Multiple—Scattering Phenomena
in the Scattering of Light from
Randomly Rough Surfaces

A. A. Maradudin

Department of Physics and Astronomy
and Institute for Surface and Interface Science
University of California, Irvine, CA 92697, USA



Multiple-Scattering Phenomena A.A. Maradudin

Collaborators

e Vittorio Celli - University of Virginia

e Valentin Freilikher - Bar—Ilan University, Ramat—Gan, Israel

e Zu—Han Gu - Surface Optics Corporation, San Diego, California

e Tamara A. Leskova - Institute of Spectroscopy, Troitsk, Russia

e Jun Q. Lu - University of California, Irvine

e Arthur R. McGurn - Western Michigan University

e Eugenio R. Méndez - CICESE, Ensenada, B.C., México

e Thierry R. Michel - University of California, Irvine

e Jose A. Sanchez—Gil - Instituto de Estructura de la Materia, Madrid, Spain
e Andrei V. Shchegrov - University of California, Irvine

e Phuc Tran - Naval Air Warfare Center, China lake, California



Multiple-Scattering Phenomena A.A. Maradudin

1. Introduction

2. Scattering from One—Dimensional Random Surfaces
2.A. Small-Amplitude Perturbation Theory
2.B. Many—Body Perturbation Theory

2.C. Computer Simulations

3. Computer Simulations of the Scattering of Electromagnetic

Waves from a Two—Dimensional Random Surface
4. Angular Intensity Correlation Functions

5. Second Harmonic Generation in Reflection from a Randomly

Rough Metal Surface

6. Some Directions for Future Research



Multiple-Scattering Phenomena A.A. Maradudin

1. Introduction

P polarization
Transverse Magnetic polarization

S polarization
Transverse Electric polarization
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Coherent (Specular) Scattering
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Incoherent (Diffuse) Scattering
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2. A One—Dimensional Random Surface

vacuum X1

WMWM%—»

The surface profile function ((x1) is a single—valued function of z; that is
differentiable as many times as is necessary, and constitutes a stationary,
zero-mean, Gaussian random process, defined by

(C(z1)) = 0
(C(z1)¢(x1)) = W (|z1 — 7))

1

0 = (C(z1))®.
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We introduce the Fourier representation

ood/\ |
)= [ SEE@en,

— 00

where

(C(q)) =0

AN

(C(a)C(q")) = 2md(q + ¢')%g(la))-

g(|q|) is the power spectrum of the surface roughness,

O

g(lgl) = /d:clwqg;l\)e—iqml.

— 0
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A Zero—Mean, Stationary, Gaussian Random Process

All odd—order correlation functions vanish. For example,

(C(@1)¢(21)¢(77)) = 0.

Even-order correlation functions are sums of products of two-point correlation
functions in all possible independent combinations. For example,

where each contraction is given by

(C(@1)¢(2h)) = 6°W (|21 — 1)
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Similarly,
(C(@)S(q")C(g")) = 0, et
and
(C(@)C(e)C(@NCd™) = (C(a)d(@))(Cla")(d™)
+ (@)@ (C(d)Cd™)
+ (C(@)<(@"))(Cd)i(d"),
where
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Multiple—Scattering Phenomena

A commonly used power spectrum is the Gaussian power spectrum
9(lq|) = Vmae™ /4,

a is called the transverse correlation length of the surface roughness.

g(lgl)wic
N

gc/w

This power spectrum corresponds to a surface height autocorrelation function

W (|jz1]) = e=*i/e".
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A second power spectrum that we will use is the West—O’Donnell power spectrum
— kmzn)@(kma:v =+ Q)]a

T
g9(lql) = [O(q — kmin)O(kmaz — @) + O(—¢
kma:n - kmzn
where km/in — ksp (w) e % sin Qmaa:a an/CLLB — ksp (w) + % sin Qmaa:
1/2
W e(w) W
k. — —Re | ——— > —.
p() c e[e(w)+1] c
_ksp(w) ksp(oo)
8 T :
K -k, Kiin | Kia
6 |
3
24
2 -
92&)/0 —1dc Odc ldc 2wlc

q
This power spectrum corresponds to a surface height autocorrelation function

sin km,m:vl
T

sin Kmaxz®1

T
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P Polarization

xr3 > C(xl)maa:

(0. @)

' ; d : .
H2> ($1,$3|w) — elkx1—zao(k,w)x3 4+ / %R(ﬂk)ezqacl—mao(q,w)xg
where
w2 1/2
ap(q,w) = [C—Q - 2] gl <w/e

r3 < C(xl)mzn
0o

d ) —ia(q,w)x
Hy (21, 23|w) = / ﬁT(q\k)eml (g:w)zs.

