

The inner crust of a neutron star is characterized by thespiasof free neutrons. This
has two important consequences. First, heat transport llyores can compete with
the transport by the electrons and phonons. Second, atestotron scattering adds
to the other electron scattering mechanisms consideregeada in AppendikA..
The thermal conductivity by neutrong;,, was studied in several papers (e.g.,
Flowers and Itah 1976; Bisnovatyi-Kogan and Romarnova [1982)eneral expres-
sion for kp in non-superfluid matter is given by Eq._{12) with= n,, the number
density of neutronsn* = my;, the neutron effective mass modified by medium effects,
and v, = Vi + Von. The neutron-neutron collision frequeney,, can be calculated
in the same manner as in uniform matter of a neutron-star (Seet[2.7.8). How-
ever, for strongly degenerate neutrons these collisioasrarch less efficient than
the neutron-ion ones. Therefore, one canget vy, at least for order-of-magnitude
estimates. For the scattering of the neutrons by uncoeglaticlei,v, = nj Ve, Sii,
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Fig. 4 Iso-contour lines of the electron thermal conductivity in the crust, labeled by the value
of logyg(Ke/ergstecm K1), using the results df Gnedin et al. (2001). Also shown arentiiting
curve Tn, the electron and ion plasma temperaturgs and T, respectively, the Debye temperature,
Op ~ 0.45T,, that marks the transition from classical to quantum satid @1T, below which the wholly
guantum crystal regime is realized. The crust compositiothé same as in Figl 2. The right panel only
displays the inner crust but assuming that about 80% of th@peld neutrons are entrained: the strong
reduction ofT, and©p pushes the onset of the wholly quantum regime to loWeThe dashed contour
lines illustrate the reduction af from impurity scattering, assuming an impurity paramedgs, = 1.

where \en = Prn/+/C2 + (Prn/ M )2 is the neutron Fermi velocity arfd is the trans-
port cross section. For a crude estimate at sufficiently leutron energies in the neu-

tron star crust one can set (elg., Bisnovatyi-Kogan and Romm1982)S, = 1tR2,
whereR; is the neutron radius of an atomic nucleus (fitted, e.g., iteldon et al.
2013). Estimated in this way, is negligible, being at least two orders of magnitude
smaller tharke in the entire inner crust &t < 10° K. However,v, can be strongly
affected by ion-ion correlations and by superfluidity (S&cd).

In addition, the electron conduction in the inner crust feeted by the size of a
nucleus, which becomes non-negligible compared to the rdiséance between the
nuclei, so that the approximation of pointlike scattersraot applicable anymore.
Then one should take into account the form factor, which ddpen the size and
shape of the charge distribution in a nucleus. A finite chaligtibution reducesy
with respect to the model of a pointlike charge, therebyeasing the conductivity
(Gnedin et al. 2001). The effect mainly depends on the rdttheroot mean square
charge radius of a nuclel, to the Wigner-Seitz cell radiug.|Gnedin et al. (2001)
presented fitting formulae for the dependences of the theanhelectrical conduc-
tivities on the parameteg,,c = \/%Rch/ a. The latter parameter has been fitted as
function of density for modern BSk models of nuclear matRwtékhin et al. 201.3)
and for some other models (Appendix B.in Haensel 2t al. 2007).
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2.7.3 Heat conduction in the core

The first detailed studies of the kinetic coefficients in menitstar cores were per-
formed by Flowers and Itoh (1979), who constructed the egakttion of the mul-
ticomponent system of transport equations in tipe matter. But since the pro-
ton fraction is small and the electron-neutron interaciomweak, the kinetic coef-
ficients can be split in two almost independent parts — thdéraeikinetic coeffi-
cients mediated by nucleon-nucleon collisions and eladtinetic coefficients me-
diated by the collisions between charged particles; theoprkinetic coefficients are
small. In the non-superfluidpeu matter, the neutrons are the main heat carriers at
T < 108K, while the heat transport by leptoas andu ~ is competitive afl > 10° K
(Shternin and Yakovlev 2007; Shternin etial. 2013).

Baryon heat conductioriElowers and Itoh (1979) based their calculations on the free
nucleon scattering amplitudes, neglecting the Fermiidigffects and nucleon many-
body effects. Their results were later reconsidered by 8etial. (2001a).

The thermal conductivity is written in the form analogousp. (12):

_ PTrely o T npTp

Kn= 3y, P 3my,

(13)

where the effective relaxation time&g andt, are provided by solution of the system
of algebraic equations (e.g., Shternin €t al. 2013)

VijTj =1 % 64m*m]—*2T2 S (i,j=n,p) (14)
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wherevy;; are effective collision frequenciesy is the bare nucleon mass in vacuo,
andS; are the effective cross-sections.

Many-body effects in the context of transport coefficierftpure neutron matter
were first addressed by Wambach etlal. (1993) and later resmesl in many papers.
There are two kinds of these effects: the three-body pati@effective potential for
the nucleon-nucleoninteractions and the in-medium eff@ét Sect, 2.613) that affect
nucleon-nucleon scattering cross-sections. BaikoleR@l01a) calculated; in the
approximation of pairwise interactions between nucleoitk appropriate effective
masses, using the Bonn potential model for the elastic panetricleon scattering
(Machleidt et al. 1987) with and without the in-medium effecThey presented the

results in the forng; = S(jo) Kij , wheres(jo) corresponds to scattering of bare particles,
andK;; describes the in-medium effects. They also constructemplsianalytical fits

to their results fonS(io) andK;; (referenced in Table 2).

Shternin et gl (2013) studied the many-body effects on thetic coefficients of
nucleons in thenpeu matter in beta equilibrium using the Brueckner-Hartreelo
(BHF) method. According to this study, the three-body fersappress the thermal
conductivity. This suppression is small at low densitiesibareases to a factor of
~ 4 at the baryon number density of = 0.6 fm—3. However, the use of the effec-
tive masses partly grasps this difference. For this reatsproves to be sufficient to
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multiply the conductivities obtained in the effective-rmapproximation (Baiko et al.
20014a) by a factor of 0.6 to reproduce the BHF thermal condtic{Shternin et al.
2013) with an accuracy of several percent in the entire dgreange of interest.

Lepton heat conductionThe up-to-date electron and muon contributions to ther-
mal conductivities of neutron star cores were calculatehternin and Yakovlev
(2007). Their treatment included the Landau damping oftedetagnetic interac-
tions owing to the exchange of transverse plasmons. Theckefias studied by
Heiselberg and Pethick (1993) for a degenerate quark plabotawas neglected
in the previous studies of the lepton heat conductivitiethemnpeu matter (e.g.,
Flowers and Itoh 1981; Gnedin and Yakoviev 1995).

The electron and muon thermal conductivities are additg,= Ke + Ky, and
can be written in the familiar form of EJ._(1L2):

_ PTnele . T, Ty,

3mg, T H 3m;,

Ke (15)
whereke andky, are the partial thermal conductivities of electrons and ns,@e-
spectively;ne andny are number densities of these particleg, andmj, are their
dynamical masses at the Fermi surfaces, determined by ¢hemical potentials.
In neutron star cores at beta equilibrium these chemicamii@ts are equal, there-
fore mg = my,. The effective electron and muon relaxation times can bé&ewias
(Gnedin and Yakovlev 1995)
v _V/ !
U eu ue (16)
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whereve = 3 Vej = Vee Vep + Vep @and vy = 3 Vi = Vyp + Vye + Vyp are the to-
tal effective collision frequencies of electrons and muwiith all charged particles
i =e U, p; Vei andyy; are partial effective collision frequencies, whiJrgu and VLe
are additional effective collision frequencies, which ptetheat transport of the elec-
trons and muons. All these collision frequencies can beesgad as multidimen-
sional integrals over momenta of colliding particles. $hieand Yakovlev|(2007)
calculated these integrals in the weak-screening appmtidmand described the re-
sults by simple analytical formulae (referenced in Tdblel&)the case of strongly
degenerate ultra-relativistic leptons, which is typiaal fieutron star cores, the latter
authors obtained a much simpler expression, which can bgewias

Kep ~ 20.8C(Prg, /M. (17)

The latter simplification, however, does not hold if the pret are superfluid.

3 Superfluidity and superconductivity

Soon after the development of the BCS theary (Bardeen et2i)1 which ex-
plains superconductivity by Cooper pairing of fermions éBer 1956), Bohr et al.
(1958) argued that the same phenomenon of pairing is oogpimside nuclei (later
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this suggestion was confirmed experimentally). Migdal €)9&xtended the idea to
the interior of neutron stars. Ginzburg and Kirzhnits (1p&Bmulated a number of
important propositions concerning neutron superfluiditythie interior of neutron
stars, the formation of Feynman-Onsager vortices, a afisaperfluidity tempera-
ture (Te < 10'°K) and its dependence on the densijty~ 103—10° g cm3), and
discussed the influence of neutron superfluidity on heataippand therefore on the
thermal evolution of a neutron star. Baym et al. (1969)lantz@irg (1970) analyzed
the consequences of neutron superfluidity and proton sapdtctivity: rotation of
the superfluid component in the form of quantized vorticed gglitting of the in-
ternal stellar magnetic field into fluxoids (Sect. 413.4)tdranany different authors
considered various types of pairing of nucleons, hyperonguarks using different
model potentials.

Although we will not consider exotic models of neutron stares, let us
mention that superfluidity is possible in these models asl. wedr instance,
Takatsuka and Tamagaki (1995) reviewed calculations ofraewand proton super-
fluid gaps in pion condensed matter. Some authors have dsdusiperfluidity in
quark matter (e.gl., Stejner etial. 2009). If hyperons arsgmg they can also be in a
superfluid state (Balberg and Barnea 1998). For a detaitszhteeview of superflu-
idity in the interiors of neutron stars, see Page et al. (2014

3.1 Pairing types and critical temperatures

The Cooper pairing appears as a result of the attraction wicfes with the anti-
parallel momenta,which is expected to occur, at low enoegtperature, in any de-
generate system of fermions in which there is an attractiteraction between par-
ticles whose momentp lie close to the Fermi surface (Cooper 1956). The strength
of the interaction determines the critical temperaflyat which the pairing phase
transition will occur. In a normal system the particle eryeggraries smoothly when
the momentum crosses the Fermi surface, while in the presgfiairing a discon-
tinuity develops, with a forbidden energy zone having a mimin width of 2\, at

p = pr, Which can be regarded as the binding energy of a Cooper pair.

The BCS equations that describe symmetric nuclear mattaoimic nuclei and
asymmetric neutron-rich matter in neutron stars have macilommon but have also
some differences. For instance, pairing in atomic nuclkeeés$aplace in the singlet
state of a nucleon pair. In this case, the energy gap is iiatrthat is independent of
the orientation of nucleon momenta. On the other hand, oneegpect triplet-state
pairing in the neutron-star matter, which leads to anigotrgap. Singlet-state neu-
tron superfluidity develops in the inner neutron star crust disappears in the core,
where an effective neutron-neutron singlet-state afradtansforms into repulsion.
Triplet-state neutron superfluidity appears in the neustam core. Protons in the core
can undergo the singlet-state pairing.

