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Scattering Geometry

vacuum

perfect conductor

The surface profile function ((x1) is a single-valued function of z; that is
differentiable and constitutes a random process, but not necessarily a stationary
one.
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S-Polarization

E(x;t) = (0,FEs(x1,23|w),0)exp(—iwt)

H(x;t) = (Hi(z1,73|w),0, H3(x1,23|w))exp(—iwt)
$3>C($1)mam

Es (x1,23|lw) = explikz — iag(k)xs]

o0

n / Z—ZR(q\k) expliqry + i (q) T3],
where
ao(q) = [w/e =P ol <we
= il®— W/} g > w/e

A.A. Maradudin
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Mean Differential Reflection Coefficient (0R/00;):

OR _ ,
50 dfs = fraction of total time-averaged
incident flux scattered into(6s, 05 4+ df)
OR 1 w cos?6
= *|R(q|k)|?
00 L1 2me cos g [R(glR)I",

where L, is the length of the xi-axis covered by the random surface, while 6
and 6, are the angles of incidence and scattering, respectively, and are related to

the wavenumbers k& and q by

k = (w/c)sin by, q = (w/c)sinby.
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Since we are concerned with the scattering of light from a randomly rough
surface, it is the mean differential reflection coefficient that we need to calculate.

It is given by

R(qlk)I?),

OR _LLCOS293<
00, / — Li 2mwc cos B

where the angle brackets denote an average over the ensemble of realizations of
¢(z1).
In the Kirchhoff approximation

<8R> 1w 1 [1+COS(90+93)]2

00, L 2mccosby | cosbBy + cos by

. / dz; / da expl—i(q — k) (z1 — o)) {expl—ia(¢(z1) — ((z))])

a= E(00890 + cosby).
c
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Geometrical Optics Limit of the Kirchhoff Approximation

r, = T1t+Uu

112

((z1) = ¢(xy) = ((z1) — (21 +u) = —uf' (1)

OR 1 w 1 1 4 cos(fg + 05) 2
00, Lq 2mecosBy | cosBgy + cos by

x 7 dz: 7 du expli(q — k)u]{exp iauc’ (z1)).
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Ty = Nb n=0,x1,%£2,...

((r1) = apnx1 + by nb <z <(n+1)b,

where the {a,} are independent identically distributed random deviates, and b
is a characteristic length. Therefore, the probability density function (pdf) of a,,

f(v) = (0(y — an)),

is independent of n.
For this surface

('(x1) = aq nb < x; < (n+1)b.
In order that the surface be continuous at 1 = (n + 1)b
an(n+1)b+b, = ani1(n+1)b+ by
or
bpi1 =bn — (N4 1)b(ant1 — an).

It is convenient to choose by = 0, and we do so.
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7 da 7 duexpli(q — k)u](exp iaul’ (1))

= /duexp[i(q—k)u] Z / dxq {(expiaua.,)
— 00 n=—N nb
00 N_1 (n+1)b 00
= [dueplite -1y Yo [ oy [ dvs(o) explian)
—00 n=—N —00
— L [ duexplia— byl [ drf(o) explian)
—Li [ dvi)emsa—k+ )
B 27TL1f k—q\ 2w L4 sin fy — sin 6,
o a ) (w/c)(cosOy+cosby)” \ cosy+ cosb )’

where L1 = 2Nb.
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<8R> _ [1 + cos(fy + 05)]? / ( sin 6y — sin 6 )

00, cos By (cos Oy + cos )3 cos By + cosby)
Set
sinfp —sinfy
cosfy + cosly 7
so that
(1 —~?) cosfy — 2 sin b
cosfly = :
1+ 2
, (1 —~+?)sinfy + 2 cos by
sin @, = .
1+ ~2
Then

f(y)

2 cos 0y < OR

_ . 00).
1+ ~2 cos by + vsin b (905>( 7 60)
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At normal incidence, 0y =0

OR\ 1 I —sin 6,
00,/ 1+ coséb, 1+cosf, )

It follows from this expression and the normalization of f(7) that

r
2

OR
/<898>d93‘1'

T
2

Set
% = tan 9—8 = .
1 + cos b, 2
Then
(50 ) ()= 50475
so that

1) = 1= (g ) )

independent of the wavelength of the incident light.
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A Band-Limited Uniform Diffuser

aR @(Qm o ‘HSD
00, 20,,,

O(tan(0 /2) — | tan(6,/2)[)
20,,

9(%71 B ’7’)
4tan~1,,

where 7, = tan(6,,/2). Therefore
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A Band—Limited Uniform Diffuser