— 0

where

1/2
a(q,w) = [e(w)— — 2] Rea(q,w) > 0,Ima(q,w) > 0.
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Differential Reflection Coefficient (0R/00;):

OR 50— fraction of total time-averaged
005 incident flux scattered into(fs, 05 + dfy)

OR 1 w cos?é,

= k|2
00, Ly 2mc cos b [R(glk)[

where L; is the length of the x;—axis covered by the random surface, while 6
and 6, are the angles of incidence and scattering, respectively, and are related to
the wavenumbers k£ and q by

w . w .
k = —sin 6y, q = — sin ;.
C c

Since we are concerned with the scattering of light from a randomly rough
surface, it is the mean differential reflection coefficient that we need to calculate.
It is given by

w_cos 0. (| R(q|k)|?).

1 2mwe cos fg
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We can write

Then

OR 1 w cos?é,

(550 = (R(glk))I

L1 27e cos g
1 w cos?é,

L oo confy (HCAIE) — (RGIR)E).

The first term is the contribution from specular or coherent scattering:

<8_R> 1w cos? 0,
8(93 coh —

[(R(qlk))I?

L1 2me cos 6

The second term is the contribution from diffuse or incoherent scattering:

(Gpdineon = e 2 Ralb) — (Rlalh)) )

L1 2me cos 8

1 w cos?6,

= I 5 cosae IR@R) = [(R(alk) 7]
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Reduced Rayleigh Equation

P polarization

| SEMGloR(aR) = -N),

where

pq + a(p7w)a0(%w)
a(p,w) — ao(q,w)

I(a(p,w) — ag(q,w)|p — q)

pk — a(p,w)ag(k,w)
a(p,w) + ap(k,w)

I(Oz(p, w) + Ozo(k,w)’p - k)

(@)

I(v|Q) = /dxle—iQxle—WC(ﬂfl).

— 0
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2.A. Small-Amplitude Perturbation Theory

We seek a solution of the reduced Rayleigh equation in the form

R(q|k) = 216(q — k)Ro(k) + x1(qlk)C(q — k)

o0

1 d ~ ~
+5 | ExalalmBla — p)or ~ b

— 0

/dpl / @Xf& (q|p1lp2|k)C (q—pl)/\(pl )E(p2_ )+

where

RO (]f) _ e(w)apg(k,w)—a(k,w)

e(w)ag(k,w)+a(k,w)”’

and the {x,} are calculated recursively.
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1

i / Z_ig(\q —pDg(lp — kI) [Ix2(alpl®)* + x2(alplk)x5(alg + k — plk)]

1 X
+§54Reg(\q — k|)x1(qlk)

0

X / ;1—]9 [{xa(alplalk) + xa(alplp + & — qlk) }a(|p — ) + xa(alk|plk)g(lp — kI)]

r
— 00

+0(56)}.
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Silver: e = —7.5 4+ 10.24, A = 457.9nm, 0 = 5nm, a = 100nm, 0y = 20°
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Gold: e = —9.0 +41.29, A = 612.0nm,
0 = 10.9nm, 0,1, = 13.3°, kimin = 0.827w/¢, kmar = 1.288w/c.
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2.B. Many—Body Perturbation Theory

OR _ 2 (wN\? o 2 Alqlk) Alglk) 2
(Gr) =2 () cobcostlGlal | X(ah)+ S+ 8 6P
where

e—1]°
X(alh) = || leak - ata)ath ) 2g(lq - k)
Aalk) = 2C°ALX (alkp) X (huplh) + X (a] — hup) X (kg )
202D (X (alkop) X (~kaplB) + X (a] = ko) X (hsplh)],
_w(_lal \? _ _
= (fit) - emdtr Anacas
[=[A% - AL]2 = [Ad(Ac +24,)]%,
1w €2