The triplet pair states may have different projectiomsof the total pair momen-
tum onto the quantization axigny| = 0, 1, and 2. The actual (energetically favor-
able) state may be a superposition of states with diffemgnOwing to uncertainties
of microscopic theories this state is still unknown; it dege possibly on density and
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Fig. 5 Critical temperatures of singlet neutron (left panel)plgt neutron (middle panel), and sin-
glet proton (right panel) superfluidities in the inner crumtd core of a neutron star, as func-
tions of gravitational mass density, for different superfluidity models, as marked near the earv
(seel Ho et all 2015): AO_(Amundsen and @stgaard 1985a,b), 2\Whsworth et al. 1989), BCLL
(Baldo et all 1992), BEEHS (Baldo etal. 1998), BS (Baldo adaufzée 2007), CCDK_(Chen etlal. 1993),
GIPSF (Gandolfi et al. 2008), MSH_(Margueron €l al. 2008), $&&hwenk et al. 2003), TTav and TToa
(Takatsuka and Tamagkki 2004).

temperature. In simulations of neutron star cooling, onellg considers the triplet-
state pairing witjm;| = 0 and 2, since their effects on the heat capacity and neutrino
luminosity are qualitatively different (e.q., Yakovlevadt|1999b, 2001).

The critical temperatur@; is very sensitive to the strength of the repulsive core
of the nucleon-nucleon interaction. It is related to theestlpid energy gap by
Tc = 0.566A4; for the singlet gap (e.g., Lifshitz and Pitaevskii 2002¢tSd0).
For the triplet gap, the situation is more complicated, nseahe gap is anisotropic
(e.g.,Amundsen and @stgaard 1985b; Baldo et al.|1992; Yekev al/ 1999b). Ex-
amples of the dependence Tf on gravitational mass density in the crust and core
of a neutron star are shown in F[g. 5. Here, we employed thepgapmetrization
of|[Kaminker et al.|(2001) with the parameter values and raratfor different mod-
els of superfluidity according to Ho etlal. (2015) togethettwthe p-dependences of
free-nucleon number densitieg andn, from the fits (Potekhin et al. 2013) for the
BSk21 model of crust and core composition. Fidure 5 dematestra large scatter of
theoretical predictions, but also general features. Wetlsatethe'Sy superfluidity
of neutrons occurs mostly in the inner crust and Rg superfluidity mostly in the
core. The critical temperatures of neutrons in the tripiates, T, (°P2), and protons,
Tep(1So ), have usually a maximum at a supranuclear density po. Typical mag-
nitudes ofT. vary from one model to another within a factor of a few. Nenot?®,
superfluidity has, in general, much lowkrthanlSy pairing of neutrons in the inner
crust and protons in the core.
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3.2 Superfluid effects on heat capacity

Once a component x of the neutron star matter becomes sugeitfuspecific heat
Cvx is strongly altered. Whefl reachesl;y, the critical temperature for the pairing
phase transitiong, x jumps by a factor> 2. However, asl' continues to decrease,
the heat capacity becomes progressively suppresséd<Afl the energy gap in the
nucleon spectrum strongly reduces the heat capacity evapa@d to its value in the
absence of pairing. These effects are implemented in nealexlculations through
“control functions”R¢(T /Tex) as

Cvx = ReCl, (18)

Wherec\(,g)( denotes the value in the normal phase, Egl (10). The contnatibn de-
pends on the type of pairing. This dependence was studieé\msrifish and Yakovlev
(1994). Analytical fitting formulae foR; in the npeu matter for the main types of
superfluidity listed above are given by Eq. (18) of Yakovle\aka(1999bﬂ

Three examples of the control functions, calculated adongrtb| Yakovlev et al.
(1999b) (with the correction mentioned in footngle 1), dneven in the left panel
of Fig.[68. One can notice that, x nearly vanishes whem drops below~ 0.1T.
Therefore, in the case of extensive pairing of baryons, #eg bapacity of the core
can be reduced to its leptonic part. This would result in sstitaeduction of the
total specific heat, as already demonstrated by the heagydashed line in Fid.1,
where we adopted MSH, TToa (assummg= 0), and BS superfluidity models for
neutrons in the crust and core, and protons in the core, cégply, according to the
notations in the caption to Figl 5.

Another example of the distribution af among the various core constituents is
shown in the right panel of Fifj] 6. Here, we have adopted SHEE S (withm; = 0),
and BCLL pairing gaps. The behavior@fas function ofo proves to be qualitatively
similar for different sets of superfluid gap models. In akbes this behavior strongly
differs from that for unpaired nucleons, which is shown biptines for comparison.

3.3 Superfluid effects on neutrino emission

The enormous impact of pairing on the cooling comes direfetlyn the appearance
of the energy gag,qir at the Fermi surface which leads to a suppression of all pro-
cesses involving single particle excitations of the paspdcies. Wheil <« T the
suppression is of the order of &7 and hence dramatic. Its exact value depends
on the details of the phase space involved in each specifaepso In numerical cal-
culations it is introduced as a control function. As well asthe heat capacity, for
the neutrino emissivity one writes

__ p(process typen(0)
Qu= R(pairing type?bv ’ (19)

1 In the latter paper, an accidental minus sign in front of #rent(0.2846v)? in the denominator of the
fitting formula for R; in the case of “type C"3P,, |my| = 2) superfluidity must be replaced by the plus
sign (D.G. Yakovlev, personal communication).
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Fig. 6 Left panel: Specific heat control functions for thgy , 3P, (my = 0), and3P, (jmy| = 2) types

of pairing listed in Sec{_3]1. The inset displays the sanmetfans on a logarithmic scale. Right panel:
Total and partial specific heats near the bottom of the cmisimthe core of a neutron star Bt= 10° K

as functions of density. The solid lines show the tatgland the other lines show the contributions of
electrons €7), neutrons ), nuclei (N, in the crust), muons and protong ( and p, in the core). Thin
lines show results of a calculation with nucleons assumés tonpaired, and thick lines take pairing into
account. The top axis shows the volume contained inside ereptith givenp for a 1.4Mg, neutron star.
The stellar structure and composition are adopted from ®ie28 model.

Wherle,o) relates to the same process in the absence of pairing. Thaseldunc-
tions (reduction factors) are available in the form of atiabl fits, referenced in
Table[1.

The superfluidity not only reduces the emissivity of the lsgaitrino reactions
but also initiates a specific “pair breaking and formatioRBE) neutrino emission
mechanism. The superfluid or superconducting condensatetisrmal equilibrium
with the single particle (“broken pairs”) excitations ahete is continuous formation
and breaking of Cooper pairs. The formation of a Cooper jizg@rates energy which
can be taken away by\a— v pair (Flowers et &l. 1976; Voskresensky and Senaltorov
1987). This effect is most pronounced near the Fermi surfatdeenT falls below
T, the neutrino emissivity produced by the Cooper pairingplyancreases. The
PBF mechanism is sensitive to the model adopted for calogléte superfluid gaps
in the baryon spectra: it is more important for lower gapsdkex superfluid). Its
emissivity is a sharp function of density and temperatute fain neutrino energy
release takes place in the temperature interval betwe&gy'5 andT.. The control
functions and the intensity of the Cooper-pair neutrinogsion are available as ana-
lytical fits collected by Yakovlev et al. (2001) (see refarestherein for the original
derivations), as indicated in Taljle 1 above.

Voskresensky and Senatorav (1987) noticed that the PBF anésth is sensi-
tive to the in-medium renormalization of the nucleon weatefaction vertex due to
strong interactions (cf. Sedi._2.6.3). Later this effect baen reexamined in many
papers for different types of baryon pairing — see Leins@ 2010) for modern
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results and a critical analysis of previous works. The nstiltds that the collective
effects virtually kill down the PBF emission for the singfeiring of nucleons, but
leave this mechanism viable for the triplet pairing. Quititrely, PBF emissivity es-
timated without in-medium effects (Yakovlev etlal. 1999a} o be multiplied by a
small factor of(pg/mic)? in the'Sy case, but by a moderate factor-f0.19 in the
3P, case. This result lies at the basis of the “minimal coolirgnssio” and the expla-
nation of the observed fast cooling of the neutron star inGassiopeia A supernova
remnant (see Seil 6).

Superconductivity of protons may also induce another tyfpeeatrino emission,
electron-fluxoid scattering, in the presence of a strongmatg field. It will be ad-
dressed in Sedi. 4.3.

3.4 Superfluid effects on heat conduction

The effects of nucleon superfluidity on the heat transportdntron stars were dis-
cussed qualitatively by Flowers and Itoh (1976, 1981). THeerhal conductivity of
electrons and muons was reconsidered by Gnedin and Yak({#®®5) and later by
Shternin and Yakovlev (2007), who obtained accurate aicalygxpressions valid for
a wide class of models of superfluid and non-superfluid méaigiko et al. [(2001a)
reanalyzed the thermal conduction by neutrons, utilizioghe new developments
in the nucleon—nucleon interaction theory. The latter argrshowed that the low-
temperature behavior of the nucleon thermal conductigityery sensitive to the re-
lation between critical temperatures of neutrons and pi:to

The lepton heat conduction in the core can also be affectegripn super-
conductivity, because superconductivity modifies the dvanse polarization func-
tion and screening functions in neutron-star matter. Thedferts were studied by
Shternin and Yakovlev (2007). These authors, as well asdBatilal. (2001a), man-
aged to describe the effects of superfluidity by analyticalkctions, which facilitate
their inclusion in simulations of neutron-star thermal lexion (see Tablg]2).

In the presence of neutron superfluidity, there may be anath@&nnel of heat
transport, the so-called convective counterflow of the radraomponent of matter
with respect to the superfluid one. This mechanism is knowretquite effective in
superfluid helium (e.g., Tilley and Tilley 1990), but in thentext of neutron stars the
situation is unclear and has not been studied in sufficietatlde

Heat can also be transported through the neutron star cyustlkective modes
of superfluid neutron matter, called superfluid phonons (kga et al. 2009). At
p ~ 102 — 10" g cm 2 the conductivity due to superfluid phonons was estimated
to be significantly larger than that due to lattice phonords@mparable to electron
conductivity whenT ~ 10° K. The authors found that this mode of heat conduction
could limit the anisotropy of temperature distributionla surface of highly magne-
tized neutron stars. However, new studies of the low-eneddlective excitations
in the inner crust of the neutron star (Charel 2012; Chamal €2013), includ-
ing neutron band structure effects, show that there is angtroixing between the
Bogoliubov-Anderson bosons of the neutron superfluid aeddhgitudinal crystal
lattice phonons. In addition, the speed of the transversarsmode is greatly re-
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duced as a large fraction of superfluid neutrons are entldigenuclei. This results
in an increased specific heat of the inner crust, but also iecaeése of the electron
thermal conductivity. On the other hand, the entrainmernthefunbound neutrons
decreases the density of conduction neutrons, i.e., nesuthat are effectively free.
The density of the conduction neutrons can be much smaberttie total density of
unbound neutrons (Chamel 2012), which results in a deciabke neutron thermal
conductivity.