100

-0.2 :
-500 0 500
X, [um]

A segment of the surface profile function ((x1) and the derivative (’(x1) of this

surface profile function. b = 22um.
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Kirchhoff approximation

L=44,000pm
15 ¢ — . 1 |
=] | |
% 1.0 - [ i
S~
0 —— b=22pm
© 05+ ——— ideal distribution i
i | | |
0.0 '
1.5 t . i
IZIw r
D 10 - 1
S
o — b=220pm
© 05+ ——— ideal distribution i
0.0 S E N
-40 -20 0 20 40
&)

S

The mean differential reflection coefficient (0R/00s) estimated from

N, = 120, 000 realizations of perfectly conducting surface profiles: 6,, = 20°,
A = 632.8nm.
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A rigorous computer simulation calculations

A perfectly conducting random surface

1.8

1.6 [ .

12+ | § |

1.0 - § § i}

<9R/00>

0.8 - _
- —e— p polarization 1
S polarization m

------ ideal distribution | |
0.4 - | ’ ]

0.2 - J L -
OO | : i I | I | I | I i : |
-40 -30 -20 -10 0 10 20 30 40

6 [deq]
The mean differential reflection coefficient (0R/06;) estimated from N, = 20,000

realizations of perfectly conducting surface profiles: #,, = 20°, b = 22 um,
A = 632.8nm.

0.6 -
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A rigorous computer simulation calculations

A perfectly conducting random surface

I I
1.5 - - - 1
i I
1.0 - : — A=632.8 nm I ]
f — — - ideal distribution ]
05 - I 7
00— - |
I I
o 15 S - 1
) i I |
® 10 ¢ | A=532 nm I 7
o0 * | ——- ideal distribution |
g 05 : : .
0.0 b———=I |
15 - 7
1.0 + 7
— — - ideal distribution
05 |
OO | . I I | I ' I
-40 -20 0 20 40

0,[deg]
The mean differential reflection coefficient (0R/06;) estimated from N, = 20,000
realizations of perfectly conducting surface profiles: 8,, = 20°, b = 22 ym.
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A rigorous computer simulation calculations

A metallic random surface

15 -
DUJ
D 1.0 -
S ,
% — A=0.633um | .
— A=0.532um ] A= 0633,me, e = —15.91 —+ 11.07
| —=- A=0.442pm | )
05 r —- ideal distribution ] A =0.532um, €= —10.19410.83
| J L L A =0442um, €= —5.7+i0.75
0.0 - SR 7
-40 =20 0 20 40
0, [deq]

The mean differential coefficient (OR/06;) estimated from N, = 40,000
realizations of metallic surface profiles in s polarization: 6,, = 20°, b = 22 um.
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A Lambertian Diffuser

OR B 10089 7T<9<7T

b,/ 2 ° 2 =77 =9
11—~2

- - — L _1<qy<i
21+~2

Therefore
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A rigorous computer simulation calculations

A perfectly conducting random surface
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A.A. Maradudin

The mean differential reflection coefficient (0R/00;) estimated from N, = 20,000
realizations of perfectly conducting surface profiles: b = 22 um.
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Schematic diagram of the proposed experimental arrangement

for the fabrication of surfaces with specified scattering properties

X2

mask
image

X1

photoresist
plate

incoherent
illumination
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An experimental result for the angular dependence of the mean intensity of
s—polarized light transmitted through a photoresist film. The angle of incidence
is o = 0°, 0,, = 10°

16
14
12 -
10

Mean Intensity [arbitrary units]

8
6
44
2
: -

I ' I ' I ' i ' I

60 -40 -20 O 20 40 60
Scattering Angle [deq]
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Scattering Geometry

The scattering surface is defined by x3 = ((x), where x| = (21, 22,0). The
surface profile function ((x) is a single-valued function of x;, and is
differentiable with respect to x; and x5. It constitutes a random process, but not

necessarily a stationary one.
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Incident field
(X, ) ine = U(X|w)ine exp(—iwt)

where
\IJ(X‘w)mC = eXp[ikH . X|| — ’iozg(k||)x3]

k“ = (kl,kg,()), X|| = (371,5172,0)
aolky) = [w/e)? =Kz Kk <w/e
= ik - (Ww/e)2 k> uw/e.