W 2 ‘61‘3 5
e = —— 1 ) AS :CImM ks :2 — 5 st .
2c ‘61‘5(’61’_1)3/2 p ( p) (C> (|€1|_1)4 g( p)
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Silver: A = 457.9nm, e¢(w) = —7.54+40.24, § = bnm, ¢ = 100nm
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Experiment
—— SAPT J\
MBPT f/ \\\

Gold: A =612.nm, €(w) = —9.04+41.29, § = 10.9nm, k,,;, = 0.827w/c,
kmaz = 1.288w/¢, Opmaw = 13.3°.
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surface waves

-~ - RN N
N\ V2 \\/ &

In scattering the phase difference between a path ABCD and its reciprocal
partner A'CBD’ is

A¢ =rpc- (kzn + ksc)

Constructive interference (A¢ = 0) occurs when k;,, + k. = 0, i.e. when

ksc,|| - _kin,” and ksc,J_ — _kin,J_



Multiple-Scattering Phenomena A.A. Maradudin

Scattering Angle [deq]

Silver: A = 1152nm, €(w) = —61.0 +i6.2, § = 11.1nm
kmin = 0.724w/c, kpar = 1.086w/c, O = 10.4°.
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Scattering Angle [deqg]

Oy = 52°
Silver: A = 457.9nm, €(w) = —7.5 4+ 40.24, § = 13.74nm
kmin = 1.Tw/c, kmaz = 2.25w/¢, Omar = 15.9°.
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Intensity [arb. units]

-60 -40 -20 0 20 40

Scattering Angle [deqg]

O’Donnell and Méndez (1987)

The intensity of light scattered in plane from a considerably rough
two—dimensional random surface measured as a function of the polar scattering
angle.

The incident light is s—polarized, its wavelength is A = 633nm, and the polar
angle of incidence is 6y = —20°.

(0) s — s scattering data; (+) s — p scattering data.
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2.C. Computer Simulations

L/2
metal, semiconductor

L/g=4-5
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The scattered field is

Hs (21, 23|w)sc = / Z—ZR(Q,W) expliqr1 + icg(q, w)ws]
where
i D
R(q,w) = m / dxq exp|—iqr; — iag(q,w)((z1)]
x {i[q¢" (x1) — ao(q, w)]|H (z1|w) — L(z1|w)}
where
H(a1lo) = H (@1, zaw) L(w1lw) = o HF (21, 3lw)|

x3=C((x1)
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The equations satisfied by H(x1|w) and L(xy|w) are

(©@)

Bl = Hmummf%/dmwﬂwmmoﬂwmn—L@@wmwmww
0 - ;/MWWWm@mww—dwmmwwwm

where 1 is a positive infinitesimal,
H(xllw)inc — H2> (xla C(ajl)’w)inca

and

HO(@e}) =

(i)nwﬂﬂﬁmwﬂun—%P+%dm)—d%)+mﬂ%
T ne(an — 2) + (((ar) — () + )2
X (@1 —2))¢(2) = (Clwn) = ¢(ah) + )]

4
To obtain H©) (x;|z}) and LO (x|z}) set n. = 1 in H)(zq]2)) and L) (z1|z}).

L@l = JHS (neZl(er — 21) + () — ) + m)F)
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A single realization of ((x)

0 = 1.5um, a = 4pum.
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Single realization

p— polarization, 6o = 0°

2 A,

i\
0 -30

Silver: A = 612.7nm, e(w) = —17.2 4+ i0.498, a = 2pm, § = 1.2um
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A =0.6127 pm A =0.6127 pm
€=-17.2+1i0.498 €=2.65
8,=0° 8,=0°
0

<0R (8,)/060,>,,
<0R (8,)/060,>,,

\ \
30 60 90

Scattering Angle [deg] Scattering Angle [deg]

A =0.6127 um
£=2.65
8,=0°

A =0.6127 pm
€=-17.2 +i0.498
8,=0°

<0R5(95)/aes>inc
<0Rs(es)/aes>inc

\
30

Scattering Angle [deg] Scattering Angle [deg]

Metal (Silver) Dielectric (Photoresist)
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Phase difference between paths ¢ is ¢ oc 2560,(D) .