4 The effects of strong magnetic fields
4.1 Magnetic-field parameters

Convenient dimensionless parameters that charactegzadlgnetic field in a plasma
are the ratios of the electron cyclotron enehgy. to the atomic unit of energy, elec-
tron rest energy, and temperature:

h°B B heB B Roo. Bi
-k _ 2 b —— — — = —°=13434—=. (20
4 mgce?’ Bo’ mgc3 BQED ’ e T Te (20)

Here,w, = eB/meC is the electron cyclotron frequendgp = 2.3505x 10° G is the
atomic unit of magnetic fieldogp = 4.414x 1013 G is the critical field in Quantum
Electrodynamics (Schwinger 1988), aBgh = B/10% G.

Motion of charged particles in a magnetic field is quantizedliscrete Lan-
dau levels. In the non-relativistic theory, the energy ofedectron in a magnetic
field equalsNhw, + mep2/2, wherep; is the momentum component aloBgN =
n. + % ¢% characterizes a Landau level, the tem% is the spin projection on
the field, andn_ is the non-negative integer Landau number related to thatgua
zation of the kinetic motion transverse to the field. In thiatreistic theory (e.g.,
Sokolov and Ternov 1986), the kinetic eneggf an electron at the Landau level
depends on its longitudinal momentipnas

en(pz) = ¢ (MEc? + 2RcwemeN + p?) Y2 e, (21)

The levelsN > 1 are double-degenerate with respect to the spin projestidheir
splitting d¢ due to the anomalous magnetic moment of the electron is giblg]
because it is much smaller thhny, (e.g., Schwingér 1988; Suh and Mathews 2001):

Nﬂx hox atb < 1,
T2n” | mec?Inb—1.584%atb > 1,

whereoq; is the fine structure constant.

The Landau quantization becomes important when the elecirdotron energy
hay is at least comparable to both the electron Fermi engtrgnd temperature. If
hay. is appreciably larger than bo# andT, then the electrons reside on the ground
Landau level, and the field is calletrongly quantizingThe conditionhc. > T is
equivalent tale > 1. The conditiorhax, > €r ¢ translates int@ < pg, where

o€ (22)

g ~ 70457, B2 g cm 3. (23)
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In the opposite limit, where eithek <« 1 or p > pg, the field can be considered as
nonguantizing

For the ions, the cyclotron energyhisy; = Z (me/m) hax, and the Landau quan-
tization is important when the parameter

i = hoxi/T =0.0737(Z/A) B12/Ts (24)

is not small. The energy spectrum of an ion essentially diffem Eq. [21) because
of the non-negligible anomalous magnetic moments. In thenetativistic theory,
the energy of an ion equats= (n_ + 2)Rci + mpZ/2+ 2 gidis, wheren, is the
ion Landau numberp;, is the longitudinal momentung; is theg-factor (g = 2 in
the Dirac theory, but, e.gg; = 5.5857 for the protons), angl is the integer quantum
number corresponding to the spin projection Brin units of h/2. If the ions are
relativistic, the situation is much more complicated. Faryjmons with spin% (e.0.,
protons) the energy spectrum was derived by Broderick ¢2800).

4.2 Magnetic field effects on the equation of state and hqstaity
4.2.1 Magnetized core

A magnetic field can affect the thermodynamics of the Coulphabmas, if the Lan-
dau quantization is important, i.e., under the condititvas are quantified in Se€i. 4.1.
In particular, Eq.[(ZB) can be recast into

B > (3.8 x 10'° G) (Yen,/fm—3)%/3. (25)

We haveny, ~ 0.1 fm~2 near the crust-core interface, a¥iis typically several per-
cent throughout the core. Therefore, the electron comptoofagoressure in the core
might be affected by the fields> 108 G.

One can easily generalize EQ.{25) for other fermigns{esons, nucleons) in the
ideal-gas model. In this casé, should be replaced by the number of given particles
per baryon, and the right-hand side should be multipliedrigy'me = 20677 for
muons andv 10° (of the order of nucleon-to-electron mass and electronttdleon
magnetic moment ratios) for protons and neutrons. Accapigljthe partial pressures
of muons and nucleons in the core cannot be affected by aligtieéB < a fewx
108 G) magnetic field.

Broderick et al.[(2000) developed elaborated models ofenatiultra-magnetized
cores of neutron stars. They considered not only the idpgl gas, but also interact-
ing matter in the framework of the relativistic mean field (RMnodel. The magnetic
field affects their EoS aB > 10'® G. As follows both from the estimates based on
the virial theoreml(Lai and Shapiro 1991) and from numergalrodynamic simu-
lations (e.g., Frieben and Rezzalla 2012, and referenegsit), this field is close
to the upper limit onB for dynamically stable stellar configurations. The effect i
even smaller when the magnetization of matter is includetistently in the EoS
(Chatterjee et al. 2015). Therefore, it is unlikely that agmetic modification of the
EoS could be important in the cores of neutron stars.
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Fig. 7 Left panel: Normalized pressuRyn; T; entropySand heat capacit@, per one ion, and logarithmic
derivatives of pressure over density and temperatysend xt, for a fully-ionized non-magnetic (dashed
lines) and magnetized(= 102 G, solid lines) iron plasma & = 10" K. The vertical dotted lines mark
the densities at which the electron Fermi temperature squalithout (1) or with (2) the magnetic field,
p=p8(3),[c=Im(4),andT, =T (5). (Figure 6 from_Potekhin and Chabrler 2013, reproduceti e
permission of©ESO.) Right panel: Normalized thermal phonon contributmthe reduced heat capacity
as a function of logy(T /Tp) at different values of the ratibcyi/Tp, marked near the curves.

4.2.2 Magnetized crust and ocean

At B > 106 G, nuclear shell energies become comparable with the paytciotron
energy. Thus the interaction of nucleon magnetic momenrdspaoton orbital mo-
ments with magnetic field may cause appreciable modificatidmuclear shell en-
ergies. These modifications and their consequences for etagnwere studied by
Kondratyev et al.| (2001), who found large changes in the earciagic numbers
under the influence of such magnetic fields. This effect m#sr aignificantly the
equilibrium chemical composition of a magnetar crust.

Muzikar et al. [(1980) calculated the triplet-state neutpairing in magnetized
neutron-star cores. According to these calculations, retigfieldsB > 10'6 G make
the superfluidity with nodes at the Fermi surface energifipaeferable to the usual
superfluidity without nodes. Accordingly, the superfluiduetion factors for the heat
capacity and neutrino emissivity (the control functiongynbe different in ultra-
strong fields.

Chamel et al.|(2012) studied the impact of superstrong magfields on the
composition and EoS of the neutron star crust. In particulay found that the
neutron-drip pressure increases almost linearly by 40% fits zero-field value in
the interval 188 G < B < 5 x 106 G. With further increase of the field strength, the
drip pressure becomes directly proportionaBto

Thus the ultra-strong field8 > 106 G can affect various aspects of the physics
of the inner crust in quite non-trivial way. Hereafter we wdbnsider only fields
B < 10 G. They can be quantizing in the outer crust of a neutron istamot in the
inner crust or the core. Analytical fitting formulae for tHeetmodynamic functions
of the electron-ion plasmas in such fields, as well as a coenpatde that imple-
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ments these flts were published by Potekhin and Chabrier (2013). Such feffadst
the electron part of thermodynamic functions in the outeredopes only, as illus-
trated in the left panel of Fidl 7 in the case of fully-ionizeoh at T = 10’ K and
B = 10'2 G (for illustration, the density range is extendedac< 10° neglecting
the bound states that can be important in {hisT domain). We plot the principal
thermodynamic quantities normalized per one ion as funstiaf density. For com-
parison we also show them in the absence of quantizing miadgiedt. The vertical
dotted lines marked by numbers separate different charstitedomains, consecu-
tively entered with increasing density: onset of electregeheracy aB = 0 and at
B = 10'2 G, population of excited Landau levelg & pg), melting point with for-
mation of a classical Coulomb crystdl{ = T), and onset of the quantum effects in
the crystal T, = T). The gradually decreasing oscillations correspond teseoutive
filling of the electron Landau levels. The magnetic fiélé- 10*? G does not affect
the ion contributions at this.

The contributions of ions to the thermodynamic functions affected by the
magnetic field if the parametet, defined by Eq.[(24), is large. This may occur in
a superstrong field of a magnetar. The right panel of Eig. usiithtes the effects
of a superstrong field on,; for the model of a harmonic Coulomb crystal (Baiko
2009). Here we plot the thermal phonon contribution to that lvapacity of the bcc
Coulomb lattice calculated as the derivatiye= TdS/dT of the fit to the phonon
entropySgiven by Eq. (77) of Potekhin and Chabriar (2013). This agjpnation is
more accurate for the heat capacity than the alternativeoappation that provides
exact fulfillment of the Maxwell relations (Eq. 80 of the sapaper). The three steps
on the curves in the right panel of Fig. 7 correspond to cbatidns of three branches
of the phonon spectrum, which are affected differently by ¢uantizing magnetic
field.

4.3 Magnetic field effects on neutrino emission
4.3.1 Magnetic Durca process

We have mentioned in Se€f._ 2.2 that the Durca reactioreisrtbst efficient neu-
trino emission process, but it can only operate above aindtieeshold density in
the central parts of the cores of sufficiently massive neustars| Leinson and Pérez
(1998) noted that a superstrong magnetic field can subaligntveaken this re-
guirement. An accurate study of this effect was performedhiko and Yakovlev
(1999). They showed that the border between the open andccIbarca regimes
is smeared out over sontedependent scale and described this smearing by sim-
ple formulae. In practice this effect should be very impotti®mr neutron stars with
B> 106 G. At less extreme fields (16 G < B < 10 G) it is important for neutron
stars whose mass happens to be close (within a few perceth§ ©urca threshold
mass. Baiko and Yakovlev (1999) also showed that a strongetidield has a non-
trivial effect (oscillations of the reaction rate) in therpgtted domain of the Durca
reaction, but the latter effect, albeit interesting, appé¢a be unimportant.

2 Also available ahttp://www.ioffe.ru/astro/EIP/.
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Fig. 8 Neutrino emissivity in a magnetized crust from the synatmmotprocesses for two, uniform, mag-
netic field strengths of 76 G (left panel) and 1% G (right panel). The contour lines are labeled by the
value of logo[Qy /(ergent3s~1)]. Regions where this process dominates over the ones shokig. &

are lightly shadowed (in yellow) and regions where it dortesaby more than a factor of 10 are darkly
shadowed (in orange). The two dotted lines show the domen&maositions between the three processes
presented in Fid.13. (Also indicated is the ion melting cudashed line.)

