
Di�erential rotation of neutron star polar apsA. I. Tsygan1, D.A. Shalybkov1, D. P. Barsukov1,2, O.A. Goglihidze1

1 Io�e Institute 2 SPbSPURotating neutron stars with eletri urrent �owing from magnetosphere into the liquid polar magneti aps is onsidered. In the ase of simple axisymmetri on�guration the urrent has the one diretion in entral part of thepolar ap and oposite diretion in outer ring. It is shown that the losure of eletri urrent under the surfae leads to the di�erential rotation of the polar aps. Veloity struture is determined by the urrent distribution on thestar surfae. There are two rings rotating in oposite diretions. The inner ring rotates always slower than main rotation of the star. The veloity value is proportional to the gradient of the eletri urrent with radius. Theveloity is 10−2 − 10−4 m/se (i.e. the period of rotation is 0.1 -10 years) for typial urrent hanging sale 1 - 102 m, the main rotation period P = 1 se and magneti �eld B = 1012 Gauss.Eletri urrents in pulsar magnetosphere
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~j ~j ~j ~j 1. Magnetosphere z > 0eletri urrent ~j �ows along �eld lines in-side the pulsar tube, shown by yellow area2. Liquid oean −d < z < 03. Rigid rust z < −drigdly rotates with angular veloity
~Ω = Ω~ez

Magnetohydrodynamis equationsThe �ow is assumed to be stationary and axisymmetri
(~U · ∇)~U = −1

ρ
∇P + ν∆~U − 1

4πρ

(

~B × curl ~B
)

+ ~g,

curl
(

~U × ~B
)

+ η∆ ~B = 0,

div~U = 0, div ~B = 0,where ~U is the veloity of liquid, P is the pressure, ~B is themagneti �eld strenght, η = c2/(4πσ) is the magneti di�usionoe�ient, σ is the eletri ondutivity, ρν is the shear visosityoe�ient, ρ is the mass density, ~g is the gravitional fore per unitmass.
ρ = const, η = const, ν = const

Linearization1. zeroth order approximation
~U = Ωr~eφ, ~B = B~ez, ~j = 0, P = P (r, z) = ρ

(

−gz +
Ω2r2

2

)

Ω = const and B = const2. small perturbation aused by eletri urrent ~j

~U = Ωr~eφ + ~u, ~B = B~ez +~b, P = P (r, z) + p,

Dimensionless values
R → dR, z → dz, ~b → B~b, ~u → η

d
~u, p → ρνη

d2
p

Re =
Ωd2

ν
, Ha =

Bd

(4πρνη)1/2
,If we assume

Ω ∼ 10rad/s, B ∼ 1012G, ρ ∼ 104g/cm3, T ∼ 107K,
d ∼ 3 · 103cm [1℄, σ ∼ 1018s−1 [2℄, ν ∼ 10−2cm2/s [3℄then

Re ∼ 1010 and Ha ∼ 1013

Dimensionless equations
−2Reuφ = −∂p

∂r
+ L1(ur) +

∂2ur

∂z2
− Ha2

(

∂bz

∂r
− ∂br

∂z

)

,

2Reur = L1(uφ) +
∂2uφ

∂z2
+ Ha2∂bφ

∂z
,

∂p

∂z
= L0(uz) +

∂2uz

∂z2
, − ∂uz

∂z
= L0(bz) +

∂2bz

∂z2
,

−∂ur

∂z
= L1(br) +

∂2br

∂z2
, − ∂uφ

∂z
= L1(bφ) +

∂2bφ

∂z2
,

1

r

∂

∂r
(rur) +

∂uz

∂z
= 0,

1

r

∂

∂r
(rbr) +

∂bz

∂z
= 0,

where L0 = ∂2

∂r2 + 1
r

∂
∂r, L1 = ∂2

∂r2 + 1
r

∂
∂r −

1
r2

Hankel transforms
uz, bz and p an be represented as
f(r, z) =

∫ +∞

0

kf 0(k, z)J0(kr)dk, f 0(k, z) =

∫ +∞

0

rf(r, z)J0(kr)dr,

ur, uφ and bφ an be represented as
f(r, z) =

∫ +∞

0

kf 1(k, z)J1(kr)dk, f 1(k, z) =

∫ +∞

0

rf(r, z)J1(kr)dr.

Transformed equations
−2Reu1

φ = kp0 +
∂2u1

r

∂z2
− k2u1

r + Ha2

(

kb0
z +

∂b1
r

∂z

)

,

2Reu1
r =

∂2u1
φ

∂z2
− k2u1

φ + Ha2
∂b1

φ

∂z
,

∂p0

∂z
=

∂2u0
z

∂z2
− k2u0

z, − ∂u0
z

∂z
=

∂2b0
z

∂z2
− k2b0

z,

−∂u1
r

∂z
=

∂2b1
r

∂z2
− k2b1

r, −
∂u1

φ

∂z
=

∂2b1
φ

∂z2
− k2b1

φ,

ku1
r +

∂u0
z

∂z
= 0, kb1

r +
∂b0

z

∂z
= 0.