Expect maxima when

2
($) = %98<D> —n2r n=0,%1,42, ...,
i.e. when
g, = .
(D)
expect subsidiary minima when
n+ =)\
0, = Q n=0,+142, ...

(D)
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Therefore, the width of the enhanced backscattering peak (at normal incidence )
is suggested to be

The standard deviation of ¢ at 0, = nA/(D) is

oD Od
0s=n\/<D> — 2”’”’@ ~ 27T|n|@-

O¢

For n > 2, 04 is large enough to wash out higher order subsidiary maxima.
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In the presence of coherence

Intensity = |4+ A|?
= JAPP+ A*A 4+ AA* +|A)?

= 4|A|2 (A= A).
When coherence is lost

Intensity = |A|*> +|A]? =2|4]°7 (A= A).
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Comparison of experimental and computer simulations results for the elements of

the Stokes matriz

Scattering Angle [deqg]

Gold: A =3.392um, 6 = 1.73um, a = 3.43um, 6y = 10°
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a Two—Dimensional Random Surface

3. Computer Simulations of Scattering from

The surface is defined by

T3 = C(x)).

The surface profile function ((x|) is a single-valued function of x| that is

differentiable with respect to 1 and x5 and constitutes a zero—mean, stationary,
isotropic, Gaussian random process
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Perfect Conductor

]
=
=)
a
|
=
£
1
[

A=457.9nm, d = A, a =2\, W = 3\, 0y = 0°, ¢9 = 0°
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100 realizations
6th iter.

s-pol (90°)

s-pol (0°)

-90 -60 -30 O

€=-75+/0.24
p-pol inc.

p-pol (0°)

p-pol (90°)

30 60 90

Scattering Angle [deq]

A=457.9nm, d = A, a =2\, W = 3\, 0y = 0°, ¢9 = 0°



Multiple-Scattering Phenomena A.A. Maradudin

4. Angular Intensity Correlation Functions

e(m)
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The angular intensity correlation function we are interested in is

Clq, klg', k') = (61(qlk)oI(q'|K")).

where
01(qlk) = I(qlk) — (I(q|k)).
The intensity I(q|k) is given by

Il = - (

w

) 1S(alk) P

C

o 5 1/2
S(qlk) = (%) R(qlk)

is the scattering matrix. In these expressions
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Because of the correlation of an intensity with itself is
stronger than the correlation of two different intensities,

a peak in C(q, k|q', k') is expected when q = ¢ and k = K .

INEREN the memory effect.

Because S(q|k) is reciprocal, S(q|k) = S(—k| — q), a peak
in C(q, k|q', k") is also expected when q = —k' and

A ERER (he reciprocal memory effect.
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In terms of S(q|k)

[(S(qlk)S™(qlk)S(q'|k")S™(¢'|K")) — (S(qlk)S™(q|k)){S(q'|K")S™(d'|K'))].

This expression contains purely specular terms, i.e. terms proportional to
216(q — k) and/or 2wd(q" — k’). To eliminate these uninteresting terms we

introduce

05(qlk) = S(qlk) — (S(qlk))
= S(qlk) —2md(q — k)S(K).

Then the contribution to C(q, k|¢’, k") free from specular contributions can be
written

1 w?
L2 ¢2

+  (0S(qlk)85™ (qlk)dS(q'|K")6S*(¢'|K))c],

Clq, klg', k) {05 (alk)oS™ (a'|K))I* + {05 (alk)oS(q'|K")]*

where < --- > denotes the cumulant average.
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Due to the stationarity of ((z1) (65(q|k)dS*(¢’|k")) is proportional to

2m0(q — k — ¢’ + k') and gives rise to the C(M) correlation function. The average
(05(qlk)dS(d'|k")) is proportional to 276(q — k + ¢’ — k") and gives rise to a
correlation function, overlooked in earlier studies of C(q, k|¢’, k"), that is now
called the C19) correlation function. The last term gives rise to the C(?) and
C®) correlation functions, and to a new correlation function called the C'(*-5)

correlation function.