4.3.2 Pair annihilation

The e"e™ pair annihilation process in strong magnetic fields was istlicby
Kaminker et al.[(1992) and Kaminker and Yakovlev (1994). hog non-degenerate
plasma T > 10'° K) only ultra-strong magnetic field8 > 10'6 G can significantly
affect the neutrino emissivity. Such fields can be quangizmthe p — T domain
where the pair emission dominates (see Hig. 3). They amQ}ify by increasing the
number densities of electrons and positrons via very stopramtization of their mo-
tion. Lower fields may also influend@y,r but less significantly. A field ~ 1014 G
may quantize the motion of positronsTar< 10° K and increase the positron number
density. In this way the presence of a strong magnetic fielgiatty enhance®p,ir in

a not too hot plasma. However, this enhancement usually falleee where the pair
annihilation emissivity is much lower than the contributioom other neutrino reac-
tions, and therefore it is unimportant for studies of nemtstar thermal evolution.

4.3.3 Synchrotron radiation

A relativistic electron propagating in the magnetic fielch @mit neutrinos because
of its rotation around the magnetic field lines. This prodessuite analogous to the
usual synchrotron emission of photons. The calculatiohetorresponding neutrino
emissivity,Qsyn, is similar to that of the pair annihilation process. It wasied, e.g.,
by [Kaminker et al.[(1992), Vidaurre etlal. (1995), and Besathav et al.|(1997). In
Fig.[8 we show the plot oQsyn on thep — T plane for two field strengths typical for
magnetarsB = 10* G and 18° G. It is clear from this plot that the the synchrotron
process can be dominant in the crust of magnetars in a langeet@ture range.
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4.3.4 Electron-fluxoid scattering

The internal stellar magnetic field can be confined in thetasube distributed over
the entire star. In the latter case, a transition to a supehecting state in the course
of stellar cooling is accompanied by a dramatic change instetial structure of
the magnetic field. Initially homogeneous field splits intoemsemble of Abrikosov
fluxoids — quantized magnetic flux tubes, which contain a sipmg magnetic field,
embedded in the field-free superconducting medium. Neusymchrotron radiation
is then modified and may be treated as neutrino pair emissiental scattering of
electrons on the fluxoids. This mechanism was studied by Kieniet al. [(1997),
who obtained an analytical fit to the corresponding neutdnassivity (referenced
in Table[1). The concentration of the field within the fluxoasplifies the neutrino
emissivity, compared to the usual synchrotron regime, whemperatures drops be-
low the critical one for the protondgp. As long asT is not much lower thafy,
the Cooper pairing mechanism remains much more powerfuegsiB >> 106 G,

in which case the electron-fluxoid scattering may be moregshw at anyT). At

T <« Tep, the electron-fluxoid scattering becomes the dominantrimeuemission
mechanism for the neutron stars with strong and supersfielig B > 102 G).

4.4 Magnetic field effects on heat conduction
4.4.1 Photon heat conduction
The thermal conductivitx is related to the opacity by the equation

1605T3
g — 200sBl”

30 (26)

whereosg is the Stefan-Boltzmann constant. The spectral radiatpaeities for two
normal polarization modes in strongly magnetized neustan-photospheres are re-
viewed in Paper |. These opacities, j(6s), wherej = 1,2 marks the extraordinary
and ordinary polarization modes, depend on the afiglbetween the wave vector
and magnetic field. In the diffusion approximation, they ¢ime into the effective

opacities for the transport alongk’ j) and across;@j ;) magnetic field according to
(%‘o‘o‘j)il 3 [T (2co€6) SinBgdbs
’ == / i —_— . (27)
(se5;) 4Jo | simBs | (6e)

The effective opacity for energy transport at angleo B in each polarization mode
is given by ¢ = cog G/EP + sir? e/;ji, wheress is the Rosseland mean gf,,

C 15 Z¢
Z:/O %w,jdz, u(z)74n4(e2—1)2’ z=—. (28)
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For fully ionized plasmas, the radiative opacities are dbuated from the free-
free absorption and Thomson scattering. Silant’ev and Yieko(1980) studied the
Rosseland opacities for a non-polarized radiation in mapgeefully ionized plasmas

At =1/t + 1 - (29)

using the Born approximation for the free-free contribati®otekhin and Yakovlev

(2001) obtained simple analytical fits foﬂ,"{ including a correction to the Born
approximation, as functions gf T, Z, A, and the magnetic-field paramefgdefined
by Eq. [20). Asymptoticallyz 0 {52 at Je — .

At finite but largele, the radiative opacities of fully ionized matter are strigng
reduced. The reduction is 10 times stronger for the Thomson scattering than for the
free-free absorption. In deep, strongly magnetized pipitesc layers the Thomson
scattering dominates only T > 10p?%/7 > 108%7; otherwise the free-free absorp-
tion prevailsi(Potekhin and Yakoviev 2001).

The outermost envelopes of neutron stars can be incompietezed in the cases
of largeZ or B. The presence of bound species can strongly affect thetraa@pac-
ities and the spectrum of emitted radiation, as discusseeaper |. However, the
layers that are responsible for the heat flux from the intexfdhe neutron star to the
surface, as a rule, lie at sufficiently large densities, whke plasma is fully ionized
by pressure. Therefore the bound species are usually umiamidor the effective
surface temperature of a neutron star.

4.4.2 Electron heat conduction

A non-quantizing magnetic field does not affect thermodyigafunctions of the
plasma. However, it does affect the electron heat conductiadhe Hall magneti-
zation parameter

B2 T
T~ 1760—— —+—
“ 1+ 1071%s

(30)
is not small. Herewy = ax/+/1+ X¢ is the electron gyrofrequency, ardis the
effective relaxation time. In a degenerate Coulomb plasrith & non-quantizing
magnetic field, the main contribution is given by the eleation scattering according
to Eq. [A3). This regime has been studied by Yakovlev andif1080).

Electric and thermal currents induced in a magnetized pdagnder the effect
of an electric fieldE, a weak gradientlu of the electron chemical potential, and a
weak temperature gradienfT can be decomposed into conduction and magnetiza-
tion components (e.d., Hernguist 1984). The latter onegeadb surface effects and
must be subtracted. Lgt and j; be the conduction components of the electric and
thermal current densities. They can be written as

jo=06-E'—a-0T, jr=Ta-E*—k-OT, (31)

whereE* = E + [u/eis the electrochemical field. The symbdisé, andk denote
second-rank tensor#(is the conductivity tensor) which reduce to scalar8at 0.
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Equations[(3]l) can be rewritten as

E'=R j,—Q-0OT, j;=Ta-R-j,—k-OT, (32)
whereR=6"1, Q= —R-a, andk = K+Ta- Q are the tensors of specific resistance,
thermopower, and thermal conductivity, respectively.

Electron heat and charge transport controlled by elediarcollisions in quan-
tizing magnetic fields of neutron stars was studied by Kaeriaid Yakovlev (1981);
Yakovlev (1984); Hernquist (1934); Potekhin (1996, 199%)e components of ten-
sorsé, &, andk can be expressed as (Potekhin 1999)

4R ED S RVRT ) 1
ij o= _eyT \ ABE o R S P
gi; /0 ?flu_g‘;g?-r Me+£/C? il )[ deele /T 11 de, (33)
where
]_ Nmax
Na(e) = WNZO(% ON,0) [Pz, (34)

Nmax is the maximum Landau number for a given electron energnd| p;| depends
on ¢ andN according to Eq[(Z1). In a non-quantizing magnetic fiekl, BtNmay >
1, the sum can be replaced by the integral, which givgse) = (p/h)3/3m?, where
p is the momentum that corresponds to the energshe functionsg;; () play role of
relaxation times for the components of tensorsy, andk, determined by electron
scattering. In general, they differ from the mean free tigée) = 1/vei(€) between
scattering events for an electron with eneggyBecause of the symmetry properties
of the tensorss, @, andKk, in the coordinate frame withk axis directed alond,
there are only three different non-zero components;oft,, related to longitudinal
currents,Tyx = Tyy related to transverse currents, angl= — 1y related to the Hall
currents.

In a quantizing magnetic field, there are two different effecmean-free times
7)(¢) andt_ (¢), corresponding to electron transport parallel and perjpertal to B.
In this case, the classical expressions (e.9., Yakovlew apah|1980) are recovered:

L L (35)

T2=T Iyx= 7" Tyx = .
2z I XX 1+ (%TL)Z’ yX 1+ (%TL)Z

It is convenient to keep using Ed.(A.3) foy and ., but with different Coulomb
logarithmsA (&) andA| (). Potekhin|(1999) calculated these Coulomb logarithms
and fitted them by analytic expressions. Their Fortran imy@etation is available at
http://wuw.ioffe.ru/astro/conduct/.In the limit of non-quantizing magnetic
field, 1) = 1, = Tei(€) is given by Eq.[(A.B) witre = p.

When the electrons are strongly degenerate, the deriviatittee square brackets
in Eq. (33) is sharply peaked. Then Hg.]l(33) gives

e’c’n . TT
~ eTij(IJ), Kij%Kij%@O'ij. (36)

ij ~
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Fig. 9 Electron thermal conductivities along (upper curves) arrdss (lower curves) magnetic fieRi=
10'3 G (left panel) and 1B G (right panel) as functions of mass density at temperaflirest0’ K (solid
lines) and 18 K (dot-dashed lines). For comparison, the non-magneticrtakconductivities are shown
by dotted lines.

The latter relation is the Wiedemann-Franz law generalingtle magnetic case. On
the other hand, Eq_(B3) satisfactorily describes the cotidties in general, includ-
ing the opposite case of weakly degenerate electrons.

Figurel9 illustrates thp-dependence of the thermal conductivities aloxg énd
across K ) the magnetic field. The first, most significant peakats related to the
filling of the first Landau level by the electrons@t- pg. The other peaks correspond
to consecutive filling of higher Landau levels.

5 Thermal structure of neutron stars
5.1 Blanketing envelopes

The very different thermal relaxation timescales of theetoge and the crust of a
neutron stars makes computationally expensive to perfamlirg simulations in a
numerical grid that comprises both regions. Radiativeldaritim is established in the
low-density region much faster than the crust evolves, sb ttie envelope reaches
a stationary state on shorter timescales. Thus, the uspabagh is to use results of
stationary envelope models to obtain a relation betweepltioéon fluxFy, radiated
from the surface and the flux, and temperatur@, at the crust/envelope boundary,
P = pp. This relation supplements the evolution equations foirkerior [Eq. [4)] as
an outer boundary condition.

The boundary densitgy is chosen as a trade-off between two requirements: first,
that the thermal relaxation time of the layer wiph< py, is short compared to the
characteristic variability time of the studied thermaliegbn, which favors smaller
Pp, and second, that does not strongly vary g > py, which favors largepy,. For
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weakly magnetized, isolated cooling neutron stagsis usually set at 1 g cm3
(Gudmundsson et al. 1983), but in general it varies frofhgLom 3 for neutron stars
with rapid variations of thermal emission_(Shternin et &02) to pqrip for relatively
hot and strongly magnetized neutron stars (Potekhin/efal3

At every Ty, Fpn or, equivalently, the effective surface temperatlgedepends
on the properties of the heat-blanketing envelopes. Inltiserzce of neutrino energy
losses in the envelope (that is the case for most coolingaragtars, except for the
hottest ones), the fluk,, at the surface is equal to the flé at the inner boundary of
the blanketing envelope. Then it is sufficient to know The Ts relation for cooling
simulations.