Scattered field
U(x, ) se = U(X|w)se exp(—iwt)

where

U (x|w)se = / éﬁq)z R(qy|k)) expliq) - x| + iao(q)) 23] z3 > ((X|)maz-

Dirichlet boundary condition

[\IJ(X’ t)inc + qj(X? t)SC”m:C(xH) =0.
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The differential reflection coefficient R /02 is defined such that (OR/0€s)dS2s
is the fraction of the total time-averaged incident flux that is scattered into the

element of solid angle d€2, about a given scattering direction. It is given by

OR 1 / w \2cos?0
=3 > R(qy k)|
oy, S (27rc) cos 0 [y )I
where S is the area of the plane x3 = 0 covered by the random surface, and
q) = (w/c)sinb,(cos ps,sin gy, 0)
k) = (w/c)sinby(cos ¢g,sin¢g,0).

In scattering from a random surface it is the mean differential reflection

coefficient that is of interest. It is given by

OR 1 / w \2 cos? b,
<8QS> ~ S (2—7rc) cos b <’R<q||‘kll)’2>-
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In the Kirchhoff approximation

2me cos 0y (cos By + cos 0,)?

: /d2x|| /d2xf| exp[—i(q) — k) - (x) —x)]

x (exp[—i(w/c)(cos Oy + cos ) (C(x) — C(x)))])-

In the case of normal incidence, ¢ = 0, k| =0,

<§é€s> _ % (%)2/&%” /d%ﬂ exp[—iq) - (x| — x)]

x (exp[—ia(C(x)) — C(x|))]),

where

a= (w/c)(1+ cosby).

< OR > 1 ( W )2 [1 + cos Oy cos 0, — sin Oy sin O, cos(ps — Pg)]?
S

A.A. Maradudin
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Geometrical optics limit

of the Kirchhoff approximation:

I

Clxp) = Clxy)  — Clxy) — ¢l —uy)

1I|| : VC(X”).

Therefore

<§£JZ> _ %(%m)z/dzuexp(iQI 'u||)/d2$||<exp[—iau|| - VE(x))])-
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To evaluate the double integral we begin by covering the x;xs-plane by
equilateral triangles of edge b:

(m,n+2) (m+1,n+2) (m+2,n+2)

(m+2/3,n+5/3) (m+5/3,n+5/3)

(m+1/3,n+4/3)

(m,n+1)

(m+4/3,n+4/3)

(m+1,n+1) (m+2,n+1)

(m+2/3,n+2/3) (m+5/3,n+2/3)

(m+1/3,n+1/3) (m+4/3,n+1/3) (m+7/3,n+1/3)

(m,n) (m+1,n) (m+2,n) (m+3,n)

The vertices of these triangles are given by the vectors xj(m,n) = ma; + nag,

where a; = (0,0), as = (g, \/_b> Each triangle is labeled by the coordinates of

its center of gravity.



Designer Surfaces: Two—Dimensional Surfaces A.A. Maradudin

For (x1,z2) contained in the triangle (m + ,n + 3)

GO = Vg s + Oy 3™ 0 a2

For (z1,x2) contained in the triangle (m + 2,n + %)

_ 40 (1) (2)
C(x))=0b m42n +§+am+3, 1271 +am+%’n+%x2.

The coeflicients a(lf) o1 and a(lf)g o2 are assumed to be independent
3,1 T3 37 3
indentically distributed random deviates. Therefore the joint probability density

function

1 2
Bl —ay) ) 1)d( - afnié,w%»
1

m+3,n+3
= f(71,72)

is independent of the subscripts to these coefficients.
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The double integral becomes
(1)

. . (2)
. —au1a 1 ;] —tauza 1 1
/d2u||e i(qru1+q2uz) E { / dzg;” <e mt3onty m+§7”+§>

m,n 1

; (1) - (2)
—iauia "’ , —tauga 5
+ / d233|| <€ mt3.nt3 m+§’”+§> }

= / d2u€_i(qm+qm)2{ / &z / AP f (. yz)e ol

e

+ / d’z / d27f(v1,72)e"““”1w’“m}

2 2
m+3,n+3

— S/dQUH /dQ,Y”f(,Yl,,m)e’i(Q1u1+Q2u2)€iaul’hiau2’72

= S/dQ’y”f(’m, 72)275(611 + a71)2775(QQ + CW2)
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The mean differential reflection coefficient