Since 2wd(0) = Ly in one dimension, when the argument of the delta—functions
vanishes, C(") and C19 are independent of the length of the surface, because
they are proportional to [275(0)]?. At the same time,

(65(q|k)0S* (q|k)0S(q'|k")6S* (¢'|k")). is proportional to L', because it is
proportional to 2wd(0). Therefore, in the limit of a long surface or a large
illumination area, the contributions from the latter term are small, and vanish in
the limit of an infinitely long surface. Consequently, they are weak and will not
be considered further here.
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If it is assumed that S(g|k) obeys complex Gaussian statistics, a consequence of

the central limit theorem, the expression for C(q, k|q’, k') becomes

1 w?
L? ¢?
= CW(q,kl¢, k) +C1(q, kld, k).

Clq, klg', k) {05 (alk)oS™ (a'|K))I* + {05 (alk)oS(q'|K')]*]

If it is further assumed that S(gq|k) follows circular complex Gaussian statistics,

the expression for C(q, k|q’, k") simplifies to

2> (05(alk)SS* (¢ |K))|* = CD (g, klg', k).

This approximation to C(q, k|q’, k') is often called the factorization
approximation to it.

Thus, (65(q|k)6S*(q|k)dS(q'|k")0S™*(¢'|K")). gives the correction to the prediction
of the central limit theorem due to the finite length of the random surface.
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The property of the speckle pattern that is characterized by the presence of the
factor 276(q — k — ¢’ + k') in C M (q, k|¢’, k) is that if the angle of incidence is
changed so that k goes to k' = k + Ak, the entire speckle pattern shifts in such a
way that any feature initially at ¢ moves to ¢’ = q + Ak.

This is the memory effect.

The property of the speckle pattern that is characterized by the presence of the
factor 276(q — k + ¢’ — k') in C(19 (¢, k|¢’, k') is that the speckle pattern is
symmetric with respect to the specular direction (in wavenumber space).
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Silver: A = 612.7nm, e(w) = —17.2 4 0.498, § = 8nm, a = 400nm
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West—O’Donnell power spectrum 6,,,,, = 13.5°
...... Gaussian power spectrum a = 129.1nm.

Gold: e = —9.0 ++¢1.29, § = 10.9nm, 0y = 1°, 6, = —5°
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-10 0 10

Scattering Angle [deq]

Experimental results for the correlation functions C(1) and C(10)

6y = 6.3°, 05 = 8.6°, A = 612.7nm, €(w) = —9.0 + i1.29 (Gold)
The surface roughness is characterized by the West—O’Donnell power spectrum
with 6 = 115.5nm

West and O’Donnell (1999)
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5. Second Harmonic Generation in Reflection from

a Randomly Rough Metal Surface
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The Nonlinear Boundary Conditions

p—polarized incident light

H(x:|2w) — H<(21]2w) = 2p3¢ ™% (1) L(z1|w) g2 H (21 |w),

where ¢(x1) \/1
H(SE‘1|Q) = Hs (x1,((21)|9),

H<(5131\Q) = H2<(331,C(3?1>\Q)7

0
($1|Q) 8NH>(CU1,£U3|Q) :
x3=((x1)
8 <
L=(z1]Q) = o 2 (21, 23(92)
r3=C((x1)
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s—polarized incident light

H(z1|2w) — H<(z1]2w) = 0,

L(z1|2w) — L= (21 |2w) = — 22119 -4 F? (74 |w),

dCCl

where

E(r1|w) = E2>(371,C(331)’W)-
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. 7TH1 I (1) (1) (1) (1) i
g(’q‘) — k'v(vigbcc . ]{‘(1) @(q _ kmzn)@(kmax _ Q) + @<—q _ kmzn)@(kma:ﬂ + Q)_
7TH2 i 2 2 T

+ ]{‘(2) B ]{‘(2) _@(q i k‘ﬁnZn)@(kgzmj _ Q) + @<—q o kfnZn)@(k‘vgng + Q)_ )

where O(z) is the Heaviside unit step function.