Gudmundsson et al. (1983) carried out a comprehensive sttidiye thermal
structure of the non-magnetized blanketing envelopes osetb of iron, using
the best physics input available at that time. They consiti¢he envelopes with
l0g; Ts[K] > 5.25 (there were no reliable calculation of the thermal conidities
for lower temperatures) and fitted the numerical solutiopslremarkably simple
formula

To = 1.288x 10°(Tak/g14) %% K, (37)

whereTss = Ts/10° K. An analytical derivation of a similar expression was givey
Ventura and Potekhin (2001). A more accurate but less sifitples constructed by
Potekhin et &l.[(1997).

The T, —Ts relation is mainly regulated by the thermal conductivitytlie “sen-
sitivity strip” (Gudmundsson et al. 1983) that plays theerof a “bottleneck” for
the heat leakage. Its position lies around the line where ke (as a rule, around
p ~ 10°—10' g cm 3 for B = 0) and depends on the stellar structure, the boundary
temperaturdy, the magnetic field in the vicinity of the given surface point, and the
chemical composition of the envelope. Since the magnetit fiampers heat trans-
port acrosd, the depth of the sensitivity strip can be different at dif places of a
star with a strong magnetic field: it lies deeper at the pladesre the magnetic field
lines are parallel to the surface (Ventura and Potekhin/p001

The blanketing envelopes are more transparent to the heaiffthey are com-
posed of light chemical elements. This effect was studiediail by Potekhin et al.
(1997) for non-magnetic envelopes and by Potekhinlet a03pfor strongly magne-
tized envelopes. The effect is related to Brxdependence of the collision frequencies
Ve The higher i<Z, the larger isvg and the lower is the conductivity. A temperature
variation by a factor of 30 can change the thermal condugtf iron plasma less
than altering the chemical composition from Fe to He at a fiked his effect has
important consequences for the relationship between tffacsuand internal tem-
peratures of neutron stars. For example, combined effésang magnetic fields
and light-element composition simplify the interpretatmf magnetars: these effects
allow one to interpret observations assuming less extreéheegfore, more realistic)
heating in the crust (Kaminker etlal. 2009; Pons &t al. 2008ai6 et all 2013).

The envelope is thin (its deptiy ~ 100 m, if pp = 10'° g cm3) and contains a
tiny fraction of the neutron-star mass (L0~7, if pp = 10'° g cm3). Therefore one
can neglect the variation of the gravitational acceleratiothis layer. Neglecting
also the non-uniformity of the energy flux through the enpeladue to the neutrino
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emission (which is small, if the neutron star is not too hetynee discuss below) and
the variation of the temperatuiig over the surface (which varies on larger length
scales tham,), one can obtain, instead of EQ] (4), the much simhlermal structure
equation(Gudmundsson et al. 1983; Van Riper 1988)

4
dinT _ 3 P T (38)
dinP 16 g T4
wherex is the total opacity, related to the conductivityia Eq. [26).

The assumption of a constant flux, however, breaks down fgnetars, most of
which have atypically high effective temperatures. In ttase one should solve the
complete set of equations, taking neutrino emission and $maces into account.
The neutrino emission from the crust limits the effectiveface temperature of a
cooling neutron star (Potekhin et al. 2007; cf. Figl 11 beldihis very same effect
is what limits the maximum flux in the few days of a magnetabarst (Pons and Rea
2012). In addition, for magnetars one must go beyond theeptemrallel approxima-
tion (see Secf.5.3)

5.2 The effects of strong magnetic fields

As seen from Eqgs[(30) and (A.3), the Hall magnetization matar is large in the
outer neutron-star envelope Bt> 10 G. Moreover, the magnetic field can be
strongly quantizing in the outermost part of the envelopethis case the magnetic
field can greatly affect the heat conduction and the thermattire.

Figure[10 shows examples of the temperature profiles in thelepes. The left
panelis a recast of Fig. 8 from Potekhin and Chabrier (208)e we show a profile
of an ultra-magnetized neutron star, wh= 10*° G, and with relatively high surface
temperature, logTs(K) = 6.5, which is similar to the values evaluated for some
magnetars. In this case, thermal photons are radiated fremtichsurface, with high
mass density = 2 x 10’ g cm 3 just below the surface. The temperature quickly
grows at the solid surface and reaches the melting poineade¢pthz ~ 7 cm. Thus,
at the given conditions, the liquid ocean of a magnetar toutsto be covered by
a thin layer of “ice” (solid substance). We treat the solidstras immobile, but the
liquid layer below the “ice” is convective up to the demh- 1 m. The change of
the heat-transport mechanism from conduction to conveciimses the break of the
temperature profile at the melting point in Figl 10. We uniderthat this treatment
is only an approximation. In reality, the superadiabatiovgh of temperature can
lead to a hydrostatic instability of the shell of “ice” andeenually to its cracking and
fragmentation into turning-up “ice floes”. Potekhin and Ghar (2013) speculated
that such events may result in variations of thermal lumityozf magnetars. The
temperature profile flattens with density increase, and th@l@nb plasma freezes
again at the interface between the layer§%fi and®¢Kr atp = 1.5 x 10° g cm 3.

For comparison, we also show the thermal profile without tlegnetic field. It
is smooth. There is neither magnetic condensation nor atiove In this case, the
spectrum is formed in the gaseous atmosphere at much lowsitgdeyond the
frame of the left panel.
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Fig. 10 Thermal structure of blanketing envelopes with differersigmetic fields. Left panel: temperature
profile (solid line in the left top panel) for an envelope wighound-state composition, with values
shown in the bottom left panel, for a neutron star with swefgeavityg = 1.6 x 104 cm s 2, magnetic
field B = 105 G directed at 45to the surface, and internal temperatilge= 6.7 x 10° K, which yields
the effective surface temperatufe= 3.16 x 10° K. The dot-dashed line is the melting line. The asterisks
confine the part of the profile where heat is carried by comvect~or comparison, the non-magnetic
profile with the samédy}, is shown by dotted line. Right panel: temperature profileséosbon blanketing
envelopes for a neutron star with= 1.4 x 1014 cm s72, T, = 10° K, and magnetic field8 = 0 (dotted
line), 102 G (short dashes), 33G (long dashes), 70 G (alternating short and long dashes), an#1®
(solid line). The vertical segment of the dot-dashed meltine corresponds to the maximum density for
carbon, according to the thermonuclear stability criterad|Potekhin and Chabrier (2012), where carbon
gives way to heavier chemical elements, which form a cry3taé heavy dots mark the position of the
radiative surface, whef€ equals the effective surface temperatiige

In the right panel of Fig._10 we compare temperature profigsafneutron star
with internal temperature £(K and heat blanketing envelopes made of carbon, en-
dowed with different magnetic fields. For the field strengipsto 134 G, the radi-
ation is formed in the gaseous atmosphere, whose densityigltg becomes larger
with increasing magnetic fields, due to the reduction of tfiecéve opacities dis-
cussed in Secf._4.4.1. The temperature profiles are ratheotmThe blanketing
envelopes are liquid at this temperature. At the largest filengthB = 10%° G,
however, the situation is qualitatively different. As wal in the case of the hotter
ultra-magnetized ground-state envelope in the left pahel heat is radiated from
the condensed solid surface. Below the surface, at der@itg &m 3, the tempera-
ture quickly grows, which causes melting of the Coulomb talywith formation of
a Coulomb liquid beneath the solid surface. With furthersiigrincrease, the profile
suffers a break gbg ~ 4.5 x 10° g cm 3 [Eq. (Z3)], where the electrons start to pop-
ulate the first excited Landau level, which is associatedl wie peak of the thermal
conductivity aroungbg (cf. Fig.[9).

As we have seen in Seff. }.4, the conduction is strongly &pjsic in these con-
ditions. Therefore the effective local surface tempemiyris non-uniform and de-
pends on the magnetic field geometry. Figuré 11 shows exangbléne relations
betweeriTs and T, deep in the crust for the magnetic fielBs= 102 G and 18° G
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perpendicular and parallel to the radial direction. Thatiehs obtained in the 1D ap-
proximation (Potekhin et &l. 2007) with and without allowarfor neutrino emission
are plotted by the solid and dotted lines, respectively. Wethat afl, < 108 K the
neutrino emission does not affélgt At higherT, > 10° K, in contrast, this emission
is crucial: if Q, = 0, thenTs continues to grow up with increasiflg, whereas with
realisticQ, the surface temperature tends to a constant limit, whickedéporB. In
most cases this limit is reached whgn~ 10° K.

Since the distribution ofs over the neutron-star surface is non-uniform in strong
magnetic fields, it is convenient to introduce the overdietive temperature of the
star, Tes;, defined by

4ToseRP T = Loh = / FondZ = Osg /T;‘dz, (39)

whereFy; is the local flux density andXlis the surface element. The quantities
Test, andLpp refer to a local reference frame at the neutron-star surfeice redshifted
(“apparent”) quantities as detected by a distant obsereefTdhorng 1977):

R*=R/\/1-rg/R  T&=Tetry/1-Tg/R Li=(1-rg/R)Lpn. (40)

The effects of quantizing magnetic fields on the thermakstme of neutron-star
envelopes were first studied by Hernqguist (1985) and sontelatea byl Van Riper
(1988) and_Schaaf (1990), using the 1D approximation. VaeR{1983) consid-
ered a neutron star with a constant radial magnetic fielchiswhodel, the quantum
enhancement of conductivity at nearpg, seen in Fig[9, results in an overall en-
hancement of the neutron-star photon luminosigy at a fixedT,. Consequently,
Van Riper (1991) found a strong effect of the magnetic fiBle- 10'* G on the
neutron-star cooling. However, Shibanov and Yakavlev 8)3howed that, for the
dipole field distribution, the effects of suppression of Heat conduction acro®
at the loci of nearly tangential field can compensate or evenpower the effect of
the conductivity increase near the normal direction of tleédfiines. This conclu-
sion confirmed the earlier conjectures of Hernquist (198%) &chaafi (1990). In the
2000s, detailed studies of thg—Ts relation in strong magnetic fields were performed
for iron envelopes (Potekhin and Yakovlev 2001) and acdrete/elopes composed
of light elements|(Potekhin etlal. 2003), as well as for thigdascale (dipole) and
small-scale (stochastic) surface magnetic fields (Pote&hal. 2005). These studies
confirmed the conclusions bf Shibanov and Yakavlev (1996) showed that in su-
perstrong field8 > 10 G the quantum enhancement of the conductivity and the
corresponding increase at at the places wherB is nearly radial overpowers the
decrease in the regions of nearly tangential field lineshabTes at a givenTy in-
creases. However, this may not be the case in the confignsatibere the field is
nearly tangential over a significant portion of the stellarface as, e.g., in the case
of a superstrong toroidal field (Pérez-Azorin et al. Z00&g®et al. 2007).