(= (2) 1(-2-2),

We can invert this equation to obtain

2
f(%a%) — (1+COSHS) <§£ > (_Q17_QZ)7

where (OR/0€2s)(q1,q2) is the mean DRC expressed in terms of the components

of the wave vector q.
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Make the changes of variables

qu  sinf,cos ¢, 0

L — tan — <
o1 1 + cosf, R cos ¢
q2 sin 6 sin ¢ . 0, . 5
12 g — = tan — sin ¢s.
a 2 1 + cos b, 2
It follows that
. 25 ]
sinf, = 5, C08 0, 5
d L+
where
2 3
s = (51 +53)
Then

f(s1,82) = ¥ +4Sﬁ)2 <§£S> (=51, —s2),

A.A. Maradudin

where (OR/0€;)(s1, s2) is the form that (OR/0)(q1, q2) takes when ¢; and g9

are replaced by s; and s».
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A Band-Limited Uniform Diffuser within a Circular Domain

where

dm
A is determined by the normalization of f(sq, s2):

1 1_|_q>|<2

A —
A7t q*2
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The marginal pdf f(s1) is

Fo) = [ dsaflsns = (6 — o), )

AA %2 .2\ 1/2 2 _ (211/2(q 2\1/2
— > tan_l (q ‘;1) 4+ (q 31) ( 2+ Sl) H(Q* . ‘51‘)-
(1 + s%)3/2 1+ s3 1+ q*
The conditional pdf of afbl%,nj% (afjl%’nj%) given agblé’nj% (af}il%,nj%) is
Flsalor) = L5022
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A segment of the surface profile function ((x).




The mean differential reflection coefficient estimated from Np = 10,000 realizations
of surface profiles : 0 =20°
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A.A. Maradudin

g,c/w

8
6 L i
Aaa
I:lm
G
24t ]
o
©
2 L i
0 L | L
-1.0 -0.5 0.0 0.5 1.0
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A Band-Limited Uniform Diffuser within a Rectangular Domain

<§£€> (q1,q2) = AB <q§m> _ !qll) 9 <q§m) B |q2’> |

When s is small enough that 1 + sﬁ =1,

<§§i>@n&iﬁ=A9(ém%_bﬂ)g(%my_wﬂ)7

where

1 N
A= T ) S-S =12
165 55 " 2w

OR m m
f(s1,82) = 4A<8QS> (s1,82) = A0 (Sg ) _ \31\) 0 (Sé ) _ ]82]) ,

0 (557~ Jsa

QSém)

0 (s~ Jsa )

f(Sl) — ngm)

3 f(s2]s1) =




15 . kP

<aPiag =

The mean differential reflection coefficient estimated from Np = 10,000 realizations of

surface profiles : 0, =10°, 0, =6°
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The surface x3 = ((x)) is illuminated from the vacuum side by a scalar plane
wave of frequency w,

Y (x|w)ine = explik) - x| — it (k))z3],

I
By the use of Green’s second integral identity the scattered field in this region

where ag (k) = \/(w/c)2 — k2

can be written in the form

1
Dxl)ue =~ [ @l lao(xlx)ag—co) LX) ),
where go(x|x’) is the scalar free-space Green’s function
i |x—x'|
€ c
/ —
go(x|x") = —\x T

In the Kirchhoff approximation the source function L(x|w) is given by

- 8C(X||) (9 8C(X||) (9 (9 .
L(xjlw) = 2(— 90 9. om 8$2+8$3>¢(X!w)mc

[ OC(x))) o¢(x)
—22( s ki + s

r3=C(x)

ko + Oéo(k)) eikll'xll—iao(kll)C(xll).
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In the case of normal incidence, k| = 0, the scattered field in the Fresnel limit

x3 > x1, T2 and x3 > ', r} has the form

' 12 T3 x| — x/)?
D(x|w)se & — 2 C /dzxn exp{Qi%C(x)+@_( | — X)) }

2T ¢ 3 213

We assume that the surface profile function ((x) is a function of x| only

through its magnitude, |x|| = r, and write

C(x)) = H(r).