H{+H,=1
kq(frlbgn < kszo(w) < k%zmm
k"fsz)n < ksp(QCU) < kv(vzzmm
Q e( 2
ksp(2) = Re | — ( :

c\le(Q)+1
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Rectangular power spectrum centered at ks, (2w)
H, =0

IMensity

~
L

cm2
Watt - Rad

Counts/set

[ T < |
i

&4

JEr—
= 5]

0 =11.1lnm

e VA

e(w) = —56.25 4 70.60
€(2w) = —11.56 + 10.37
A = 1064nm

@

B -




Multiple—Scattering Phenomena

A.A. Maradudin

Rectangular power spectrum centered at ks, (2w)
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€(2w) = —11.56 + 10.37
A = 1064nm
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Rectangular power spectrum centered at ksp(w)
Hy =0, 0 = 28.3nm, 0,,4, = 15°

Experiment
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Gaussian power spectrum

0 =1.81pum, a = 3.4um

[cm?/Watt-Rad]
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6. Some Directions for Future Research

o Accurate and fast numerical algorithms and accurate
approximate analytic approaches to the scattering of

light from two—dimensional randomly rough surfaces
e Grazing angle scattering

e Scattering from the randomly rough surface of an

inhomogeneous medium

e The inverse problem



Multiple-Scattering Phenomena A.A. Maradudin

Coherent Interference of Nonreciprocal Scattering Sequences

N—-type semiconductor in a magnetic field

The dispersion curves for surface polaritons at a planar n—GaAs/vacuum
interface. The external magnetic field is parallel to the interface and

perpendicular to the direction of propagation of surface polaritons.
(a) H =0; (b) H =2.46-10*G; (c) H = 3.28 - 10*G; (d) H = 4.1 - 10*G.
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sinfy, = —sinfy + — [ky (w) — k_(W)]
w
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-80 -40 0 40 80 -80 -40 0 40 80

Scattering Angle [deg] Scattering Angle [deg]

n—GaAs: 0 = 3.14um, a = 15.14pum, \ = 43.2um, and 6y = 5°.
(a) H=0; (b) H=2.46-10°G; (c¢) H = 3.28 - 10*G; (d) H = 4.1 - 10*G.
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Scattering of Light from, and its Transmission through,

Guided Wave—Supporting Structures Possessing Random Surfaces
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In a structure that support NV guided waves with wavenumbers
k1(w), ka(w), ... kn(w), the phase difference between a scattering path
(ABCD),, and its reciprocal partner (A’BCD’),, is

A¢nm =Trpc- (kzn + ksc) + ’rBC’|(kn - km)
Constructive interference (A¢ = 0) now occurs if

k., = kn k.. = —k;, (enhanced backscattering)
kn # km ks # —kip, (satellite peaks).

In an N— mode structure, ky(w), ka(w), ... ky(w), satellite peaks occur at

scattering angles 6, given by
Sin ™™ = — sin g £ — [kn (W) — ko (W)]
w

where 60 is the angle of incidence.
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In transmission the phase difference between a scattering path (ABCFE),, and its
reciprocal partner (A’BCE’),, is

Agbnm = TIpBc- (kzn + k:c) + ‘rBC"(kn — km)
k:c — ksc,||5%1 + ksc,J_(_QAUS)

Constructive interference (A¢ = 0) now occurs if

kn = kn ki. = -k (enhanced transmission)

k., # kn k. # —kin (satellite peaks).

In an N— mode structure, ki (w), ka(w), ... ky(w), satellite peaks occur at

transmission angles 6; given by
c

sin (9?’m — —sinfy + ” [kn(w) — km(w)] 3

where 6 is the angle of incidence.
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A Free—Standing Metal Film
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Silver: A = 457.9nm, ¢(w) = —7.5490.24, § = bnm, a = 125nm, d = 35nm,
Oy = 4°
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Silver /Glass: A = 632.8nm, § = 11.8nm, ¢ = 120nm, d = 85nm, D = 5mm,

0o = 20°
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A Thick Dielectric Film on a Perfect Conductor

BaSO4

n = 1.628 + :0.003
0 =1.2um

a = 2um

A = 632.8nm

d = 4.8um

0o = 5°

(b) Semi-infinite BaSOy4
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A Dielectric Film on a Planar Gold Substrate

n =1.41

0 = 1.08um
a = 3.06um
A = 632.8nm
d = 8.5um

0y = 5°