5.3 Non-radial heat transport

As we mentioned in Sedi_5.1, in the case whBris nearly parallel to the surface,
the 1D approximation fails, because the heat is transpafted) the field lines from
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Fig. 11 Local effective surface temperatufe as function of the temperatui at the bottom of a non-
accreted heat blanketing envelope with= 10'° g cm™3 for a neutron star with madd = 1.4M.,, radius
R= 126 km, and the dipole magnetic field with polar strenBh= 102 G (left panel) and 1¥ G (right
panel). Solid lines — 1D calculation with allowance for mewd emission from the crust, dotted lines —
neutrino emission is neglected. The upper dotted or solidecshowsTs at the magnetic pole, and the
lower curve curve shows; at the equator. The dot-dashed curve shows the result of 20utalculation
for Ts at the magnetic equator.

the hotter surface regions outside the considered patdieafurface. Therefore the
1D approximation overestimates the heat blanketing efifeggions with nearly tan-
gential magnetic fields. For a dipole field geometry it is anaqgrial region , whose
width can be estimated as10% of the radius (Potekhin etial. 2007). Since these re-
gions are also the coldest ones, their contribution to tted flux is negligible. Then
the 1D approximation well reproduces the integrated olezkfiux. However, it is not
the case for magnetars, which may have a complex field geprAeftD treatment
shows that the 1D approach is reliable in the regions whegnetic field lines make
a substantial angle to the surface (Kaminker et al. 20124 ®iit it predicts too low
surface temperatures when the tangential magnetic fieldraddes (see Section 3 in
Pons et al. 2009). Therefore for magnetars one must go beyentiD approxima-
tion. Complex field configurations which lack cylindricalrsynetry may require the
full 3D treatment, which has not been done yet.

In Fig.[11 we show results of 2D calculations in the dipoledfigtometry, com-
pared with the 1D results. In this case, we see a substantieédase ofTs at the
magnetic equator. This effect is especially pronouncedffersuperstrong field on
the right panel. In Append[xB. we give an analytical appnoation to thel, —Ts re-
lation in the case of a strong magnetic field, including tea$ of neutrino emission
from the crust.
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6 Thermal evolution of neutron stars
6.1 Cooling scenarios

Several tens of seconds after birth, the protoneutronraegtar has lost its excess
lepton content, it has finished its residual contractionta@bmes transparent to neu-
trino emission|(Burrows and Lattimer 1986; Pons et al. 198&berts 2012). Soon
after that, the temperature distribution in the highly coctil’e stellar core reaches
equilibrium, which is preserved thereafter throughout $ker lifetime (except dur-
ing short periods after catastrophic phase transitionsércore postulated by certain
hypothetical models).

In the initial cooling stages, the stellar crust is hottearttthe core, which is
rapidly cooled down by the copious neutrino emission. Thaing wave reaches the
surface within 10-100 years; thereafter, the star coolsrdimwthe quasistationary
regime. Since all currently observed neutron stars areaat Iseveral centuries old,
they should be in the state of quasistationary cooling, gixdering transient events
with significant energy release in the crust or the ocearudised below.

Cooling in the quasistationary regime goes through two mstiages. The first,
neutrino coolingstage lasts- 10° years. During this period, the core cools mostly
via neutrino emission. The secormhoton coolingstage begins when the low tem-
perature of the core makes the neutrino energy losses grttadie the losses due to
electromagnetic radiation from the surface (see, le.g.oMak and Pethick 2004, and
references therein). This occurs at the age d0° years, depending on the particular
stellar model and local conditions.

A theoretical cooling curve of an isolated neutron star,cliitshows the photon
luminosity of the staip or its temperature as a function of agedepends on the
stellar massdv, on the model of superdense matter in the core, which inqudati,
determines the intensity of neutrino emission and the En&lj@nce the stellar radius
R), and on the properties of the envelopes. The latter indlueléhermal conductivity,
which determine$ g at a given internal stellar temperature, the neutrino lwsity
Qu in the stellar crust, and the intensity of heating soutdeBor highly magnetized
neutron stars, the cooling curve also depends on the magdiedt B (on both its
strength and configuration), since it affects the microjts/éconductivities, EoS,
specific heat, etc.). Therefore, in general, the thermdugiem equations[{(4) should
be supplemented by the equations that describe evolutitimeaihagnetic field and
electric currents in the star, which leads to the thermoratigrevolution scenarios
(see the review by Mereghetti etial. 2015 and referencesithjer

By comparing theoretical cooling curves with the obseruggdandt of isolated
neutron stars, one can eventually place bounds on the tiedmnodels of super-
dense matter. At contrast, most neutron stars in binanesysthave an additional
source of energy (accretion) and an additional source chyKradiation (accretion
disk), often much more powerful than the surface thermaksion. For this reason,
they cannot be used to test cooling models.

The theoretical cooling scenarios are currently dividet two main classes:
“minimal cooling” and “enhanced cooling”. The enhancedloapimplies fast neu-
trino emission processes, such as Durca reactions (S&c#)2whereas the min-
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imal cooling does not include such processes, but may beneebaat the epoch
of the onset of the baryon superfluidity via the PBF neutrinission mechanism
(Sect[3.B), which helps to explain the variety of the obedrsurface temperatures
of cooling neutron stars (Gusakov etlal. 2004; Pagelet al4R00 spectacular ex-
ample is the neutron star CXO J232327.9+584842 in the QasisicA supernova
remnant, dubbed Cas A NS, which shows an unexpectedly dpptedempera-
ture decline during several years (Heinke and Ho 2010; Bishay et all 2013) (but
see Posselt etial. 2013 for tentative alternative inteficets of the observations).
This decline can be comfortably explained by the PBF emis@iRage et al. 2011;
Shternin et al. 2011; see also Ho et al. 2015 for a recent sisalycluding modern
observational data).

6.2 Heating mechanisms

In the course of their evolution, some regions of neutromsstaay not only cool
but also heat up by different mechanisms. For instance,dle pap of a pulsar can
be heated by a stream of electrons or positrons moving alpeg &ield lines from
the magnetosphere. The temperature of “hot spots” prodigeiis additional heat
deposited onto the stellar surface may be much higher traawbrage temperature
of the star (e.gl, Greenstein and Halitke 1983). Non-unifeeating processes occur
also during accretion episodes (elg., Inogamov and Sun28#&0). The hot polar
caps emit much more intense X-rays than the remaining sirfas a result, such
neutron stars become X-ray pulsars. Pulsed X-ray radiasiaaiso observed from
thermonuclear explosions of accreted matter at the sudhaeotating neutron star
(see, e.g., review hy Strohmayer and Bildsten 2006).

On the other hand, a neutron star may also be heated froneirsicexample due
to dissipation of a strong magnetic field (elg., Mirallespidrand Konenkov 1998;
Urpin and Konenkaov 2008; Pons etlal. 2009). It has been stegézat dissipation
of superstrong magnetic fields may be responsible for thie &fifpctive temperatures
of magnetars (Thompson 2001; see Mereghettilet al.|201%, feview). Noticeable
liberation of energy in the crust may also occur during stakes [(Haensel etlal.
1990; Franco et al. 2000; Perna and Fons 2011). Two heatinggses related to the
secular spin-down of the star have also been proposedxvomtep, the dissipative
motion of superfluid vortices through the neutron star c¢ddpar et al. 1984), and
rotochemical heating, the energy released by non-equitibbeta decays due to the
slow contraction of the neutron star as its centrifugal éodecreases (Reisenegger
1995).| Gonzalez and Reiseneggder (2010) performed a cotiveastudy of several
heating mechanisms and found that the rotochemical heatidgortex creep can be
most important for classical and millisecond pulsars. Bathcesses, albeit model-
dependent, can keep millisecond pulsars at a surface tatpeTes ~ 10° K.

Another class of neutron stars undergoing heating episadeguasipermanent
transients, i.e., those soft X-ray transients (SXTs) wleatiwe and quiescent periods
last a few years or longer. During high-state accretionagss, compression of the
crust under the weight of newly accreted matter results @pdeustal heating, driven
by exothermic nuclear transformations (Haensel and Zdi@g0, 2008). For a given
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neutron star model, one can calculate the heating curveisttize dependence of the
equilibrium accretion-fredqs on the accretion rate averaged over a large period of
time. There is a close correspondence between the theoheohtl states of tran-
siently accreting neutron stars and the theory of neutrancstoling ((Yakovlev et al.
2003). Comparing the heating curves with a measured equilible; value, one can
constrain parameters connected to properties of densemi#ttkovlev et al. 2004;
Levenfish and Haensel 2007;/Ho 2011). Wijnands et al. (20is8uds prospects of
application of such analysis to various classes of X-raggients. The SXTs that
have recently turned into quiescence allow one to probettte sf the neutron-star
crust with the observed decline &f;. [Brown et al.[(1998) suggested that during this
decline the radiation is fed by the heat that was depositéldeircrust in the preced-
ing active period. Such cooling is independent of the detithe star structure and
composition and therefore its analysis directly yieldoomfiation on the physics of
the crust. Observations of several sources can be interpieterms of this hypoth-
esis and yield constraints to the heat conductivity in thetmoa-star crust, as, e.g.,
for KS 1731-260/[(Shternin etlal. 2007; Brown and Cumming 2089E J1701—
462 (Fridriksson et al. 2011; Page and Reddy 2013), EXO 0gAB£Turlione et &l.
2015). The conductivity proves to be rather high, which nsetmat the crust has a
regular crystalline (not amorphous) structure. On the ottand, there are similar
objects which display variations of thermal flux that do nobform to the thermal-
relaxation scenario, which may be caused by a residual stovetion on the neutron
star in quiescence (Rutledge el al. 2002; Coti Zelati et@Gl42 Turlione et al. 2015).

6.3 Thermal luminosities of isolated neutron stars

The inferred effective temperature depends on the choicthefemission model
(blackbody vs. atmosphere models, composition, condesisédce, etc. — see Pa-
per 1), which typically results in variation ofif by a factora: 2 — 3, and it has even
larger theoretical uncertainties in the case of strong mtigfields. In addition, pho-
toelectric absorption in the interstellar medium furthenstitutes a source of error
in temperature measurements, since the value of the hydimemn densit\Ny is
correlated to the temperature value obtained in spectsaDifferent choices for the
absorption model and the metal abundances can also yid&tetif results for the
temperature. Last, in the case of data with few photons astttang absorption fea-
tures, the temperature is poorly constrained by the fit,ragldilarge statistical error
to the systematic one.

Because of these uncertainties, the luminosity may oftea better choice to
compare data and theoretical cooling models. Since it inmgiated quantity, it av-
erages effects of anisotropy and the choice of spectral mdde main uncertainty
on the luminosity is often due to the poorly known distancé¢hi® source. In many
cases, the distance is known within an error of a few, resyilih up to one order
of magnitude of uncertainty in the luminosity. In additidhe interstellar absorption
acts predominantly in the energy band in which most of thedfeidge neutron stars
emit (E < 1 keV). Clearly, hottest (magnetars) or closest (XINSsyses are easier
to detect (see Vigano etlal. 2013 and Paper I). Similarhhtodase of the tempera-
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Table 3 Cooling neutron stars; is the characteristic agg,is the kinematic age, antx is the unabsorbed
flux in the 1-10 keV band. The range of luminositiesncludes both statistical and distance errors; for
strongly absorbed sources (i.e., most magnetars) a minianhitnary factor of 50% uncertainty is assumed
to account for systematical model-dependent uncertainflata have been taken from Vigano etlal. (2013)
(see references therein and the online cataldgtitp: //www.neutronstarcooling.info.)