Then, the expression for the scattered field takes the form

oo

C(r3tao
c cx3

0

12

Y (X|w)se
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Our goal is to find the function H(r) that produces a specified form for the mean
intensity of the scattered field along the ws-axis, (I(x3)) = (|1(0,0, z3|w)sc|*),

where

Cw 00
(W e i w r?
w(oaoaxi’»’w)sc =1 <E) - /d?“?“@ 210H(r)+202w3,
3
0

The solution is given by a surface defined by
a

H(r):?"r%bn, Vnb <r < v/n+ 1b, n=20,1,2,...,.N —1,

where {a, } are independent identically distributed random deviates.
Consequently, the probability density function (pdf) of a,, f(v) = (§(v — an)), is
independent of n. The {b, } are determined from the condition that the surface
profile function H(r) be a continuous function of r, and are given by

b, =bo + (ag+ a1+ -+ an_1 — nay)b n > 1.
We find that
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For example, we seek to design a surface that produces a constant scattered
intensity within the interval z; < x3 < 25 of the z3-axis, and zero scattered

intensity along the rest of the zs-axis,

(Iza)) =22

C 29 — 21

9(5133 — 21)9(22 — 5133) 29 > 21,

where 6(z) is the Heaviside unit step function.

The probability density function (pdf) of a,, then has the form
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A segment of the surface profile function H(r)

1500

1000 -

H(r)/A

500 -

0 500 1000 1500
r/A

The parameters employed in generating this segment were z; = b, zo = 2b, and
b = 400\.
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-0.01

116000

114000

-0.005

112000

410000

x1/b
o

8000

6000

0.005

4000

2000

0.01
0.8 1 1.2 1.4 1.6 1.8 2 2.2
x3/b

A color—level plot of (I(x1,x3)) calculated in the Kirchhoff approximation. The
parameters employed are z; = b, 29 = 2b, b = 200\, N = 200, and N,, = 80, 000.






Designer Surfaces: Random Surface that Produces a Specified Distribution of Scattered
Intensity Along the z3— Axis A.A. Maradudin

5000
4000 - [\"’W .
3000 - 1

2000 - |

Intensity [arb.units]

1000 - ]

A plot of (I(z3)) calculated by a rigorous computer simulations method.
estimated from NV, = 30, 000 realizations of the surface profile function. The
parameters employed are z; = b, 29 = 2b, b = 200\, N =4, and N, = 30, 000.
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The nondiffracting beam introduced by Durnin is a solution of the free-space

wave equation of the form
E(p,z) = Jo(ap) exp(ifiz),
in which
o+ 3% = k2,

where k is the wave number, Jy(x) is the zero-order Bessel function, and (p, 0, z)
are the cylindrical coordinates.

This beam has an infinite extent in the transverse plane, and is capable of
propagating to infinity in the z-direction without spreading. Such an ideal
nondiffracting beam contains an infinite amount of energy, and is impossible to

realize in practice.

Consequently, most recent studies of nondiffracting beams have focused on
pseudo-nondiffracting beams, which have a finite beam aperture. Such beams
have a finite propagation range, have variation in transverse beam profiles, and
intensity peaks in the direction of propagation. Nevertheless, the propagation
length can extend to several tens of centimeters, long enough for many
applications.
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300
200 1
A
X
2
100 ¢} 1
O . | . | . '
0 100 200 300 400
X, [cm]

A plot of (I(x3)) calculated in the Kirchhoff approximation. The parameters
employed are z; = 1.26cm, 2o = 253cm, A = 0.6328um, b = 12mm, and

N, = 80, 000.
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Conclusions

e The results presented show that it is possible to
design, and to fabricate, one- and two—dimensional
randomly rough surfaces that scatter light in a

prescribed fashion.
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We now design a random surface that gives rise to a mean differential reflection
coefficient that is a constant in the angular interval |0,| < 6,, < 7/2, and
vanishes for |0s| > 6,,, while the angle of incidence is 6.

<g§> = Af(sinfs + sin6,,,)0(sin 0,,, — sin ;)

In this case the pdf of a,, has the form

2A cos 0
fly) = 5 .
1 4+ 4 cos 6y + v sin Oy

X 9(7+tan9m;90)9(tan9m;90 —fy).

where the coefficient A is obtained from the normalization condition for f(+)

D
o

! —1
A — 1 o costn 4 sin o T )
e 9 oS 90 m, COS U S 0 COS( m2 0 ) .
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-+
=
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(x;) [mm]

X, [um]

A.A. Maradudin

Segments of the surface profile functions ((x1) for different angles of incidence.

b = 22pum.
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A Band—Limited Uniform Diffuser

A rigorous computer simulation calculations

A perfectly conducting random surface
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The mean differential reflection coefficient (0R/06;) estimated from N, = 20,000
realizations of perfectly conducting surface profiles: 6,, = 20°, A = 632.8nm,

L =100pm, b = 22um.