Charateristi equationThe solution is sought in the following form
f(z, k) = f(k)exp(−sz)where s is the root of equation

(s2 − 1)[(s2 − k2)2 − Ha2s2)2 + 4Re2s2(s2 − k2)] = 0.This equation is of the 5-th order with respet to s2

Boundary onditionsBoudary onditions at z = 0

∂u1
r

∂z
= 0,

∂u1
φ

∂z
= 0 and u0

z = 0

b1
φ = b0(k) and ∂b0

z

∂z
+ kb0

z = 0,where b0(k) is determined by eletri urrent �owing along pulsartube at z > 0

jz(r, z) =
1

r

∂

∂r
(rbφ) => b1

φ(k, z) =
j0
z(k, z)

k
and b0(k) = b1

φ(k, 0) =
j0
z(k, 0)

k
.Boudary onditions at z = −1

u1
r = u1

φ = u0
z = 0

∂b0
z

∂z
− kb0

z = 0 and ∂b1
φ

∂z
− kb1

φ = 0.we assume that eletri ondutivity of the rust is onstant andoinides with ondutivity of the liquid.
Approximate solution

Ha ≫ 1 and Re2

Ha2 ≪ 1After negleting 2Reu1
r termthe system of equations is redued to

−Ha2
∂b1

φ

∂z
=

(

∂2u1
φ

∂z2
− k2u1

φ

) and −
∂u1

φ

∂z
=

(

∂2b1
φ

∂z2
− k2b1

φ

)

.

and harateristi equation may be rewritten as
(s2 − k2)2 − Ha2s2 = 0

s1 = −s2, s3 = −s4 =
k2

s1
where s1 =

√

Ha2 + 2k2 + Ha(Ha2 + 4k2)1/2

2

s1 = −s2 ≈ Ha

(

1 +
k2

Ha2

) and s3 = −s4 ≈
k2

s1
=

k2

Ha
at Ha2 ≫ k2

b1
φ = C

(1)
bφ es1z + C

(2)
bφ es2z + C

(3)
bφ es3z + C

(4)
bφ es4z,

u1
φ = C

(1)
uφ es1z + C

(2)
uφ es2z + C

(3)
uφ es3z + C

(4)
uφ es4z,

C
(i)
uφ = − siHa

s2
i − k2

C
(i)
bφ and C

(i)
uφ =

k2 − s2
i

si
C

(i)
bφ .

C
(i)
uφ = −HaC

(i)
bφ at i = 1 and i = 4

C
(i)
uφ = HaC

(i)
bφ , at i = 2 and i = 3

u1
φ = Hab0(k)

{

k

Ha

[

1 + k(1 + z) − k

Ha

]

− k2

Ha2

(

1 +
k2

Ha
z

)

eHaz

− k

Ha

[

1 − k

Ha
(1 + (1 + z)k) − k2

Ha2

(

2 − k(1 + k)z − k2z2

2

)]

e−Ha(1+z)

}

,

b1
φ = b0(k)

{

1 − k2

Ha2

[

1 − k(1 + k)z − k2z2

2

]

+
k2

Ha2

[

1 +
k2

Ha
z

]

eHaz

− k

Ha

[

1 − k

Ha
(1 + k(1 + z)) − k2

Ha2

(

2 − k(1 + k)z − k2z2

2

)]

e−Ha(1+z)

}

.

u1
φ(0) = b0(k)k(1 + k) at z = 0

u1
r(k, z) = Reb0(k)

k

Ha

{

(1 + 2z)
k

Ha
−
[

1 + z − k

Ha
− (1 + z)2

k2

Ha

]

e−(z+1)Ha+

+
k

Ha

[

z − 3

Ha
+

k2z2

Ha

]

eHaz

}

Tube urrent pro�le model
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)

r

jz(r, 0) = j0G(r) and j0
z(k, 0) = j0G

0(k)where G(r) =
∫∞

0 kG0(k)J0(kr)dk

G0(k) =
R2

1R
2
2

R2
2 − R2

1

1

k

[

1

R2
J1(kR2) −

1

R1
J1(kR1)

]

e−βk2

G(r) =
1

R2
2 − R2

1

[

R2
1θ(R2 − r) − R2

2θ(R1 − r)
] at β → 0

uφ(r, 0) ≈ j0F (r) and u1
φ(r, 0) ≈ j0F

1(k)where F 1(k) = k(1 + k)G0(k)

F (r) =

∫ ∞

0

k(1 + k)G0(k)J1(kr)dkThis equations depend on three dimensionless parameters1. R1 =
Rpc

d is the ratio of polar ap radius to the oean depth.We take R1 = 1, 3, 10.2. δ = R2−R1
R1

is relative width of returning urrent layer.We assume that this layer is very thin δ = 10−1, 10−2, 10−3.3. β is the urrent pro�le sharpness.
1/
√

β is the sale at whih the urrent hanges.We assume that 1/
√

β ∼ (R2 − R1).
Current and veloity pro�les
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δ = 10-3Fig.1 Funtions G(r) and F (r) with β = 10−4 and R1 = 1 ( a and b graphs), R1 = 3 ( and d graphs),
R1 = 10 (e and f graphs).
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Fig.2 The same as in Fig.1, but with β = 10−5

Let j0 = ΩB
2π

is Goldreih-Julian urrent density
uφ(r) = u0 · F (r) =

2Ωη

c
· F (r).where u0 = 2Ωη

c ∼ 10−7cm/s.
F (r) is large only inside two thinrings whih orrespond to rapidhange of urrent density at r =
R1 and r = R2. The sharper ur-rent pro�les lead to larger funtion
F (r) values. So the dereasing of
δ or β (if β . δ2) inreases the
F (r) values. If pulsar tube ele-tri urrent hanges at sale 3−30m then F (r) ∼ 105. Hene, uφmay ahive 10−2cm/sec. It orre-sponds to one turn per 0.1-1 year.
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