Source logo(te)  logsp(ty) l0g10(fx) d logyo(L)
[\l bl [egem?sY]  [kpc] [erg/s]

CXOU J185238.6+004020 8.3 3.7-3.9  -123 7.1 33.5-33.7
1E 1207.4-5209 8.5 3.4-4.3 -118 2138 33.0-34.0
RX J0822-4300 8.3 35-36 113 22603  33.5-33.7
CXO J232327.9+584842 - 2.5 -118 3.472%  33.4-336
PSR J0538+2817 58  ~4.6 -121 1.3:02  32.7-32.9
PSR B1055-52 5.7 - -134 0.73:t0.15  32.2-32.6
PSR J0633+1746 5.5 - —125 0.25'022  31.6-32.5
PSR B1706-44 4.2 - -121 2652 31.7-321
PSR B0833-45 4.1 3.7-4.2 -105 0.28:0.02  32.1-32.3
PSR B0656+14 50  ~49 -126 0.28:0.03  32.7-32.8
PSR B2334+61 4.6 ~4.0 -140 3192 30.7-321
PSR J1740+1000 3.1 - -138 1.4 32.1-32.2
PSR J1741-2054 5.6 - -125 0.8 30.4-31.4
PSR J0726-2612 5.3 - -140 1.0 32.1-32.5
PSR J1119-6127 3.2 3.6-39  -130 8.4:0.4  33.1-33.4
PSR J1819-1458 5.1 - -126 3.6 33.6-33.9
PSR J1718-3718 45 - ~132 457355  32.8-335
RX J0420.0-5022 6.3 - -1738 0.34 30.9-31.0
RX J1856.5-3754 6.6 5.5-5.7 -144 0.12:0.01  31.5-31.7
RX J2143.0+0654 6.6 - -131 0.43 31.8-31.9
RX J0720.4-3125 6.3 5.8-6.0 -133 02953  32.2-32.4
RX J0806.4-4123 6.5 - -134 0.25 31.2-31.4
RX J1308.6+2127 6.2 5.9-6.1 —121 0.50 32.1-32.2
RX J1605.3+3249 - B-67 -130 0.35:0.05  30.9-31.0
1E 2259+586 5.4 4.0-4.3 -103 3.2:t02  35.0-35.4
4U 0142+614 4.8 - -9.8 3.6t05  35.4-3538
CXO J164710.2-455216 5.2 - -12.2 4075  33.1-33.6
XTE J1810-197 4.1 - -117 3.6:05  34.0-34.4
1E 1547.0-5408 2.8 - -115 45t05  34.3-34.7
1E 1048.1-5937 3.7 - -108 2.7+10  33.8-345
CXOU J010043.1-721 3.8 - -125 60.6:3.8  35.2-35.5
1RXS J170849.0-400910 4.0 - -104 3.8:05  34.8-351
CXOU J171405.7-381031 30 =37 -114 13.2£0.2  34.9-35.2
1E 1841-045 3.7 2.7-3.0 -104 9.6'%¢  352-355
SGR 0501+4516 4.2 ~4 113 1552 33.2-34.0
SGR 1627-41 3.3 ~37 -116 11.0:0.2  34.4-34.8
SGR 0526-66 3.5 ~37 -120 49.7:15  35.4-3538
SGR 1900+14 3.0 3.6-3.9 -111 12.5:17  35.0-35.4
SGR 1806-20 2.6 28-30  -106 13.045  35.1-355
SGR 0418+5729* 7.6 - -140 2.0 30.7-31.1
Swift J1822.3-1606* 6.2 - -115 1.6:0.3  32.9-33.2

Notes.*The source has been recently discovered in outburst armbitichave not yet reached the quies-
cence level.
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ture, the choice of different models of absorption and cleat@dbundances can yield
additional systematic errors on the luminosity. Howewvertfie worst cases, the rela-
tive error is about 30%, making it usually a secondary soaf@gror compared with
the distance.

In Table[3 we summarize the properties of cooling neutromsBtand in
Fig. 12 we compare the observational data to theoreticalirgpaurves, from
Vigano et al. [(2013). Here, the theoretical results are pated by a finite differ-
ence method for 2D (axisymmetric) stellar configuratiorssng the SLy EoS model
(Douchin and Haensel 2001) at> pqrip and the BPS EoS (Baym etial. 1971) at
p < pdrip- The high Durca threshold of the SLy EoS has been artificlaiiyered for
illustrative purpose t@ = 10%° g cm 3, corresponding to the central density of a star
with M = 1.42M;, (see Vigano 2013 for details). For superfluid gap enertfiesphe-
nomenological model of Ho et al. (2012) has been adopted oftier microphysics
input is the same as in Sedi$.[2—4.

In the upper panel of Fi§._12 we show cooling curves for norgnedized neutron
stars with masses ranging between 1.10 and MZ6(lines from top to bottom).
After =~ 100 yr, low mass stard < 1.4M.) are brighter than high mass stars. For
the high-mass familyyl > 1.4M.,, the Durca processes in the central part of the star
result in fast cooling before one hundred years. Within tve-mass family, cooling
curves are similar at early ages (00 yr). The differences &t~ 107 — 10° yr are due
to the delayed transition of neutrons in the core to a supdriiate, which activates
the PBF neutrino emission. After the effect of the transitio a superfluid core is
finished, att > 10° yr, cooling curves for low-mass neutron stars tend to cogeer
again, following the same curve independently of the mass.

We see that luminosities of some objects in the upper parfébdii2 are system-
atically above the theoretical cooling curves. For the C@@s discrepancy can be
eliminated by considering accreted (more heat-transppdanketing envelopes, as
the lowest dashed line in the lower panel of [Eig. 12 demotedtrédowever, the high-
B objects still remain systematically hotter than what theotly can explain a8 = 0.
This provides strong evidence in favor of the scenario inclvhiagnetic field de-
cay powers their larger luminosity. In the lower panel we pame the observational
data to theoretical cooling curves for different valuesh# initial magnetic field up
to 3x 10'® G. The most relevant effect of the inclusion of the magnetildfis that
it allows to explain objects with high luminosities. Magiedields B > 10' G are
strong enough to noticeably heat up the crust and power therebd X-ray radiation.
Another important difference is that the cooling timesdalestrongly magnetized
objects is several times larger than for the weakly magaedtireutron stars.

7 Conclusions
We have considered the basic physical ingredients needédtdoretical modeling

neutron-star thermal evolution and briefly reviewed sontemé results on cooling
of magnetized neutron stars. The physics behind such thexoktion is extremely

3 Aregularly updated online catalog can be foun#ttp : //www.neutronstarcooling. info, with
abundant links to references for each source.
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Fig. 12 Comparison between observational data and theoreticéihgamurves (from Vigano et al. 2013).
The observational estimates of (errorbars) or constraint&rrows) the age and thermal luminosity corre-
spond to Vigano et al. (2013) and Table 3. The abbreviaiiotise legend mark different classes of neutron
stars with measured thermal radiation (MAG — magnetar ciatds, XINS — X-ray isolated neutron stars,
HB — highB radio pulsars, RPP — rotation powered pulsars, CCO — cerdrapact objects; see Paper I).
Upper panel: non-magnetic neutron stars with iron envedppithM = (1.10, 1.25, 1.32, 1.40, 1.48, 1.60,
1.70, 1.76)M;, (lines from top to bottom). Lower panel: a neutron star with= 1.4M., andR = 11.6
km, and three different cases with initial magnetic fielchat poleB = 0, 3x 104 G, and 3x 10'° G. The
magnetic field topology is that of Model A in_Vigano et al. (Z) (crustal confined). We show results for
iron envelopes (solid lines) and hydrogen envelopes (dbkhes).
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rich. Clearly, we could not consider it in depth in a singlgiegv paper. However,
the information that we have given, together with the refees to the formulae and
online resources elsewhere, should be sufficient to buikeLgron-star cooling model
involving only the simplest assumptions. We consideredtsic equations that gov-
ern the mechanical and thermal structure of a neutron staitathermal evolution,
the main contributions to the physical quantities that etitese equations — namely,
EoS and heat capacity, thermal conductivity, neutrino sivity, the effects of baryon
superfluidity and proton superconductivity and of strongymetic fields. In addition,
we present a novel fit to the relation between the internalexternal temperatures
and heat fluxes in the blanketing envelope, which includeseffiects of neutrino
emission from the crust and the effects of non-radial heaisport.

In this paper we have restricted ourselves by tipeu matter, without either
hyperons or “exotic” models that involve hyperon condeesatuark phases, mixed
phases, or phase transitions. We hope that an interester&zould be able to study
these issues in depth following the literature referenbas we have provided. We
have not considered also the equations of magnetic-fielligon, coupled to the
thermal evolution, which is especially important in magmst These equations are
given, for instance, in the paper by Mereghetti et al. (204 H)is volume, where ori-
gin, evolution, and observational manifestations of maapnseare reviewed in depth.
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Appendices

A. Electron thermal conductivities

In this Appendix, we briefly overview the physics of electiwat conduction in the neutron-star envelopes,
which is the most important heat conduction mechanism agdeghe neutron-star thermal evolution, in
the case oB = 0. The magnetic field effects on the heat conduction are deresil in Secf_4]4.

A.1 Weakly degenerate electron gas

In the case of non-degenerate and non-relativistic elest(@pitzer and Harm_1958; Braginskil_1958;
Spitzell 1962), the effective energy-averaged electrorcalision frequency is

4 [2m 7%¢*
Vei = 3 E T2 niNe, (A1)

whereAg is the Coulomb logarithm. In the considered cdggis a slowly varying function of density
and temperature. Its precise value depends on the apprioireaised to solve the Boltzmann equation,
but its order of magnitude is given by the elementary theattyere the Coulomb collision integral is
truncated at small and large impact parameters of the efextiThem\s ~ IN(rmax/Tmin), Wherermax and

I'min are the maximum and minimum electron impact parameters.pEn@meterrax can be set equal

to the Debye screening lengthy2, = 471(ne + Z%n;)€?/T. The second parameter can be estimated as
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I'min = MaxX(Ae, ra), whereAe (defined in Sec{Z2]3) limitsyin in the high-temperature regime (where
the Born approximation holds), angy = Z€/T is the classical closest-approach distance of a thermal
electron, which limits i, in the low-temperature, quasiclassical regime.

A similar effective frequency
8 /m ¢
Vee= 3V me 732 Ne\ee (A2)

characterizes the efficiency of tieecollisions. IfAee ~ Adi, thenvg /Vee ~ Z, therefore for large the el
collisions are much more efficient than teecollisions.

A.2 Strongly degenerate electron gas

A.2.1 Electron-ion scattering

The thermal conductivity of strongly degenerate electriona fully ionized plasma is given by Eq_({12)
with a = 12/3. In order to determine the effective collision frequerlugttenters this equation, we use the
Matthiessen rul&’ = Vg + Vee

The effective electron-ion collision frequency can be teritin the form[(Leg 1950:; Yakovlev and Urpin

1980)
AZngef NG ZAg 1+
Ve = = —. (A3)
3nh 57x1017s

Lee (1950) gave an estimate of the Coulomb logarithgn= In(rmax/Imin), With the minimum impact
parameteryin = h/2pg and the maximum impact parametgfax = a;.[Yakovlev and Urpini(1980) calcu-
lated the conductivities for relativistic degenerate &tats, neglecting electron screening, and obtained a
more accurate estimatgax ~ 0.4g; in the liquid regime. In the solid regime, where the electranatter
on phonons (collective ion excitations), Yakovlev and br(#980) obtained different approximations for
the two distinct case€)p < T < Ty andT < Op.

Potekhin et &l (1999) derived a unified treatment of thet@aaconductivities in the Coulomb liquid
and solid and described both regimes by Eg.A.3). Then gtiatly, by order of magnitude)g ~ 1
in the ion liquid, andAg ~ T /Ty in the Coulomb solid with a melting temperatufg. The effects of
multiphonon scattering, electron screening, and non-Bomections, have been taken into account, and
the Coulomb logarithms in both liquid and solid phases haenlitted by a single analytical formula. A
Fortran code and a table of thermal conductivities, basetierformalism, are available onliffe.

At the conditions typical for the envelopes of neutron stdne electron-phonon scattering pro-
ceeds mainly via the Umklapp processes, where the wavervesteesponding to the change of elec-
tron momentum lies outside the first Brillouin zohe. Raikld &akovleV (1982) noticed that ¥ < Ty =
szl/ 3ap/1+x2 /3%, then the Umklapp processes occur less often (“freeze OIitign the scattering rate
decreases$. Raikh and Yakovlev (1982) assumed an extremnehggexponential) decrease. This implied
that atT < Ty the conductivity would be in practice determined by impastand structure defects of
the lattice, rather than by the electron-phonon scattg@medin et al. 2001). However, Chugunov (2012)
showed that distortion of electron wave functions due teraattion with the Coulomb lattice destroys this
picture and strongly slows down the increase of the condtictiAs a result, the conductivities in neutron
star envelopes can be treated neglecting the “freezingedtlhe Umklapp processes.

A.2.2 Electron-electron scattering

Although the electron-ion scattering is usually most intaot for degenerate plasmas, the electron-
electron scattering still can be non-negligible for refally light elementsZ < 10) (Lampg 19€8). The
expression ofvee for the relativistic degenerate electronsTak« T, was obtained by_Flowers and [toh
(1976). Urpin and Yakovlev (1930) extended it to higher tenaures, wherg, < T < &F.

Shternin and Yakovlev (2006) reconsidered the probleruiting the Landau damping of transverse
plasmons, neglected by the previous authors. This effedtiésto the difference of the components of
the polarizability tensor, responsible for screening tharge-charge and current-current interactions:

4 http://wuw.ioffe.ru/astro/conduct/
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the transverse current-current interactions undergo ddyinal screening!” Shternin and Yakovlév (2006)
showed that the Landau damping of transverse plasmongytrotreases/ee in the domain ofx, > 1
andT < T, and presented a new fit t@e (also implemented in the code referenced in foothbte 4).

A.3 The case of intermediate degeneracy

In the case where the electron gas is partially degenetzejdT ~ &, the thermal and electrical con-
ductivities determined by the electron-ion scatteringsatisfactorily evaluated by the thermal averaging
procedure [EqL(33) in Se¢t_4.%.2]. For conductivitiesed®iined by the electron-electron collisions, there
is no such averaging procedure, but we can use an interpolaétween the two limiting cases,

2
b yde 11625(T /ep)

- ‘ A4
8T T 11 25T Jer + 271(T /)52 (A-4)

A satisfactory accuracy of this interpolation has beenfiegtibyl Cassisi et al. (2007).

A.4 Impurities and mixtures

If the plasma in an envelope is not a pure substance of a sihghaical element, then the effective collision
frequencyve should be modified. The required modification can be differdapending on the state of
the plasma and on the amount of impurities. For example, éi®wand Itoh|(1976), Yakovlev and Urpin
(1980), and Itoh and Kohyaima (1993) considered electrottesitey by charged impurities in a Coulomb
crystal. If the fraction of impurities is small and they asndomly distributed, then electron-impurity
scattering can be treated as scattering by charge fluatsatamntrolled by the impurity paramet€ =
((Z—(2))?), where (Z) = YiYiZj, Yj = nj/3jnj is the number fraction of ions of thih kind, and
Zj is their charge number. Then, using the Matthiessen rule,aam obtainvg as a sum of the terms
corresponding to the electron-phonon scattering in a h@megus lattice and to the electron scattering
by charge fluctuations. The effective relaxation time fa thtter term is given by EqL{AL3) witdA
replaced byy ; Y;(Zj — (2))2A;/(Z), where the Coulomb logarithu; depends generally oh Neglecting
the differences between the Coulomb logarithms, one castmiply replaceZ by Q/(Z) in Eq. [A3) to
estimate the conductivity due to electron scattering bygdwaimpurities.

An alternative approach is relevant when there is no doniiwenspecies which forms a crystal (e.g.,
in aliquid, a gas, or a glassy alloy). In this case, one carEgs€A.3) withZ2mAg replaced byy Ziznj/\j.
An approximation to\; based on the plasma “additivity rule” has been suggestetakRin et al.[(1999).
Neglecting the differences between the Coulomb logaritrens arrives at EqL{A]l3) witi replaced by
V/(Z?). If tabulated conductivities; for pure substances are used, then the best agreement Veititeea
tions based on the “additivity rule” is usually given by ttstimate

~ 2iViZiKi _ (KZ) AS5)
sYizi (@)

B. Temperature relations for envelopes of neutron stars wh magnetic fields

Here we present an analytical fit to the temperature dididbuover a surface of a neutron star with
a non-accreted envelope and a dipole magnetic field. We Havgenp, = 101° g cmi3 and used the
BSk21 EoS|(Pearson et al. 2012) in the parametrized fornekot et all 2013). The numerical data have
been produced with the 2D code |of Vigano et al. (2013) for bies of internal temperatur@, from

10 K to 1¢° K, 5 values of the magnetic field at the p@g from 101! G to 10" G, and 20 values of
magnetic colatitudé at the surface of the neutron star from 071¥2. The use of the 2D code corrects
the temperature distribution near the magnetic equatarauze the non-radial heat flow increases the
equatorialTs as compared to the 1D model that was employed previouslyHigeldl in Sec 5J2). These
data have been supplemented with more detailed calcutatibthe magnetic poléd(= 0) using the 1D
code of Potekhin et al. (2007) for 36 valuesTgffrom 1(°5 K to 10'° K and 9 values 0By, from 10 G
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to 10'® G. An important difference from the old results is the inamsof the neutrino emission from the
crust, which is especially important for the magnetars Geet[5). Because of the 2D treatment and the
allowance for neutrino emission, the new fit supersedesrhequs onel(Potekhin etlal. 2003), whenever
B> 10" G or Tp > 10 K. We stress that its use is restricted by non-accreted @iaeposed of heavy
chemical elements) envelopes in the range 610 < Ty < 10'° K and B, < 10'° G, which is covered

by the underlying numerical data. For envelopes vlitly 10'2 G (either non-accreted or accreted), the
previous fit can be used, however the surface temperdtufieut not the flux at the inner boundary, —
see item 4 below) should be limited for hot stars accordingdo[B.4) below.

The fit consists of 3 stages: (1) an expression for the suttanperature at the magnetic polg, as
function of Ty, g, andBy; (2) an expression for theatio of the polar to the equatorial surface temperatures,
Tp/Teq (3) an expression for the dependencdgbn the magnetic colatitud@. Since the thermal conduc-
tivities for quantizing magnetic fields (Selci.414.2) arewn for the electron-ion but not electron-electron
collision mechanism, we multiplieds by a correction factor, obtained numerically from a comgami of
the results of thermal-structure calculations with anchaiitt theeecollisions atB = 0. At the end of this
Appendix we suggest a recipe for relating the flgxat the bottom of the heat-blanketing envelope to
temperaturéls and thereby tdy,.

1. Atthe magnetic pole, the effective surface temperaturgleecting neutrino emission from the crust,
is approximately given by the expression

1/4
T80 = [gua(T¢ + (1+0.15vBp) TH] /* < 1P K, (B.1)
where
To= (157172 + 1.36T9)%%7% T, = 1.13B%1%T2, a=0.337/(1+0.02V/Br), (B.2)

To = To/10° K, and By, = B,/10'2 G. The limiting temperature, at whicF,(Ty) levels off due to the
neutrino emission from the crust is approximately given by

T\™ — (5.29285+0.093,/014B12) x 10° K. (B.3)

The corrected surface temperature at the pole, which tdkedimit into account, is reproduced by the
expression

0 0 —1/4
To= T [L+ (M1 (8.4)
2. The ratio of the polar to equatorial surface temperaturesbearoughly evaluated as
T . (12301—9)3'35512\/ 1+ 28%2 N 0.00668542 ©5)
Teq a (BJ_2+ 450Tg + 119812T9)4 Tgl/z + 0.002583:%2 ’ '

The numerically calculated,/Teq ratio has a complex dependence TyrandB at B > 10" G. In order
to keep our fitting formulae relatively simple, we do not r@guce these oscillations, but instead force the
ratio (B23) to converge to some average valuB gt 102 G. The numerical data oscillate in a complicated
manner around this average, with deviations reaching ugb#6. For smaller fieldsB < 3 x 10* G,
Eqg. [B8) reproduces the numerical data with typical erafrseveral percent (up to 10%). Note that
these significant deviations affect only nearly tangerfteld case, viz. the equatorial region, which is
substantially colder than the rest of the surface. Theeeifisrcontribution to the observed flux is usually
not very important.
3. Finally, the dependence of the surface temperature on tlgmetia colatituded is approximately

described by the expression

Ts(0)—Teq  (1t+a+ap) cog 6 where a; — Ty 10By

s , =/
To—Teq  1l+aicosd+axco 6 3 T91/2+0.1812T9’1/4

(B.6)

4. Note that the outer boundary condition to the thermal euatuequations[{4) involves the relation
between the heat flux densify through the boundary @t = p, and the temperaturg, at this boundary.
In the absence of the neutrino emission from the crust, thiswdary condition is directly provided by
the T, — Ts relation, because in this case (in the plane-parallel aiption) F, = 0sgTe. It is not so if a
significant part of the energy is carried from the outer chysteutrinos. In this case we suggest to evaluate
the flux through the boundary by the relatiBp= osgT?, whereT, is given by the above approximations
for Ts, but without the correctiori (Bl4).
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